

















PREFACE 


Features 

In spite of the numerous textbooks on circuit analysis 
available in the market, students often find the course 
difficult to learn. The main objective of this book is 
to present circuit analysis in a manner that 1s clearer, 
more interesting, and easier to understand than earlier 
texts. This objective is achieved in the following 
ways: 


e A course in circuit analysis is perhaps the first 
exposure students have to electrical engineering. 
We have included several features to help stu- 
dents feel at home with the subject. Each chapter 
opens with either a historical profile of some 
electrical engineering pioneers to be mentioned in 
the chapter or a career discussion on a subdisci- 
pline of electrical engineering. An introduction 
links the chapter with the previous chapters and 
states the chapter’s objectives. The chapter ends 
with a summary of the key points and formulas. 


e All principles are presented in a lucid, logical, 
step-by-step manner. We try to avoid wordiness 
and superfluous detail that could hide concepts 
and impede understanding the material. 


e Important formulas are boxed as a means of 
helping students sort what is essential from what 
is not; and to ensure that students clearly get the 
gist of the matter, key terms are defined and 
highlighted. 


e Marginal notes are used as a pedagogical aid. They 
serve multiple uses—hints, cross-references, more 
exposition, warnings, reminders, common mis- 
takes, and problem-solving insights. 


e Thoroughly worked examples are liberally given at 
the end of every section. The examples are regard- 
ed as part of the text and are explained clearly, with- 
out asking the reader to fill in missing steps. 
Thoroughly worked examples give students a good 
understanding of the solution and the confidence to 
solve problems themselves. Some of the problems 
are solved in two or three ways to facilitate an 
understanding and comparison of different 
approaches. 


e To give students practice opportunity, each illus- 
trative example is immediately followed by a 
practice problem with the answer. The students can 
follow the example step-by-step to solve the prac- 
tice problem without flipping pages or searching 
the end of the book for answers. The practice prob- 


lem is also intended to test students’ understanding 
of the preceding example. It will reinforce their 
grasp of the material before moving to the next 
section. 


e In recognition of ABET’s requirement on integrat- 
ing computer tools, the use of PSpice is encouraged 
in a student-friendly manner. Since the Windows 
version of PSpice is becoming popular, it is used 
instead of the MS-DOS version. PSpice is covered 
early so that students can use it throughout the text. 
Appendix D serves as a tutorial on PSpice for 
Windows. 


e The operational amplifier (op amp) as a basic ele- 
ment is introduced early in the text. 


e To ease the transition between the circuit course 
and signals/systems courses, Fourier and Laplace 
transforms are covered lucidly and thoroughly. 


e The last section in each chapter is devoted to appli- 
cations of the concepts covered in the chapter. Each 
chapter has at least one or two practical problems or 
devices. This helps students apply the concepts to 
real-life situations. 


e Ten multiple-choice review questions are provided 
at the end of each chapter, with answers. These are 
intended to cover the little “tricks” that the exam- 
ples and end-of-chapter problems may not cover. 
They serve as a Self-test device and help students 
determine how well they have mastered the chapter. 


Organization 

This book was written for a two-semester or three-semes- 
ter course in linear circuit analysis. The book may 
also be used for a one-semester course by a proper selec- 
tion of chapters and sections. It is broadly divided into 
three parts. 


e Part 1, consisting of Chapters | to 8, is devoted to 
dc circuits. It covers the fundamental laws and the- 
orems, circuit techniques, passive and active ele- 
ments. 


e Part 2, consisting of Chapters 9 to 14, deals with ac 
circuits. It introduces phasors, sinusoidal steady- 
state analysis, ac power, rms values, three-phase 
systems, and frequency response. 


e Part 3, consisting of Chapters 15 to 18, is devoted 
to advanced techniques for network analysis. 
It provides a solid introduction to the Laplace 
transform, Fourier series, the Fourier transform, 
and two-port network analysis. 


The material in three parts is more than suffi- 
cient for a two-semester course, so that the instructor 
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must select which chapters/sections to cover. Sections 
marked with the dagger sign (f) may be skipped, 
explained briefly, or assigned as homework. They can 
be omitted without loss of continuity. Each chapter has 
plenty of problems, grouped according to the sections 
of the related material, and so diverse that the instruc- 
tor can choose some as examples and assign some as 
homework. More difficult problems are marked with a 
star (*). Comprehensive problems appear last; they are 
mostly applications problems that require multiple 
skills from that particular chapter. 

The book is as self-contained as possible. At the 
end of the book are some appendixes that review 
solutions of linear equations, complex numbers, math- 
ematical formulas, a tutorial on PSpice for Windows, 
and answers to odd-numbered problems. Answers to 
all the problems are in the solutions manual, which is 
available from the publisher. 


Prerequisites 

As with most introductory circuit courses, the main 
prerequisites are physics and calculus. Although famil- 
larity with complex numbers is helpful in the later part 
of the book, it is not required. 


Supplements 

Solutions Manual—an Instructor’s Solutions Manual is 
available to instructors who adopt the text. It contains 
complete solutions to all the end-of-chapter problems. 
Transparency Masters—over 200 important figures 
are available as transparency masters for use as over- 
heads. 

Student CD-ROM— 100 circuit files from the book are 
presented as Electronics Workbench (EWB) files; 15—20 
of these files are accessible using the free demo of Elec- 
tronics Workbench. The students are able to experiment 
with the files. For those who wish to fully unlock all 100 
circuit files, EWB’s full version may be purchased from 
Interactive Image Technologies for approximately 
$79.00. The CD-ROM also contains a selection of prob- 
lem-solving, analysis and design tutorials, designed to 
further support important concepts in the text. 
Problem-Solving Workbook—a paperback work- 
book is for sale to students who wish to practice their 
problem solving techniques. The workbook contains a 
discussion of problem solving strategies and 150 addi- 
tional problems with complete solutions provided. 
Online Learning Center (OLC)—the Web site for 
the book will serve as an online learning center for stu- 
dents as a useful resource for instructors. The OLC 
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will provide access to: 
300 test questions—for instructors only 
Downloadable figures for overhead 
presentations—for instructors only 
Solutions manual—for instructors only 
Web links to useful sites 
Sample pages from the Problem-Solving 
Workbook 
PageOut Lite—a service provided to adopters 
who want to create their own Web site. In 
just a few minutes, instructors can change 
the course syllabus into a Web site using 
PageOut Lite. 
The URL for the web site is www.mhhe.com.alexander. 
Although the textbook is meant to be self-explanatory 
and act as a tutor for the student, the personal contact 
involved in teaching is not to be forgotten. The book 
and supplements are intended to supply the instructor 
with all the pedagogical tools necessary to effectively 
present the material. 
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A NOTE TO THE STUDENT 


This may be your first course in electrical engineer- 
ing. Although electrical engineering is an exciting and 
challenging discipline, the course may intimidate you. 
This book was written to prevent that. A good textbook 
and a good professor are an advantage—but you are 
the one who does the learning. If you keep the follow- 
ing ideas in mind, you will do very well in this course. 


e This course is the foundation on which most 
other courses in the electrical engineering cur- 
riculum rest. For this reason, put in as much 
effort as you can. Study the course regularly. 


e Problem solving is an essential part of the learn- 
ing process. Solve as many problems as you can. 
Begin by solving the practice problem following 


versities. PSpice for Windows is described in 
Appendix D. Make an effort to learn PSpice, 
because you can check any circuit problem with 
PSpice and be sure you are handing in a correct 
problem solution. 


Each chapter ends with a section on how the 
material covered in the chapter can be applied to 
real-life situations. The concepts in this section 
may be new and advanced to you. No doubt, you 
will learn more of the details in other courses. 
We are mainly interested in gaining a general 
familiarity with these ideas. 


Attempt the review questions at the end of each 
chapter. They will help you discover some 
“tricks” not revealed in class or in the textbook. 


A short review on finding determinants is cov- 


each example, and then proceed to the end-of- ered in Appendix A, complex numbers in Appendix B, 
chapter problems. The best way to learn is to and mathematical formulas in Appendix C. Answers to 
solve a lot of problems. An asterisk in front of a = odd-numbered problems are given in Appendix E. 


problem indicates a challenging problem. 


e Spice, a computer circuit analysis program, is 
used throughout the textbook. PSpice, the per- 
sonal computer version of Spice, is the popular 
standard circuit analysis program at most uni- 


Have fun! 


C.K.A. and M.N.O.S. 
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BASIC CONCEPTS 


It is engineering that changes the world. 


—TIsaac Asimov 


Historical Profiles 


Alessandro Antonio Volta (1745-1827), an Italian physicist, invented the electric 
battery—which provided the first continuous flow of electricity—and the capacitor. 

Born into a noble family in Como, Italy, Volta was performing electrical 
experiments at age 18. His invention of the battery in 1796 revolutionized the use of 
electricity. The publication of his work in 1800 marked the beginning of electric circuit 
theory. Volta received many honors during his lifetime. The unit of voltage or potential 
difference, the volt, was named in his honor. 


Andre-Marie Ampere (1775-1836), a French mathematician and physicist, laid the 
foundation of electrodynamics. He defined the electric current and developed a way to 
measure it in the 1820s. 

Born in Lyons, France, Ampere at age 12 mastered Latin in a few weeks, as he 
was intensely interested in mathematics and many of the best mathematical works were 
in Latin. He was a brilliant scientist and a prolific writer. He formulated the laws of 
electromagnetics. He invented the electromagnet and the ammeter. The unit of electric 
current, the ampere, was named after him. 
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4 PART | DC Circuits 


.| INTRODUCTION 


Electric circuit theory and electromagnetic theory are the two fundamen- 
tal theories upon which all branches of electrical engineering are built. 
Many branches of electrical engineering, such as power, electric ma- 
chines, control, electronics, communications, and instrumentation, are 
based on electric circuit theory. Therefore, the basic electric circuit the- 
ory course is the most important course for an electrical engineering 
student, and always an excellent starting point for a beginning student 
in electrical engineering education. Circuit theory is also valuable to 
students specializing in other branches of the physical sciences because 
circuits are a good model for the study of energy systems in general, and 
because of the applied mathematics, physics, and topology involved. 

In electrical engineering, we are often interested in communicating 
or transferring energy from one point to another. To do this requires an 
interconnection of electrical devices. Such interconnection 1s referred to 
as an electric circuit, and each component of the circuit is known as an 
element. 


Y An electric circuit is an interconnection of electrical elements. | 


Current A simple electric circuit is shown in Fig. 1.1. It consists of three 

= basic components: a battery, alamp, and connecting wires. Such a simple 
circuit can exist by itself; it has several applications, such as a torch light, 
a search light, and so forth. 

A complicated real circuit is displayed in Fig. 1.2, representing the 
schematic diagram for a radio receiver. Although it seems complicated, 
this circuit can be analyzed using the techniques we cover in this book. 
Our goal in this text is to learn various analytical techniques and computer 
software applications for describing the behavior of a circuit like this. 
Figure |.| A simple electric circuit. Electric circuits are used in numerous electrical systems to accom- 

plish different tasks. Our objective in this book is not the study of various 
uses and applications of circuits. Rather our major concern is the anal- 
ysis of the circuits. By the analysis of a circuit, we mean a study of the 
behavior of the circuit: How does it respond to a given input? How do 
the interconnected elements and devices in the circuit interact? 

We commence our study by defining some basic concepts. These 
concepts include charge, current, voltage, circuit elements, power, and 
energy. Before defining these concepts, we must first establish a system 
of units that we will use throughout the text. 


|.2 SYSTEMS OF UNITS 


As electrical engineers, we deal with measurable quantities. Our mea- 
surement, however, must be communicated in a standard language that 
virtually all professionals can understand, irrespective of the country 
where the measurement is conducted. Such an international measure- 
ment language is the International System of Units (SI), adopted by the 
General Conference on Weights and Measures in 1960. In this system, 





Lamp 
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Figu re |.2 Electric circuit of a radio receiver. 
(Reproduced with permission from QST, August 1995, p. 23.) 
there are six principal units from which the units of all other physical 
quantities can be derived. Table 1.1 shows the six units, their symbols, 
and the physical quantities they represent. The SI units are used through- 
out this text. TABLE |.2 The SI prefixes. 
One great advantage of the SI unit is that it uses prefixes based on -_ 
the power of 10 to relate larger and smaller units to the basic unit. Table Multiplier Prefix Symbol 
1.2 shows the SI prefixes and their symbols. For example, the following 10!8 ane E 
are expressions of the same distance in meters (m): 10! peta Pp 
12 
600,000,000 mm  600,000m  600km 10 tera I 
10° giga G 
10° mega M 
10° kilo k 
2 
TABLE |. The six basic SI units. i; nn 
Quantity Basic unit Symbol 7 ; deci d 
7 centi Cc 
Length meter m 10° milli m 
Mass kilogram kg 10~° micro [L 
Time second S 10° nano n 
Electric current ampere A 10-” pico p 
Thermodynamic temperature _ kelvin K 10-? femto f 
Luminous intensity candela cd 10-8 atto a 
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|.3 CHARGE AND CURRENT 


The concept of electric charge is the underlying principle for explaining 
all electrical phenomena. Also, the most basic quantity in an electric 
circuit is the electric charge. We all experience the effect of electric 
charge when we try to remove our wool sweater and have it stick to our 
body or walk across a carpet and receive a shock. 


Charge is an electrical property of the atomic particles of which 
matter consists, measured in coulombs (C), 





We know from elementary physics that all matter is made of fundamental 

building blocks known as atoms and that each atom consists of electrons, 

protons, and neutrons. We also know that the charge e on an electron is 

negative and equal in magnitude to 1.602 x 107!” C, while a proton carries 

a positive charge of the same magnitude as the electron. The presence of 

equal numbers of protons and electrons leaves an atom neutrally charged. 
The following points should be noted about electric charge: 


1. The coulomb 1s a large unit for charges. In 1 C of charge, there 
are 1/(1.602 x 107!) = 6.24 x 10!® electrons. Thus realistic 
or laboratory values of charges are on the order of pC, nC, or 
pec? 

2. According to experimental observations, the only charges that 


occur in nature are integral multiples of the electronic charge 
e = —1.602 x 10°" C. 


3. The law of conservation of charge states that charge can neither 
be created nor destroyed, only transferred. Thus the algebraic 
sum of the electric charges in a system does not change. 


We now consider the flow of electric charges. A unique feature of 
electric charge or electricity is the fact that it is mobile; that is, it can 
be transferred from one place to another, where it can be converted to 
another form of energy. 

When a conducting wire (consisting of several atoms) is connected 
to a battery (a source of electromotive force), the charges are compelled 





Battery to move; positive charges move in one direction while negative charges 

move in the opposite direction. This motion of charges creates electric 

Figure |.3. Electric current due to flow current. It is conventional to take the current flow as the movement of 
of electronic charge im a conductor. positive charges, that is, opposite to the flow of negative charges, as Fig. 


1.3 illustrates. This convention was introduced by Benjamin Franklin 


A convention is a standard way of describing (1706-1790), the American scientist and inventor. Although we now 


something so that others in the profession can know that current in metallic conductors is due to negatively charged 
understand what we mean. We will be using IEEE electrons, we will follow the universally accepted convention that current 
conventions throughout this book. is the net flow of positive charges. Thus, 


‘However, a large power supply capacitor can store up to 0.5 C of charge. 
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Electric current is the time rate of change of charge, measured in amperes (A). 





Mathematically, the relationship between current i, charge g, and time f 
1S 


(1.1) 





where current is measured in amperes (A), and 
1 ampere = | coulomb/second 


The charge transferred between time fg and f is obtained by integrating 
both sides of Eq. (1.1). We obtain 


(1.2) 





The way we define current as 7 in Eq. (1.1) suggests that current need not 
be a constant-valued function. As many of the examples and problems in 
this chapter and subsequent chapters suggest, there can be several types 
of current; that is, charge can vary with time in several ways that may be 
represented by different kinds of mathematical functions. 

If the current does not change with time, but remains constant, we 
call it a direct current (dc). 


) A direct current (dc) is a current that remains constant with time. 


By convention the symbol / is used to represent such a constant current. 

A time-varying current is represented by the symbol 7. A com- 
mon form of time-varying current is the sinusoidal current or alternating 
current (ac). 


An alternating current (ac) is a current that varies sinusoidally with time. 





Such current is used in your household, to run the air conditioner, refrig- 
erator, washing machine, and other electric appliances. Figure 1.4 shows 
direct current and alternating current; these are the two most common 
types of current. We will consider other types later in the book. 

Once we define current as the movement of charge, we expect cur- 
rent to have an associated direction of flow. As mentioned earlier, the 
direction of current flow is conventionally taken as the direction of positive 
charge movement. Based on this convention, a current of 5 A may be 
represented positively or negatively as shown in Fig. 1.5. In other words, 
a negative current of —5 A flowing in one direction as shown in Fig. 
1.5(b) is the same as a current of +5 A flowing in the opposite direction. 


(a) 


[\_/ \ 
\A NF 


Figure 1.4 = Two common types of 
current: (a) direct current (dc), 
(b) alternating current (ac). 


sa ft SAY 


(a) (b) 


Figure 15) ©) Conventional current flow: 
(a) positive current flow, (b) negative current 
flow. 
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EXAM P| 5 ccc 


How much charge is represented by 4,600 electrons? 

Solution: 

Each electron has —1.602 x 10~!? C. Hence 4,600 electrons will have 
—1.602 x 107!” C/electron x 4,600 electrons = —7.369 x 107'° C 


PRACTICE PROBLE ig 


Calculate the amount of charge represented by two million protons. 
Answer: +3.204 x 1072 C. 


AM ? | 5 icc 


The total charge entering a terminal is given by g = 5r sin4zt mC. Cal- 
culate the current att = 0.5 s. 





Solution: 

._dq_d . 

i= PP = a sin 47t) mC/s = (Ssin4t + 20mt cos4zt) mA 
Att = 0.5, 


i= 5sin2z7 + 10x cos27 = 0+ 107 = 31.42 mA 
PRACTICE PROBLEM iii 


If in Example 1.2, g = (10 — 10e~') mC, find the current at t = 0.5 s. 
Answer: 7.36 mA. 


EAM P| 5 ccc 


Determine the total charge entering aterminal betweent = 1 sandt = 2s 
if the current passing the terminal is i = (3f7 — f) A. 


2 Z 
a= | idt =f GP — nat 
r=1 1 
» i Vr 1 
= {f-— =(8=—=2)—([1l——)=55C 
2)I, 2 


The current flowing through an element is 


(2A, O<t<1 
== 
2t? A, t>1 


Solution: 





PRACTICE PROBLE i, 


Calculate the charge entering the element from t = O tot = 2s. 
Answer: 6.667 C. 
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1.4 VOLTAGE 


As explained briefly in the previous section, to move the electron in a 
conductor in a particular direction requires some work or energy transfer. 
This work is performed by an external electromotive force (emf), typically 
represented by the battery in Fig. 1.3. This emf is also known as voltage 
or potential difference. The voltage vg, between two points a and b in 
an electric circuit is the energy (or work) needed to move a unit charge 
from a to b; mathematically, 
dw 

Va = a (1.3) 
where w is energy in joules (J) and g is charge in coulombs (C). The 
voltage vg, or simply v is measured in volts (V), named in honor of the 
Italian physicist Alessandro Antonio Volta (1745-1827), who invented 
the first voltaic battery. From Eq. (1.3), it 1s evident that 


1 volt = 1 joule/coulomb = 1 newton meter/coulomb 





Thus, 

a 

+ 

Voltage (or potential difference) is the energy required to move Vos 

a unit charge through an element, measured in volts (V). 
Ob 
Figure 1.6 shows the voltage across an element (represented by a Figure 1.6 = Polarity 
rectangular block) connected to points a and b. The plus (+) and minus of voltage vap. 


(—) signs are used to define reference direction or voltage polarity. The 
Uap can be interpreted in two ways: (1) point a is at a potential of vg, 
volts higher than point b, or (2) the potential at point a with respect to a a 
point D is vgp. It follows logically that in general 


Vab = —Uba (1.4) 9V —9V 
For example, in Fig. 1.7, we have two representations of the same vol- 7 " 
tage. In Fig. 1.7(a), pointa is +9 V above point b; in Fig. 1.7(b), point D is b b 
—9 V above point a. We may say that in Fig. 1.7(a), there is a9-V voltage is) (b) 
drop from a to b or equivalently a 9-V voltage rise from b to a. In other 
words, a voltage drop from a to b is equivalent to a voltage rise from Figure 1.7 Two equivalent 
btoa. representations of the same 


Current and voltage are the two basic variables in electric circuits. oer ae) pola 
above point b, (b) point D is 


The common term signal is used for an electric quantity such as a current ~9 V above point a. 
or a voltage (or even electromagnetic wave) when it is used for conveying 
information. Engineers prefer to call such variables signals rather than 
mathematical functions of time because of their importance in commu- 


nications and other disciplines. Like electric current, a constant voltage Keep in mind that electric current is always 
is called a dc voltage and is represented by V, whereas a sinusoidally through an element and that electric voltage is al- 
time-varying voltage is called an ac voltage and is represented by v. A ways across the element or between two points. 


dc voltage is commonly produced by a battery; ac voltage is produced by 
an electric generator. 
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5 POWER AND ENERGY 


Although current and voltage are the two basic variables in an electric 
circuit, they are not sufficient by themselves. For practical purposes, 
we need to know how much power an electric device can handle. We 
all know from experience that a 100-watt bulb gives more light than a 
60-watt bulb. We also know that when we pay our bills to the electric 
utility companies, we are paying for the electric energy consumed over a 
certain period of time. Thus power and energy calculations are important 
in circuit analysis. 

To relate power and energy to voltage and current, we recall from 
physics that: 


a AAA 
Power is the time rate of expending or absorbing energy, measured in watts (W). 


We write this relationship as 


(1.5) 





where p is power in watts (W), w is energy in joules (J), and f is time in 
seconds (s). From Eqs. (1.1), (1.3), and (1.5), it follows that 
dw dw dq 
es SS ee (1.6) 
dt dq at 


The power p in Eq. (1.7) is a time-varying quantity and is called the 

instantaneous power. Thus, the power absorbed or supplied by an element 

is the product of the voltage across the element and the current through 

it. If the power has a + sign, power is being delivered to or absorbed 
i i by the element. If, on the other hand, the power has a — sign, power is 
being supplied by the element. But how do we know when the power has 
a negative or a positive sign? 

Current direction and voltage polarity play a major role in deter- 
mining the sign of power. It is therefore important that we pay attention 
to the relationship between current and voltage v in Fig. 1.8(a). The vol- 
tage polarity and current direction must conform with those shown in Fig. 
1.8(a) in order for the power to have a positive sign. This is known as 

(a) (b) the passive sign convention. By the passive sign convention, current en- 
ters through the positive polarity of the voltage. In this case, p = +vi or 
Figure 1.8 Reference vi > Oimplies that the element is absorbing power. However, if p = —vi 


polarities for power using ; : ; 
hepato on cone: or vi < O, as in Fig. 1.8(b), the element is releasing or supplying power. 
tion: (a) absorbing power, 


(b) supplying power. 


P 


Or 


Passive sign convention is satisfied when the current enters through 


the positive terminal of an element and p = +vi. If the current 
enters through the negative terminal, p = —vi. 
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Unless otherwise stated, we will follow the passive sign convention 
throughout this text. For example, the element in both circuits of Fig. 1.9 
has an absorbing power of +12 W because a positive current enters the 
positive terminal in both cases. In Fig. 1.10, however, the element is 
supplying power of —12 W because a positive current enters the negative 
terminal. Of course, an absorbing power of +12 W is equivalent to a 
supplying power of —12 W. In general, 


When the voltage and current directions con- 
form to Fig. |.8(b), we have the active sign con- 
vention and p = +Lvi. 


Power absorbed = —Power supplied 
3A 3A 3A 3A 
—e < <a —__> 

+ ~ + - 
4V 4V 4V 4V 
= + e: + 

(a) (b) (a) (b) 
Figure 1.9 Two cases of an Figure 1.10 ‘Two cases of 
element with an absorbing an element with a supplying 
power of 12 W: power of 12 W: 
(a) p=4x3=12W, (a) p=4x (-3) =-LW, 
(b) p=4x3=12W. (b) p=4x (-3) = -12 W. 


In fact, the law of conservation of energy must be obeyed in any 
electric circuit. For this reason, the algebraic sum of power in a circuit, 
at any instant of time, must be zero: 


This again confirms the fact that the total power supplied to the circuit 
must balance the total power absorbed. 
From Eq. (1.6), the energy absorbed or supplied by an element from 


time fp to time ¢ is 
t t 
w= par= | var (1.9) 
to to 


Energy is the capacity to do work, measured in joules (J). 





The electric power utility companies measure energy in watt-hours (Wh), 
where 


1 Wh = 3,600 J 


EAN P| 5 ccc 


An energy source forces a constant current of 2 A for 10s to flow through 
a lightbulb. If 2.3 kJ is given off in the form of light and heat energy, 
calculate the voltage drop across the bulb. 
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Solution: 


The total charge is 
Ag =iAt =2 x 10 =20C 
The voltage drop is 


— Aw _ 2.3 x 10° 


a= ——— = — 115 V 
Aq 20 


PRACTICE PROBLEM ig 


To move charge g from point a to point b requires —30 J. Find the voltage 
drop vga if: (a) g =2C,(b)g = —-6C. 
Answer: (a) —15 V, (b)5 V. 


EXAM P| 5 ccc 


Find the power delivered to an element at t = 3 ms if the current entering 
its positive terminal is 


i =5cos60zmt A 
and the voltage is: (a) v = 31, (b) v = 3di/dt. 


Solution: 


(a) The voltage is v = 3i = 15 cos 607; hence, the power is 
p = vi = 75 cos” 607t W 
Att =3 ms, 
p = 75cos*(602 x 3 x 107°) = 75 cos” 0.187 = 53.48 W 


(b) We find the voltage and the power as 


# 
i 3 = 3(—60z)5 sin 60t = —900z sin 6Ot V 


p = vi = —45007 sin 607 t cos 602 t W 
Att = 3 ms, 


p = —4500z sin 0.187 cos 0.1872 W 
= —14137.167 sin 32.4° cos 32.4° = —6.396 kW 


PRACTICE PROBLE ™ is 


Find the power delivered to the element in Example 1.5 at t = 5 ms if 
the current remains the same but the voltage is: (a) v = 27 V, (b) v = 


t 
(10+5 idt) V. 
0 


Answer: (a) 17.27 W, (b) 29.7 W. 
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EAM P| 5 ccc 


How much energy does a 100-W electric bulb consume in two hours? 


Solution: 


w = pt = 100 (W) x 2 (h) x 60 (min/h) x 60 (s/min) 
= 720,000 J = 720 kJ 


This is the same as 


w = pt = 100 W x 2h = 200 Wh @ 
PRACTICE PROBLE Network Analysis 


A stove element draws 15 A when connected to a 120-V line. How long 
does it take to consume 30 kJ? 


Answer: 16.67 s. 


1.6 CIRCUIT ELEMENTS 


As we discussed in Section 1.1, an element is the basic building block of 
acircuit. An electric circuit is simply an interconnection of the elements. 
Circuit analysis is the process of determining voltages across (or the 
currents through) the elements of the circuit. 

There are two types of elements found in electric circuits: passive 
elements and active elements. An active element is capable of generating 
energy while a passive element is not. Examples of passive elements 
are resistors, capacitors, and inductors. Typical active elements include 
generators, batteries, and operational amplifiers. Our aim in this section 
is to gain familiarity with some important active elements. 

The most important active elements are voltage or current sources 
that generally deliver power to the circuit connected to them. There are 
two kinds of sources: independent and dependent sources. 


An ideal independent source is an active element that provides a specified voltage 


or current that is completely independent of other circuit variables. 





In other words, an ideal independent voltage source delivers to the circuit ; 7 
whatever current is necessary to maintain its terminal voltage. Physical = 
sources such as batteries and generators may be regarded as approxima- 

tions to ideal voltage sources. Figure 1.11 shows the symbols for inde- 

pendent voltage sources. Notice that both symbols in Fig. 1.11(a) and (b) (a) (b) 
can be used to represent a de voltage source, but only the symbol in Fig. 

1.11(a) can be used for a time-varying voltage source. Similarly, an ideal Figure |.1! Symbols for 
independent current source is an active element that provides a specified independent voltage sources: 


; ; a) used for constant or 
current completely independent of the voltage across the source. That is, eae voltawe,-(b) used for 


the current source delivers to the circuit whatever voltage is necessary to constant voltage (dc). 
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maintain the designated current. The symbol for an independent current 
source is displayed in Fig. 1.12, where the arrow indicates the direction 
of current 7. 


An ideal dependent (or controlled) source is an active element in which the source 


quantity is controlled by another voltage or current. 





Figure 1.12 Symbol 
for independent 


CUTER SOURCE. Dependent sources are usually designated by diamond-shaped symbols, 


as shown in Fig. 1.13. Since the control of the dependent source is ac- 
hieved by a voltage or current of some other element in the circuit, and 
the source can be voltage or current, it follows that there are four possible 
types of dependent sources, namely: 


1. A voltage-controlled voltage source (VCVS). 
2. A current-controlled voltage source (CCVS). 
3. A voltage-controlled current source (VCCS). 
4. Acurrent-controlled current source (CCCS). 


Dependent sources are useful in modeling elements such as transistors, 

(a) (0) operational amplifiers and integrated circuits. An example of a current- 

controlled voltage source is shown on the right-hand side of Fig. 1.14, 
Figure l.13 Symbols for: 
Gy dependent vol-awe-cource: where the voltage 107 of the voltage source depends on the current i 
(b) dependent current source. through element C. Students might be surprised that the value of the 
dependent voltage source is 107 V (and not 107 A) because it is a voltage 
source. The key idea to keep in mind is that a voltage source comes 
with polarities (+ —) in its symbol, while a current source comes with 
an arrow, irrespective of what it depends on. 

It should be noted that an ideal voltage source (dependent or in- 
dependent) will produce any current required to ensure that the terminal 
voltage is as stated, whereas an ideal current source will produce the 
necessary voltage to ensure the stated current flow. Thus an ideal source 





a could in theory supply an infinite amount of energy. It should also be 
noted that not only do sources supply power to a circuit, they can absorb 
power from a circuit too. For a voltage source, we know the voltage but 

Figure 1.14 The source on the right-hand not the current supplied or drawn by it. By the same token, we know the 
side is a current-controlled voltage source. current supplied by a current source but not the voltage across it. 





Calculate the power supplied or absorbed by each element in Fig. 1.15. 
Solution: 


We apply the sign convention for power shown in Figs. 1.8 and 1.9. For 
0.27; Pi, the 5-A current is out of the positive terminal (or into the negative 
terminal); hence, 


20 V 





Pp, = 20(—5) = —100 W Supplied power 


Figure 1.15 For Example 1.7. For pz and p3, the current flows into the positive terminal of the element 
in each case. 
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P2 = 12(5) = 60 W Absorbed power 
p3 = 8(6) = 48 W Absorbed power 


For pa, we should note that the voltage is 8 V (positive at the top), the same 
as the voltage for p3, since both the passive element and the dependent 
source are connected to the same terminals. (Remember that voltage 1s 
always measured across an element in a circuit.) Since the current flows 
out of the positive terminal, 


pa = 8(—0.27) = 8(—0.2 x 5) = —8 W Supplied power 


We should observe that the 20-V independent voltage source and 0.27 
dependent current source are supplying power to the rest of the network, 
while the two passive elements are absorbing power. Also, 


Pi t+ po + p3 + pa = —100 + 60 + 48 — 8 = O 


In agreement with Eq. (1.8), the total power supplied equals the total 
power absorbed. 


PRACTICE PROBLEM iy 


Compute the power absorbed or supplied by each component of the circuit 
in Fig. 1.16. 


Answer: Pi= —40 W, pP2= 16 W, P3 = 9W, Pp4= 15 W. 





Figure 1.16 For Practice Prob. 1.7. 


11.7 APPLICATIONS? 


In this section, we will consider two practical applications of the concepts 
developed in this chapter. The first one deals with the TV picture tube 
and the other with how electric utilities determine your electric bill. 


1.7.1 TV Picture Tube 
One important application of the motion of electrons is found in both 
the transmission and reception of TV signals. At the transmission end, a 
TV camera reduces a scene from an optical image to an electrical signal. 
Scanning is accomplished with a thin beam of electrons 1n an iconoscope 
camera tube. 

At the receiving end, the image is reconstructed by using a cath- 
ode-ray tube (CRT) located in the TV receiver.* The CRT is depicted in 


>The dagger sign preceding a section heading indicates a section that may be skipped, 
explained briefly, or assigned as homework. 


3Modern TV tubes use a different technology. 
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Figure 1.18 A simplified diagram of the 
cathode-ray tube; for Example 1.8. 


PRACTICE PROBLEM 
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Fig. 1.17. Unlike the iconoscope tube, which produces an electron beam 
of constant intensity, the CRT beam varies in intensity according to the 
incoming signal. The electron gun, maintained at a high potential, fires 
the electron beam. The beam passes through two sets of plates for vertical 
and horizontal deflections so that the spot on the screen where the beam 
strikes can move right and left and up and down. When the electron beam 
strikes the fluorescent screen, it gives off light at that spot. Thus the beam 
can be made to “paint” a picture on the TV screen. 


Horizontal 
deflection 
plates 





Electron gun 





Bright spot on 
fluorescent screen 






Vertical 
deflection 
plates 






Electron 
trajectory 


Figure .17 Cathode-ray tube. 
(Source: D. E. Tilley, Contemporary College Physics [Menlo Park, CA: 
Benjamin/Cummings, 1979], p. 319.) 





The electron beam in a TV picture tube carries 10!° electrons per second. 
As a design engineer, determine the voltage V, needed to accelerate the 
electron beam to achieve 4 W. 


Solution: 
The charge on an electron is 
e=-16x10°"C 


If the number of electrons is n, then g = ne and 
i= a Pil = (-16~x 10°)q0”) =-16x 107A 
dt dt 
The negative sign indicates that the electron flows in a direction opposite 
to electron flow as shown in Fig. 1.18, which is a simplified diagram of 
the CRT for the case when the vertical deflection plates carry no charge. 


The beam power is 


A 
p= Vol or Vo = 7 a 25,000 V 


i 16x 10 
Thus the required voltage is 25 kV. 


If an electron beam in a TV picture tube carries 10!> electrons/second and 
is passing through plates maintained at a potential difference of 30 kV, 
calculate the power in the beam. 


Answer: 48 mW. 
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1.7.2 Electricity Bills 

The second application deals with how an electric utility company charges 
their customers. The cost of electricity depends upon the amount of 
energy consumed in kilowatt-hours (kWh). (Other factors that affect the 
cost include demand and power factors; we will ignore these for now.) 
However, even if a consumer uses no energy at all, there is a minimum 
service charge the customer must pay because it costs money to stay 
connected to the power line. As energy consumption increases, the cost 
per kWh drops. It is interesting to note the average monthly consumption 
of household appliances for a family of five, shown in Table 1.3. 


TABLE 1.3 


appliances. 


Appliance 


Water heater 
Freezer 
Lighting 
Dishwasher 
Electric iron 
TV 

Toaster 
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Typical average monthly consumption of household 


Appliance kWh consumed 
Washing machine 120 
Stove 100 
Dryer 80 
Microwave oven 25 
Personal computer 12 
Radio 8 
Clock 2 


EXAM ? | 5 ccc 


A homeowner consumes 3,300 kWh in January. Determine the electricity 


bill for the month using the following residential rate schedule: 
Base monthly charge of $12.00. 
First 100 kWh per month at 16 cents/kWh. 
Next 200 kWh per month at 10 cents/kWh. 
Over 200 kWh per month at 6 cents/kWh. 


Solution: 


We calculate the electricity bill as follows. 


Base monthly charge = $12.00 


First 100 kWh @ $0.16/kWh = $16.00 
Next 200 kWh @ $0.10/kWh = $20.00 
Remaining 100 kWh @ $0.06/kWh = $6.00 


Average cost = 
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Total Charge = $54.00 
$54 
100 + 200 + 100 


= 13.5 cents/kWh 
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PRACTICE PROBLE ™ 


Referring to the residential rate schedule in Example 1.9, calculate the 
average cost per kWh if only 400 kWh are consumed in July when the 
family is on vacation most of the time. 


Answer: 13.5 cents/kWh. 


"1,8 PROBLEM SOLVING 


Although the problems to be solved during one’s career will vary in 

complexity and magnitude, the basic principles to be followed remain 

the same. The process outlined here is the one developed by the authors 

over many years of problem solving with students, for the solution of 

engineering problems in industry, and for problem solving in research. 
We will list the steps simply and then elaborate on them. 


1. Carefully Define the problem. 
2. Present everything you know about the problem. 


3. Establish a set of Alternative solutions and determine the one 
that promises the greatest likelihood of success. 


4. Attempt a problem solution. 
5. Evaluate the solution and check for accuracy. 


6. Has the problem been solved Satisfactorily? If so, present the 
solution; if not, then return to step 3 and continue through the 
process again. 


1. Carefully Define the problem. This may be the most important 
part of the process, because it becomes the foundation for all the rest of the 
steps. In general, the presentation of engineering problems is somewhat 
incomplete. You must do all you can to make sure you understand the 
problem as thoroughly as the presenter of the problem understands it. 
Time spent at this point clearly identifying the problem will save you 
considerable time and frustration later. As a student, you can clarify a 
problem statement in a textbook by asking your professor to help you 
understand it better. A problem presented to you in industry may require 
that you consult several individuals. At this step, it is important to develop 
questions that need to be addressed before continuing the solution process. 
If you have such questions, you need to consult with the appropriate 
individuals or resources to obtain the answers to those questions. With 
those answers, you can now refine the problem, and use that refinement 
as the problem statement for the rest of the solution process. 


2. Present everything you know about the problem. You are now 
ready to write down everything you know about the problem and its 
possible solutions. This important step will save you time and frustration 
later. 
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3. Establish a set of Alternative solutions and determine the one 
that promises the greatest likelihood of success. Almost every problem 
will have anumber of possible paths that can lead to a solution. Itis highly 
desirable to identify as many of those paths as possible. At this point, you 
also need to determine what tools are available to you, such as Matlab 
and other software packages that can greatly reduce effort and increase 
accuracy. Again, we want to stress that time spent carefully defining the 
problem and investigating alternative approaches to its solution will pay 
big dividends later. Evaluating the alternatives and determining which 
promises the greatest likelihood of success may be difficult but will be 
well worth the effort. Document this process well since you will want to 
come back to it if the first approach does not work. 


4. Attempt a problem solution. Now is the time to actually begin 
solving the problem. The process you follow must be well documented 
in order to present a detailed solution if successful, and to evaluate the 
process if you are not successful. This detailed evaluation may lead to 
corrections that can then lead to a successful solution. It can also lead to 
new alternatives to try. Many times, it is wise to fully set up a solution 
before putting numbers into equations. This will help in checking your 
results. 


5. Evaluate the solution and check for accuracy. You now thor- 
oughly evaluate what you have accomplished. Decide if you have an 
acceptable solution, one that you want to present to your team, boss, or 
professor. 


6. Has the problem been solved Satisfactorily? If so, present the 
solution; if not, then return to step 3 and continue through the process 
again. Now you need to present your solution or try another alternative. 
At this point, presenting your solution may bring closure to the process. 
Often, however, presentation of a solution leads to further refinement of 
the problem definition, and the process continues. Following this process 
will eventually lead to a satisfactory conclusion. 


Now let us look at this process for a student taking an electrical 
and computer engineering foundations course. (The basic process also 
applies to almost every engineering course.) Keep in mind that although 
the steps have been simplified to apply to academic types of problems, 
the process as stated always needs to be followed. We consider a simple 
example. 

Assume that we have been given the following circuit. The instruc- 
tor asks us to solve for the current flowing through the 8-ohm resistor. 


2a) 4Q 
5V 3V 
1. Carefully Define the problem. This is only a simple example, 


but we can already see that we do not know the polarity on the 3-V 
source. We have the following options. We can ask the professor what 
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the polarity should be. If we cannot ask, then we need to make a decision 
on what to do next. If we have time to work the problem both ways, we 
can solve for the current when the 3-V source is plus on top and then plus 
on the bottom. If we do not have the time to work it both ways, assume a 
polarity and then carefully document your decision. Let us assume that 
the professor tells us that the source is plus on the bottom. 


2. Present everything you know about the problem. Presenting all 
that we know about the problem involves labeling the circuit clearly so 
that we define what we seek. 


Given the following circuit, solve for igo. 


2&2 4Q 


{ igo 


5V 8 Q 3V 


We now check with the professor, if reasonable, to see if the problem 
is properly defined. 


3. Establish a set of Alternative solutions and determine the one 
that promises the greatest likelihood of success. There are essentially 
three techniques that can be used to solve this problem. Later in the text 
you will see that you can use circuit analysis (using Kirchoff’s laws and 
Ohm’s law), nodal analysis, and mesh analysis. 


To solve for igg using circuit analysis will eventually lead to a 
solution, but it will likely take more work than either nodal or mesh 
analysis. To solve for igg using mesh analysis will require writing two 
simultaneous equations to find the two loop currents indicated in the 
following circuit. Using nodal analysis requires solving for only one 
unknown. This is the easiest approach. 


5V 3V 





Therefore, we will solve for igg using nodal analysis. 
4. Attempt a problem solution. We first write down all of the 
equations we will need in order to find igo. 


U1 


IgqQ = 1, 17 = gq = g 


Ui 
g” 
vz}; —-5 vzy—O v,4+3 

y 8 4. 


0 
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Now we can solve for v). 


v; —5 v; —0 vj, +3 
8 = 0 
2 7 3) = 4 











leads to (4v; — 20) + (v1) + vu; + 6) = 0 
2 
Tv, = +14, Uy = +2 V, leo = > = 8 = 0.25A 
5. Evaluate the solution and check for accuracy. We can now use 
Kirchoff’s voltage law to check the results. 


i=) 2 3 


_—_ = =f 5A 
2 2 2 
3243 «5 

ee ee 





4 4 A 
iy tig +i3 = —154+0.254+1.25 = 0 (Checks.) 
Applying KVL to loop 1, 
—S +, +. = -54+ (-1; X 2) + (> x 8) 
= —5+ (—(—1.5)2) + (0.25 x 8) 
—- -§+3+2=0 (Checks. ) 
Applying KVL to loop 2, 
—v, + v3 —3 = -—(n X 8) + (3 X 4) —- 3 
= —(0.25 x 8) + 1.25 x 4) —3 
= —2+5-3=0 (Checks.) 
So we now have a very high degree of confidence in the accuracy 
of our answer. 


6. Has the problem been solved Satisfactorily? If so, present the 
solution; if not, then return to step 3 and continue through the process 
again. This problem has been solved satisfactorily. 


The current through the 8-ohm resistor is 0.25 amp flowing 


down through the 8-ohm resistor. 





1.9 SUMMARY 


1. An electric circuit consists of electrical elements connected 
together. 

2. The International System of Units (SI) is the international mea- 
surement language, which enables engineers to communicate their 
results. From the six principal units, the units of other physical 
quantities can be derived. 

3. Current is the rate of charge flow. 


. dg 
1 = — 
dt 


<q | D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


22 


PART | DC Circuits 


4. Voltage is the energy required to move | C of charge through an 


element. 


_ dw 


p= — 
dq 


5. Power is the energy supplied or absorbed per unit time. It is also the 
product of voltage and current. 


_ dw 
dt 


Dp = vI 


6. According to the passive sign convention, power assumes a positive 
sign when the current enters the positive polarity of the voltage 


across an element. 


7. An ideal voltage source produces a specific potential difference 
across its terminals regardless of what is connected to it. An ideal 
current source produces a specific current through its terminals 
regardless of what is connected to it. 


8. Voltage and current sources can be dependent or independent. A 
dependent source is one whose value depends on some other circuit 


variable. 


9. Two areas of application of the concepts covered in this chapter are 
the TV picture tube and electricity billing procedure. 


REVIEW QUESTIONS 


1.1 


1.2 


1.3 


1.4 


1.5 


1.6 


1.7 


One millivolt is one millionth of a volt. 1.8 
(a) True (b) False 


The prefix micro stands for: 
(a) 10° (b) 103 = (c) 10-3 ~=— (d):10°8 1.9 


The voltage 2,000,000 V can be expressed in powers 
of 10 as: 
(a) 2mV_ (b) 2kV 


(c) 2MV_ (d) 2GV 1.10 


A charge of 2 C flowing past a given point each 
second is a current of 2 A. 


(a) True (b) False 


A 4-A current charging a dielectric material will 
accumulate a charge of 24 C after 6 s. 


(a) True (b) False 
The unit of current is: 

(a) Coulomb (b) Ampere 
(c) Volt (d) Joule 


Voltage is measured in: 
(a) Watts 
(c) Volts 


(b) Amperes 
(d) Joules per second 


The voltage across a 1.1 kW toaster that produces a 
current of 10 A 1s: 


(a) 11kV (b) 1100V_- (c) L1IOV (d) 11V 


Which of these is not an electrical quantity? 
(b) time 
(e) power 


(a) charge (c) voltage 


(d) current 


The dependent source in Fig. 1.19 is: 
(a) voltage-controlled current source 
(b) voltage-controlled voltage source 
(c) current-controlled voltage source 
(d) current-controlled current source 


Vio 





Figure 1.19 


For Review Question 1.10. 


Answers: 1.1b, 1.2d, 1.3c, 1.4a, 1.5a, 1.6b, 1.7c, 1.8c, 1.9b, 1.10d. 
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PROBLEMS 
Section 1.3 Charge and Current q (C) 
1.1 How many coulombs are represented by these 50 
amounts of electrons: 
(a) 6.482 x 10!” (b) 1.24 x 10'8 0 
(c) 2.46 x 10!° (d) 1.628 x 107° - = s 4) 
1.2 Find the current flowing through an element if the =30 


charge flow is given by: 

(a) g(t) = (¢ +2) mC 

(b) g(t) = (5t? + 4t — 3) C 
(c) q(t) = 10e™ pC 


Figure |.21 For Prob. 1.7. 


1.8 The current flowing past a point in a device is shown 
(d) q@) = 20 cos 5077 nC in Fig. 1.22. Calculate the total charge through the 
(e) g(t) = 5e~” sin 100¢ wC point. 
1.3 Find the charge g(t) flowing through a device if the 
current is: i (mA) 
(a) i(t) =3 A, q(O) =1C 10 


(b) i(t) = (2t +5) mA, g(0) = 0 
(c) i(t) = 20cos(10t + 27/6) WA, g(O) = 2 wC 
(d) i(t) = 10e~°™ sin 40r A, g(0) = 0 


0 1 2  t(ms) 

1.4 The current flowing through a device is . 

i(t) = 5sin6zt A. Calculate the total charge flow Figure 1.22 For Prob. 1.8. 
through the device from t = 0 tot = 10 ms. 

1.5 Determine the total charge flowing into an element 1.9 The current through an element is shown in Fig. 
for 0 < t < 2s when the current entering its 1.23. Determine the total charge that passed through 
positive terminal is i(t) = e~7’ mA. the element at: 

| b) t=3 t=5 
1.6 The charge entering a certain element is shown in (a) > " ° (c) : 
Fig. 1.20. Find the current at: 
(a)t=l1ms (b)t=6ms_ (c) t=10ms i (A) 
10 
5 
q(t) (mC) 
80) 0 ] 2 3 4 5 t(s) 
Figure |.23 For Prob. 1.9. 
Sections 1.4 and 1.5 Voltage, Power, and 
Energy 
1.10 A certain electrical element draws the current 
i(t) = 10cos4t A at a voltage v(t) = 120cos4t V. 
0 2 4 6 8 10 12 ¢(ms) Find the energy absorbed by the element in 2 s. 
1.11 The voltage v across a device and the current 7 
Figure 1.20 For Prob. 1.6. through it are 
u(t) = 5cos2r V, i(t)=101-—e°") A 
Calculate: 

1.7 The charge flowing in a wire is plotted in Fig. 1.21. (a) the total charge in the device att = | s 

Sketch the corresponding current. (b) the power consumed by the device att = 1s. 
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1.12 Thecurrent entering the positive terminal of a 1.16 
device is i(t) = 3e~*’ A and the voltage across the 
device is v(t) = 5di/dt V. 
(a) Find the charge delivered to the device between 
t= Oandt=2s. 
(b) Calculate the power absorbed. 


(c) Determine the energy absorbed in 3 s. 


1.13. Figure 1.24 shows the current through and the 
voltage across a device. Find the total energy 


absorbed by the device for the period of 0 < t < 4s. 


i (mA) 
50 
1.17 
0 2 4 t(s) 
Vv (V) 
10 
Figure 1.24 — For Prob. 1.13. 


Section 1.6 Circuit Elements 


1.14 Figure 1.25 shows a circuit with five elements. If 
P= —205 W, P2>= 60 W, P= 45 W, p= 30 W, 
calculate the power p3 received or delivered by 
element 3. 
1.18 
1.19 
Figure 125 For Prob. 1.14. 
1.15 Find the power absorbed by each of the elements in 
Fig. 1.26. 
1=10A  10V 8 V AA 1.20 
1.21 





Figure |.26 


For Prob. 1.15. 


Section 1.7 


Determine J, in the circuit of Fig. 1.27. 


20 V 





For Prob. 1.16. 


Figure 1.27 


Find V, in the circuit of Fig. 1.28. 


1,=2A 


30 V 





6Af 


Figure 1.28 


For Prob. 1.17. 


Applications 


It takes eight photons to strike the surface of a 
photodetector in order to emit one electron. If 

4 x 10!' photons/second strike the surface of the 
photodetector, calculate the amount of current flow. 


Find the power rating of the following electrical 
appliances in your household: 


(a) Lightbulb (b) Radio set 
(c) TV set (d) Refrigerator 
(e) Personal computer (f) PC printer 


(g) Microwave oven (h) Blender 


A 1.5-kW electric heater is connected to a 120-V 
source. 


(a) How much current does the heater draw? 
(b) If the heater is on for 45 minutes, how much 
energy is consumed in kilowatt-hours (kWh)? 


(c) Calculate the cost of operating the heater for 45 
minutes if energy costs 10 cents/k Wh. 


A 1.2-kW toaster takes roughly 4 minutes to heat 
four slices of bread. Find the cost of operating the 
toaster once per day for 1 month (30 days). Assume 
energy costs 9 cents/kWh. 
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1.22 A flashlight battery has a rating of 0.8 ampere-hours 
(Ah) and a lifetime of 10 hours. 


(a) How much current can it deliver? 


(b) How much power can it give if its terminal 
voltage is 6 V? 


(c) How much energy is stored in the battery in 
kWh? 


1.23. A constant current of 3 A for 4 hours is required to 
charge an automotive battery. If the terminal voltage 
is 10+ 1/2 V, where ¢ is in hours, 

(a) how much charge is transported as a result of the 
charging? 
(b) how much energy is expended? 


(c) how much does the charging cost? Assume 
electricity costs 9 cents/kWh. 


1.24 A 30-W incandescent lamp is connected to a 120-V 
source and is left burning continuously in an 


COMPREHENSIVE PROBLEMS 


1.27. A telephone wire has a current of 20 wA flowing 
through it. How long does it take for a charge of 
15 C to pass through the wire? 


1.28 A lightning bolt carried a current of 2 kA and lasted 
for 3 ms. How many coulombs of charge were 
contained in the lightning bolt? 


1.29. The power consumption for a certain household for 
a day is shown in Fig. 1.29. Determine: 


(a) the total energy consumed in kWh 


(b) the average power per hour. 


p(t) 





12 2 4 6 8 10 12 2 4 6 8 10 12 tft 
noon (hour) 


Figure 1.29 For Prob. 1.29. 


1.30 The graph in Fig. 1.30 represents the power drawn 
by an industrial plant between 8:00 and 8:30 A.M. 
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1.25 


1.26 


p (MW) 


1.31 


1.32 


1.33 


1.34 


wan 


otherwise dark staircase. Determine: 
(a) the current through the lamp, 


(b) the cost of operating the light for one non-leap 
year if electricity costs 12 cents per kWh. 


An electric stove with four burners and an oven is 
used in preparing a meal as follows. 

Burner 1: 20 minutes Burner 2: 40 minutes 
Burner 3: 15 minutes Burner 4: 45 minutes 
Oven: 30 minutes 

If each burner is rated at 1.2 kW and the oven at 
1.8 kW, and electricity costs 12 cents per kWh, 


calculate the cost of electricity used in preparing the 
meal. 


PECO (the electric power company in Philadelphia) 
charged a consumer $34.24 one month for using 
215 kWh. If the basic service charge is $5.10, how 
much did PECO charge per kWh? 


Calculate the total energy in MWh consumed by the 
plant. 


8.00 805 810 815 820 825 8.30t 


Figure 1.30 For Prob. 1.30. 


A battery may be rated in ampere-hours (Ah). An 

lead-acid battery is rated at 160 Ah. 

(a) What is the maximum current it can supply for 
40 h? 

(b) How many days will it last if it is discharged at 
1 mA? 


How much work is done by a 12-V automobile 
battery in moving 5 x 107° electrons from the 
positive terminal to the negative terminal? 


How much energy does a 10-hp motor deliver in 30 
minutes? Assume that 1 horsepower = 746 W. 


A 2-kW electric iron is connected to a 120-V line. 
Calculate the current drawn by the iron. 


Go to the Student OLC 
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BASIC LAWS 


The chessboard is the world, the pieces are the phenomena of the universe, 
the rules of the game are what we call the laws of Nature. The player 
on the other side is hidden from us, we know that his play is always fair, 
just, and patient. But also we know, to our cost, that he never overlooks 
a mistake, or makes the smallest allowance for ignorance. 

— Thomas Henry Huxley 


Historical Profiles 


Georg Simon Ohm (1787-1854), a German physicist, in 1826 experimentally deter- 
mined the most basic law relating voltage and current for a resistor. Ohm’s work was 
initially denied by critics. 

Born of humble beginnings in Erlangen, Bavaria, Ohm threw himself into 
electrical research. His efforts resulted in his famous law. He was awarded the Copley 
Medal in 1841 by the Royal Society of London. In 1849, he was given the Professor 
of Physics chair by the University of Munich. To honor him, the unit of resistance was 
named the ohm. 


Gustav Robert Kirchhoff (1824—1887), a German physicist, stated two basic laws 
in 1847 concerning the relationship between the currents and voltages in an electrical 
network. Kirchhoff’s laws, along with Ohm’s law, form the basis of circuit theory. 

Born the son of a lawyer in Konigsberg, East Prussia, Kirchhoff entered 
the University of Konigsberg at age 18 and later became a lecturer in Berlin. His 
collaborative work in spectroscopy with German chemist Robert Bunsen led to the 
discovery of cesium in 1860 and rubidium in 1861. Kirchhoff was also credited with 
the Kirchhoff law of radiation. Thus Kirchhoff is famous among engineers, chemists, 
and physicists. 





2/ 
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2.1 INTRODUCTION 


Chapter | introduced basic concepts such as current, voltage, and power 
in an electric circuit. To actually determine the values of these variables 
in a given circuit requires that we understand some fundamental laws that 
govern electric circuits. These laws, known as Ohm’s law and Kirchhoff’s 
laws, form the foundation upon which electric circuit analysis is built. 
In this chapter, in addition to these laws, we shall discuss some 
techniques commonly applied in circuit design and analysis. These tech- 
niques include combining resistors in series or parallel, voltage division, 
current division, and delta-to-wye and wye-to-delta transformations. The 
application of these laws and techniques will be restricted to resistive cir- 
cuits in this chapter. We will finally apply the laws and techniques to 
real-life problems of electrical lighting and the design of dc meters. 


2.2 OHM’S LAW 


\ a“ _ Materials in general have a characteristic behavior of resisting the flow 
FE of electric charge. This physical property, or ability to resist current, is 
known as resistance and is represented by the symbol R. The resistance 






of any material with a uniform cross-sectional area A depends on A and 
3 : its length £, as shown in Fig. 2.1(a). In mathematical form, 
Material with 
resistivity p R= p £ (2.1) 
Cross-sectional A 


A : a eae 
aa where ¢ is known as the resistivity of the material in ohm-meters. Good 


conductors, such as copper and aluminum, have low resistivities, while 

Figure Dl yRedsiss Crete somite insulators, such as mica and paper, have high resistivities. Table 2.1 
for resistanee: presents the values of o for some common materials and shows which 

materials are used for conductors, insulators, and semiconductors. 


(a) (b) 


TABLE 2.1 Resistivities of common materials. 
Material Resistivity (€2-m) Usage 
Silver 1.64 x 1078 Conductor 
Copper LZ 10- Conductor 
Aluminum 2.8 x 107-8 Conductor 
Gold 2.45 x 1078 Conductor 
Carbon 4x 10> Semiconductor 
Germanium AT x 107? Semiconductor 
Silicon 6.4 x 10° Semiconductor 
Paper 10'° Insulator 

Mica 5 x 10!! Insulator 
Glass 107 Insulator 
Teflon 3x 10" Insulator 


The circuit element used to model the current-resisting behavior of 
a material is the resistor. For the purpose of constructing circuits, resistors 
are usually made from metallic alloys and carbon compounds. The circuit 
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symbol for the resistor is shown in Fig. 2.1(b), where R stands for the 
resistance of the resistor. The resistor is the simplest passive element. 

Georg Simon Ohm (1787-1854), a German physicist, is credited 
with finding the relationship between current and voltage for a resistor. 
This relationship is known as Ohm’s law. 


Ohm's law states that the voltage v across a resistor is directly proportional 
to the current i flowing through the resistor. 





That is, 
VXI (2.2) 


Ohm defined the constant of proportionality for a resistor to be the resis- 
tance, R. (The resistance is a material property which can change if the 
internal or external conditions of the element are altered, e.g., if there are 
changes in the temperature.) Thus, Eq. (2.2) becomes 


which is the mathematical form of Ohm’s law. R in Eq. (2.3) is measured 
in the unit of ohms, designated Q2. Thus, 


The resistance R of an element denotes its ability to resist the flow 
of electric current; it is measured in ohms ((2). 





We may deduce from Eq. (2.3) that 
R=- (2.4) 


so that 


1 Q=1 V/A 





To apply Ohm’s law as stated in Eq. (2.3), we must pay careful 
attention to the current direction and voltage polarity. The direction of (a) 
current i and the polarity of voltage v must conform with the passive sign 
convention, as shown in Fig. 2.1(b). This implies that current flows from 


a higher potential to a lower potential in order for v = iR. If current - {i= 0 
flows from a lower potential to a higher potential, v = —iR. 
Since the value of R can range from zero to infinity, it is important V R=co 


that we consider the two extreme possible values of R. An element with 
R = Oiscalled a short circuit, as shown in Fig. 2.2(a). For a short circuit, ~ 


v=iR=0 (2.5) 
; , (b) 
showing that the voltage is zero but the current could be anything. In 
practice, a short circuit is usually a connecting wire assumed to be a Figure 2.2 (a) Short circuit (R = 0), 
perfect conductor. Thus, (b) Opencircuit (R = 00). 
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A short circuit is a circuit element with resistance approaching zero. 





Similarly, an element with R = oo is known as an open circuit, as shown 
in Fig. 2.2(b). For an open circuit, 
v 
i= lim —=0 (2.6) 
R->oo R 


indicating that the current is zero though the voltage could be anything. 
Thus, 


) An open circuit is a circuit element with resistance approaching infinity. 


A resistor is either fixed or variable. Most resistors are of the fixed 

type, meaning their resistance remains constant. The two common types 

Figure 2.3 Fixed resistors: (a) wire- of fixed resistors (wirewound and composition) are shown in Fig. 2.3. 

wound type, (Hy catpen tthype. The composition resistors are used when large resistance is needed. The 
(Courtesy of Tech America.) : ; . ; : : ; : 

circuit symbol in Fig. 2.1(b) is for a fixed resistor. Variable resistors 

have adjustable resistance. The symbol for a variable resistor is shown 

in Fig. 2.4(a). A common variable resistor is known as a potentiometer 

or pot for short, with the symbol shown in Fig. 2.4(b). The pot is a 

three-terminal element with a sliding contact or wiper. By sliding the 

wiper, the resistances between the wiper terminal and the fixed terminals 

vary. Like fixed resistors, variable resistors can either be of wirewound or 

composition type, as shown in Fig. 2.5. Although resistors like those in 

(a) (b) Figs. 2.3 and 2.5 are used in circuit designs, today most circuit components 

including resistors are either surface mounted or integrated, as typically 


Figure 2.4 — Circuit symbol for: (a) a variable shown in Fig. 2.6. 
resistor in general, (b) a potentiometer. 








Figure 2.5 Variable resistors: (a) composition type, (b) slider pot. 
(Courtesy of Tech America.) 


It should be pointed out that not all resistors obey Ohm’s law. A 
resistor that obeys Ohm’s law is known as a linear resistor. It has a con- 
. . . — stant resistance and thus its current-voltage characteristic is as illustrated 
ke o Pavel een ney in Fig. 2.7(a): its i-v graph is a straight line passing through the ori- 
Network Synthesis and Design [New York: gin. A nonlinear resistor does not obey Ohm’s law. Its resistance varies 
John Wiley, 1976], p. 461c.) with current and its i-v characteristic is typically shown in Fig. 2.7(b). 
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Examples of devices with nonlinear resistance are the lightbulb and the 
diode. Although all practical resistors may exhibit nonlinear behavior 
under certain conditions, we will assume in this book that all elements 
actually designated as resistors are linear. 

A useful quantity in circuit analysis is the reciprocal of resistance 
R, known as conductance and denoted by G: 





(2.7) 





The conductance is a measure of how well an element will conduct 
electric current. The unit of conductance is the mho (ohm spelled back- 
ward) or reciprocal ohm, with symbol 0, the inverted omega. Although 
engineers often use the mhos, in this book we prefer to use the siemens 
(S), the SI unit of conductance: 





IS=10=1A/V (2.8) 


(b) 


Thus, ’ 

Figure 2.] The i-v characteristic of: 
(a) a linear resistor, 
(b) a nonlinear resistor. 


Conductance is the ability of an element to conduct electric current; it is 


measured in mhos (©) or siemens (S). 





The same resistance can be expressed in ohms or siemens. For 
example, 10 2 is the same as 0.1 S. From Eq. (2.7), we may write 


i= Gu (2.9) 


The power dissipated by a resistor can be expressed in terms of R. 
Using Eqs. (1.7) and (2.3), 


v2 


: ry) 
p= (2.10) 
The power dissipated by a resistor may also be expressed in terms of G 
as 
p=vi=vG= i (2.11) 
G 


We should note two things from Eqs. (2.10) and (2.11): 


1. The power dissipated in a resistor is a nonlinear function of 
either current or voltage. 


2. Since R and G are positive quantities, the power dissipated in 
a resistor is always positive. Thus, a resistor always absorbs 
power from the circuit. This confirms the idea that a resistor is 
a passive element, incapable of generating energy. 


AM ? | 5 ccc 


An electric iron draws 2 A at 120 V. Find its resistance. 
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Solution: 


From Ohm’s law, 


PRACTICE PROBLE ™ ig 


The essential component of a toaster is an electrical element (a resistor) 
that converts electrical energy to heat energy. How much current is drawn 
by a toaster with resistance 12 Q at 110 V? 


Answer: 9.167 A. 





ae 
i In the circuit shown in Fig. 2.8, calculate the current i, the conductance 
a G, and the power p. 
30 V 5kQ SV Solution: 


The voltage across the resistor is the same as the source voltage (30 V) 
because the resistor and the voltage source are connected to the same pair 
of terminals. Hence, the current is 

UV 30 


i= — = — —~ =6mA 
R 5~x 103 


Figure 2.8 For Example 2.2. 


The conductance 1s 


Ge 1 1 
— R 5x 103 
We can calculate the power in various ways using either Eqs. (1.7), (2.10), 
or (2.11). 


= (0.2 mS 


p = vi = 30(6 x 10°*) = 180 mW 
Or 
p=i°R=(6x 10°°)*5 x 10° = 180 mW 
Or 


p =v’G = (30)°0.2 x 10°° = 180 mw 


PRACTICE PROBLE M iy 





G, and the power p. 


| i For the circuit shown in Fig. 2.9, calculate the voltage v, the conductance 
+ 
V Answer: 20 V, 100 wS, 40 mW. 


2mA 10 kQ 


Figure 2.9 For Practice Prob. 2.2 
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A voltage source of 20 sin zt V is connected across a 5-kQ resistor. Find 
the current through the resistor and the power dissipated. 


Solution: 


UV 20 sin zt 
i= — = — — = 4sinzt mA 
R 5 x 103 


Hence, 


p = vi = 80sin? mt mW 


PRACTICE PROBLEM PROBLEM (ea 


A resistor absorbs an instantaneous power of 20 cos” t mW when con- 
nected to a voltage source v = 10cost V. Findi and R. 


Answer: 2cost mA,5 kQ. 


12.3 NODES, BRANCHES, AND LOOPS 


Since the elements of an electric circuit can be interconnected in several 
ways, we need to understand some basic concepts of network topology. To 
differentiate between a circuit and a network, we may regard a network as 
an interconnection of elements or devices, whereas a circuit 1s a network 
providing one or more closed paths. The convention, when addressing 
network topology, is to use the word network rather than circuit. We 
do this even though the words network and circuit mean the same thing 
when used in this context. In network topology, we study the properties 
relating to the placement of elements in the network and the geometric 


configuration of the network. Such elements include branches, nodes, e 2 
and loops. : 
10 V 2 2A 


A branch represents a single element such as a voltage source or a resistor. 





In other words, a branch represents any two-terminal element. The circuit 
in Fig. 2.10 has five branches, namely, the 10-V voltage source, the 2-A Figure 2.10 Nodes, branches, and loops. 
current source, and the three resistors. 


A node is the point of connection between two or more branches. ee 





A node is usually indicated by a dot in a circuit. If a short circuit (a 2A 
connecting wire) connects two nodes, the two nodes constitute a single a 

node. The circuit in Fig. 2.10 has three nodes a, b, and c. Notice that 

the three points that form node b are connected by perfectly conducting 10V 
wires and therefore constitute a single point. The same is true of the four 

points forming node c. We demonstrate that the circuit in Fig. 2.10 has Figure 2.11 The three-node circuit of Fig. 2.10 
only three nodes by redrawing the circuit in Fig. 2.11. The two circuits in is redrawn. 
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Figs. 2.10 and 2.11 are identical. However, for the sake of clarity, nodes 
b and c are spread out with perfect conductors as in Fig. 2.10. 


AAA 
A loop is any closed path in a circuit. 


A loop is a closed path formed by starting at a node, passing through a 
set of nodes, and returning to the starting node without passing through 
any node more than once. A loop is said to be independent if it contains a 
branch which is not in any other loop. Independent loops or paths result 
in independent sets of equations. 

For example, the closed path abca containing the 2-Q resistor in 
Fig. 2.11 is a loop. Another loop is the closed path bcb containing the 
3-2 resistor and the current source. Although one can identify six loops 
in Fig. 2.11, only three of them are independent. 

A network with b branches, n nodes, and / independent loops will 
satisfy the fundamental theorem of network topology: 


b=l+n-—-1 (2.12) 


As the next two definitions show, circuit topology is of great value 
to the study of voltages and currents in an electric circuit. 


Two or more elements are in series if they are cascaded or connected sequentially 
and consequently carry the same current. 
Two or more elements are in parallel if they are connected to the same two nodes 
and consequently have the same voltage across them. 





Elements are in series when they are chain-connected or connected se- 
quentially, end to end. For example, two elements are in series if they 
share one common node and no other element is connected to that com- 
mon node. Elements in parallel are connected to the same pair of termi- 
nals. Elements may be connected in a way that they are neither in series 
nor in parallel. In the circuit shown in Fig. 2.10, the voltage source and 
the 5-2 resistor are in series because the same current will flow through 
them. The 2-Q resistor, the 3-Q resistor, and the current source are in 
parallel because they are connected to the same two nodes (b and c) 
and consequently have the same voltage across them. The 5-Q2 and 2-Q 
resistors are neither in series nor in parallel with each other. 


EXAM ? | ccc 


Determine the number of branches and nodes in the circuit shown in Fig. 
2.12. Identify which elements are in series and which are in parallel. 


Solution: 


Since there are four elements in the circuit, the circuit has four branches: 
10 V, 5 Q, 6 Q, and 2 A. The circuit has three nodes as identified in 
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Fig. 2.13. The 5-Q resistor is in series with the 10-V voltage source 
because the same current would flow in both. The 6-Q resistor is in 
parallel with the 2-A current source because both are connected to the 
same nodes 2 and 3. 


5 Q 


10 V 6Q 2A 





Figure 2.12 For Example 2.4. 


Figure 2. [3 The three nodes in the circuit 
of Fig. 2.12. 


PRACTICE PROBLE M pg 





How many branches and nodes does the circuit in Fig. 2.14 have? Identify 
the elements that are in series and in parallel. 


Answer: Five branches and three nodes are identified in Fig. 2.15. The 
1-Q2 and 2-Q resistors are in parallel. The 4-Q resistor and 10-V source 
are also in parallel. 


5 Q 


1Q 2Q 10V s$4Q 





Figure 2.14 For Practice Prob. 2.4. 
Figure 7, 5 Answer for Practice Prob. 2.4. 


2.4 KIRCHHOFF’S LAWS 


Ohm’s law by itself is not sufficient to analyze circuits. However, when 
it is coupled with Kirchhoff’s two laws, we have a sufficient, powerful 
set of tools for analyzing a large variety of electric circuits. Kirchhoff’s 
laws were first introduced in 1847 by the German physicist Gustav Robert 
Kirchhoff (1824-1887). These laws are formally known as Kirchhoff’s 
current law (KCL) and Kirchhoff’s voltage law (KVL). 

Kirchhoff’s first law is based on the law of conservation of charge, 
which requires that the algebraic sum of charges within a system cannot 
change. 
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Kirchhoff’s current law (KCL) states that the algebraic sum of currents entering 


a node (or a closed boundary) is zero. 





Mathematically, KCL implies that 


(2.13) 





where WN is the number of branches connected to the node and i, is the 
nth current entering (or leaving) the node. By this law, currents entering 
a node may be regarded as positive, while currents leaving the node may 
be taken as negative or vice versa. 


To prove KCL, assume a set of currents i,(t),k = 1,2,..., flow 
into a node. The algebraic sum of currents at the node is 
ir@) =H) +h) +an@)4+--: (2.14) 
Integrating both sides of Eq. (2.14) gives 
qr(t) = qi(t) + q2(t) + a(t) + «+ - (2.15) 


where qx(t) = f ig(t) dt and qr(t) = f ir(t) dt. But the law of conser- 
vation of electric charge requires that the algebraic sum of electric charges 
at the node must not change; that is, the node stores no net charge. Thus 





Figure 2.16 Currents at qr(t) = 0 — i7(t) = 0, confirming the validity of KCL. 
a node illustrating KCL. Consider the node in Fig. 2.16. Applying KCL gives 
iy + (—i2) +13 +14 + (—is) = 0 (2.16) 


since currents 7,, 13, and i4 are entering the node, while currents iz and 
is are leaving it. By rearranging the terms, we get 


_ Closed boundary ti ti4=io tls (2.17) 
; Equation (2.17) is an alternative form of KCL: 


The sum of the currents entering a node is equal to the sum 


of the currents leaving the node. 





Note that KCL also applies to a closed boundary. This may be 
regarded as a generalized case, because a node may be regarded as a 
closed surface shrunk to a point. In two dimensions, a closed boundary 
Figure 2.17 Applying KCL to a closed is the same as a closed path. As typically illustrated in the circuit of 

boundary. Fig. 2.17, the total current entering the closed surface is equal to the total 
current leaving the surface. 

A simple application of KCL is combining current sources in par- 
allel. The combined current is the algebraic sum of the current supplied 
by the individual sources. For example, the current sources shown in Fig. 





Two sources (or circuits in general) are said to be 2.18(a) can be combined as in Fig. 2.18(b). The combined or equivalent 
equivalent if they have the same i-v relationship current source can be found by applying KCL to node a. 
at a pair of terminals. | oy ee eee 
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Or 


lr=h-h+kh (2.18) 


A circuit cannot contain two different currents, /; and />, in series, unless 
I, = lL; otherwise KCL will be violated. 
Kirchhoff’s second law is based on the principle of conservation of 








energy: (a) 
Ir 
Pa 
Kirchhoff’s voltage law (KVL) states that the algebraic sum of all voltages @ 
around a closed path (or loop) is zero. Ret onad. 
b 
Expressed mathematically, KVL states that (b) 


Figure 2.18 Current sources in parallel: 


(2.19) (a) original circuit, (b) equivalent circuit. 





where / is the number of voltages in the loop (or the number of branches 
in the loop) and v,, 1s the mth voltage. 

To illustrate KVL, consider the circuit in Fig. 2.19. The sign on 
each voltage is the polarity of the terminal encountered first as we travel 
around the loop. We can start with any branch and go around the loop 


either clockwise or counterclockwise. Suppose we start with the voltage KVL can be applied in two ways: by taking eithera 
source and go clockwise around the loop as shown; then voltages would clockwise or a counterclockwise trip around the 
be —v,, +v2, +v3, —v4, and +vs, in that order. For example, as we reach loop. Either way, the algebraic sum of voltages 
branch 3, the positive terminal is met first; hence we have +v3. For branch around the loop is zero. 


4, we reach the negative terminal first; hence, —v4. Thus, KVL yields 


—Uj + U2 + 03 — V4 + V5 =O (2.20) 
a Vo = a V3 = 
Rearranging terms gives 
vy + 3+ Us =U +U4 Q21) y () V4 
which may be interpreted as 


Sum of voltage drops = Sum of voltage rises (2.22) 


This is an alternative form of KVL. Notice that if we had traveled coun- 
terclockwise, the result would have been +01, —vs5, +v4, —v3, and —v9, 
which is the same as before except that the signs are reversed. Hence, 
Eqs. (2.20) and (2.21) remain the same. 

When voltage sources are connected in series, KVL can be applied 
to obtain the total voltage. The combined voltage is the algebraic sum 
of the voltages of the individual sources. For example, for the voltage 
sources shown in Fig. 2.20(a), the combined or equivalent voltage source 
in Fig. 2.20(b) is obtained by applying KVL. 


Figure 2.19 A single-loop circuit 
illustrating KVL. 


—_ ab + Vi + Vo — V3 = 0 
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or 
Vib = Vi + V2 — V3 (2.23) 


To avoid violating KVL, a circuit cannot contain two different voltages 
VY; and V2 in parallel unless Vj = V). 


+ 
Vi 
a 
Vab V> s 
Vob Vs=V, + Vo — V3 
V3 
bo bo 


(a) (b) 


Figure 2.20 Voltage sources in series: 
(a) original circuit, (b) equivalent circuit. 





For the circuit in Fig. 2.21(a), find voltages v; and vp. 


20 V V7 S30 20 V 





Figure 2.21 For Example 2.5. 


Solution: 


To find v; and v2, we apply Ohm’s law and Kirchhoff’s voltage law. 
Assume that current 7 flows through the loop as shown in Fig. 2.21(b). 
From Ohm’s law, 


Vy = 21, Vo = —3i1 (2.5.1) 
Applying KVL around the loop gives 
—20+ vv, — v2 = 0 (2.5.2) 
Substituting Eq. (2.5.1) into Eq. (2.5.2), we obtain 
—20 + 21 + 31 = 0 or 5i = 20 —=> i=4A 
Substituting 7 in Eq. (2.5.1) finally gives 
v1 =8V, vo = —12 V 
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PRACTICE PROBLE M Spi 





Find v; and v2 in the circuit of Fig. 2.22. 4Q 
Answer: 12 V, —6 V. 
10 V 8 V 


2Q 


Figure 2.22 For Practice Prob. 2.5 


2. 6 





Determine v, and 7 in the circuit shown in Fig. 2.23(a). 


i 4Q 


—_— 





12V 4V 





Figure 2.23 For Example 2.6. 


Solution: 
We apply KVL around the loop as shown in Fig. 2.23(b). The result is 


—12+4i1+2v, —4+ 61 =0 (2.6.1) 
Applying Ohm’s law to the 6-2 resistor gives 
Uo = —6i (2.6.2) 
Substituting Eq. (2.6.2) into Eq. (2.6.1) yields 
—16+ 10i — 121i = 0 = i=—8A 
and v, = 48 V. 


PRACTICE PROBLE ™ (Rg 





Find v, and v, in the circuit of Fig. 2.24. 109 
Answer: 10 V, —5 V. 
35 V 2V, 


+ VT 


Figure 2.24 For Practice Prob. 2.6. 
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Find current i, and voltage v, in the circuit shown in Fig. 2.25. 
Solution: 


3A Applying KCL to node a, we obtain 


3+ 0.515 = ig => in =OA 





For the 4-Q resistor, Ohm’s law gives 


Figure 2.25 For Example 2.7. Vp = 4ig = 24 V 


PRACTICE PROBLEM iy 





Find v, and i, in the circuit of Fig. 2.26. 
Answer: 8 V,4A. 





Figure 2.26 For Practice Prob. 2.7. 





Find the currents and voltages in the circuit shown in Fig. 2.27(a). 


30 V 30 V 





(a) (b) 
Figure 2.27 For Example 2.8. 


Solution: 


We apply Ohm’s law and Kirchhoff’s laws. By Ohm’s law, 
Vv; = 81), Vo = 3p, v3 = 613 (2.8.1) 


Since the voltage and current of each resistor are related by Ohm’s 
law as shown, we are really looking for three things: (v1, v2, v3) or 
(11, 12,13). At node a, KCL gives 


1} —12 —-24 =0 (2.8.2) 
Applying KVL to loop | as in Fig. 2.27(b), 
—30 + VU, +U2 = 0 
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We express this in terms of 7; and 72 as in Eq. (2.8.1) to obtain 
—304+ 814, + 31. = O 


Or 
30 — 31 
i= a) (2.8.3) 
8 
Applying KVL to loop 2, 
—v, +3 =0 — V3 = U9 (2.8.4) 


as expected since the two resistors are in parallel. We express v; and v2 
in terms of i; and 72 as in Eq. (2.8.1). Equation (2.8.4) becomes 


613 = 31 — i3 = 5 (2.8.5) 
Substituting Eqs. (2.8.3) and (2.8.5) into (2.8.2) gives 
30 — 3i | 
30-32 , 2 _ 
8 Z 
or iz2 = 2 A. From the value of iz, we now use Eqs. (2.8.1) to (2.8.5) to 
obtain 
i =3A, b&b =1A, v1 =24V, w=6V, v3=6V @ 
PRACTICE PROBLEM (pam ne Noni na vals 








Find the currents and voltages in the circuit shown in Fig. 2.28. 


Answer: UN = 3 V, v2 = 2 V, v3= 5 V, 1] = 1.5 A, 19 = (25 A, 
iz =1.25 A. 





Figure 2.28 For Practice Prob. 2.8. 


2.5 SERIES RESISTORS AND VOLTAGE DIVISION 


The need to combine resistors in series or in parallel occurs so frequently 

that it warrants special attention. The process of combining the resistors 

is facilitated by combining two of them at a time. With this in mind, 
consider the single-loop circuit of Fig. 2.29. The two resistors are in V 
series, since the same current i flows in both of them. Applying Ohm’s 

law to each of the resistors, we obtain 





v; = 1k, V2 =1Ro (2.24) 
Figure iy x single-loop circuit 
If we apply KVL to the loop (moving in the clockwise direction), we have with two resistors in series. 
—u+v,; +. =0 (2.25) 
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Combining Eqs. (2.24) and (2.25), we get 


v= vi + v2 = 1(R, + Ro) (2.26) 

— ‘ Reg or ; 
o— WW i (227) 

V Ri, + Ro 

V Notice that Eq. (2.26) can be written as 
; v= iReq (2.28) 
implying that the two resistors can be replaced by an equivalent resistor 

R.,; that is, 
Figure 2.30 Equivalent circuit "a 

of the Fig. 2.29 circuit. Reg —R,+k (2.29) 


Thus, Fig. 2.29 can be replaced by the equivalent circuit in Fig. 2.30. The 
two circuits in Figs. 2.29 and 2.30 are equivalent because they exhibit the 
same voltage-current relationships at the terminals a-b. An equivalent 
circuit such as the one in Fig. 2.30 is useful in simplifying the analysis 
of a circuit. In general, 


The equivalent resistance of any number of resistors connected in series 
is the sum of the individual resistances. 
SRT SSE SIE PSEC ST STO For JN resistors in series then, 
Resistors in series behave as a single resistor 


whose resistance is equal to the sum of the re- 


a N 
sistances of the individual resistors. Reg = Ri + Ro+---+Rn = ~,, R, (2.30) 
n=1 





To determine the voltage across each resistor in Fig. 2.29, we sub- 
stitute Eq. (2.26) into Eq. (2.24) and obtain 


(2.31) 





Notice that the source voltage v is divided among the resistors 1n direct 
proportion to their resistances; the larger the resistance, the larger the 
voltage drop. This is called the principle of voltage division, and the 
circuit in Fig. 2.29 is called a voltage divider. In general, if a voltage 


divider has N resistors (R;, Ro, ..., Ry) in series with the source voltage 
v, the nth resistor (R,,) will have a voltage drop of 
Ry 
Vp (2.32) 


2.6 PARALLEL RESISTORS AND CURRENT DIVISION 


Consider the circuit in Fig. 2.31, where two resistors are connected in 
parallel and therefore have the same voltage across them. From Ohm’s 
law, 


v= 1, Ry = 17 Ro 
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or 
| | : (2.33) 
lj = —, bo = — ; 
l R, 2 Ro 
Applying KCL at node a gives the total current i as 
L=i+h (2.34) 
Substituting Eq. (2.33) into Eq. (2.34), we get 
Node b 
UV n UV ( 1 n 1 ) UV aos 
f= —+— =v{—+—]= 
Ky ky Ry Ro Req Figure 2.31 Two resistors in parallel. 
where Reg is the equivalent resistance of the resistors in parallel: 
1 1 1 
= — — (2.36) 
Reg Ry Ry 
or 
Lt Rkitk, 
Reg Ry Ro 
or 
(2.37) 





The equivalent resistance of two parallel resistors is equal to the product 
of their resistances divided by their sum. 





It must be emphasized that this applies only to two resistors in parallel. 
From Eq. (2.37), if Ry = Ro, then Reg = R/2. 

We can extend the result in Eq. (2.36) to the general case of a circuit 
with N resistors in parallel. The equivalent resistance is 


(2.38) 





Note that Reg is always smaller than the resistance of the smallest resistor 


in the parallel combination. If R; = Ro =--- = Ry = R, then 
R 
Ra = a (2.39) 


For example, if four 100-Q resistors are connected in parallel, their equiv- 
alent resistance is 25 Q. 

Itis often more convenient to use conductance rather than resistance 
when dealing with resistors in parallel. From Eq. (2.38), the equivalent 


conductance for N resistors in parallel is Conductances in parallel behave as a single con- 


ductance whose value is equal to the sum of the 


Geg = Gi + G2 + G3 +--+ + Gy (2.40) individual conductances. 


where Gegq = 1/ Req, G| = 1/R,, Go = 1/Ro, G3 = 1/R3, sga5 GN = 
1/Ry. Equation (2.40) states: 
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Reg OF Geg 


b 


Figu re 2.32 Equivalent circuit to 
Fig. 2.31. 








(b) 


Figure 2.33 


(a) A shorted circuit, 
(b) an open circuit. 
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The equivalent conductance of resistors connected in parallel is the sum 


of their individual conductances. 





This means that we may replace the circuit in Fig. 2.31 with that in 
Fig. 2.32. Notice the similarity between Eqs. (2.30) and (2.40). The 
equivalent conductance of parallel resistors is obtained the same way 
as the equivalent resistance of series resistors. In the same manner, the 
equivalent conductance of resistors in series is obtained just the same way 
as the resistance of resistors in parallel. Thus the equivalent conductance 
Gq of N resistors in series (such as shown in Fig. 2.29) is 


(2.41) 





Given the total current 7 entering node a in Fig. 2.31, how do we 
obtain current i; and i2? We know that the equivalent resistor has the 
same voltage, or 


LR, Ro 
v= iReg = ——— (2.42) 
Ri + ko 
Combining Eqs. (2.33) and (2.42) results in 
(2.43) 





which shows that the total current 7 is shared by the resistors in inverse 
proportion to their resistances. This is known as the principle of current 
division, and the circuit in Fig. 2.31 is known as a current divider. Notice 
that the larger current flows through the smaller resistance. 

As an extreme case, suppose one of the resistors in Fig. 2.31 1s zero, 
say Ry = 0; that is, Ro is a short circuit, as shown in Fig. 2.33(a). From 
Eq. (2.43), Ro = O implies that i; = 0, i2 = i. This means that the 
entire current 7 bypasses R, and flows through the short circuit Ry = 0, 
the path of least resistance. Thus when a circuit is short circuited, as 
shown in Fig. 2.33(a), two things should be kept in mind: 


1. The equivalent resistance Reg = 0. [See what happens when 
Ro = 0 in Eq. (2.37).] 


2. The entire current flows through the short circuit. 


As another extreme case, suppose Ry = ov, that is, R2 is an open 
circuit, as shown in Fig. 2.33(b). The current still flows through the path 
of least resistance, R,. By taking the limit of Eq. (2.37) as Ry — oo, we 
obtain Reg = R, in this case. 

If we divide both the numerator and denominator by R; Ro, Eq. 
(2.43) becomes 


; Gi, 

(Sey (2.44a) 
G,+G) 

Go, 

in = ———_ (2.44b) 
G,+G) 
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Thus, in general, if a current divider has N conductors (G;, G2,..., Gn) 
in parallel with the source current i, the nth conductor (G,) will have 
current 
G 
i : (2.45) 


7 eet Geen Pe 

In general, it is often convenient and possible to combine resistors 
in series and parallel and reduce a resistive network to a single equivalent 
resistance Reg. Such an equivalent resistance is the resistance between 
the designated terminals of the network and must exhibit the same i-v 
characteristics as the original network at the terminals. 


Dad 





Find Reg for the circuit shown in Fig. 2.34. 


4Q 1Q 
O 
Solution: 
To get Reg, we combine resistors in series and in parallel. The 6-Q and R 
: ‘ ‘ : : ; | 5Q 

3-2 resistors are in parallel, so their equivalent resistance is —— Soa | 

6x 3 ca 

69 /(30=— _=90 _ 
6+ 3 


(The symbol || is used to indicate a parallel combination.) Also, the 1-Q Figure 134 
and 5-2 resistors are in series; hence their equivalent resistance is 


102458 =6Q 


4Q 
Thus the circuit in Fig. 2.34 is reduced to that in Fig. 2.35(a). In Fig. 
2.35(a), we notice that the two 2-Q resistors are in series, so the equivalent R 22 
resistance is ae 6Q 
22422=40 soe 
(a) 


This 4-Q resistor is now in parallel with the 6-Q resistor in Fig. 2.35(a); 
their equivalent resistance 1s 


For Example 2.9. 


4x6 4Q, 
42 || 6Q= —— =242 
4+ 6 
The circuit in Fig. 2.35(a) is now replaced with that in Fig. 2.35(b). In Fig. Req 2.4Q 
2.35(b), the three resistors are in series. Hence, the equivalent resistance 80 
for the circuit is 
Reg = 4242.4248 2 = 14.42 (b) 


Figure 235 Equivalent circuits for 





Example 2.9. 
PRACTICE PROBLE ™ i 
By combining the resistors in Fig. 2.36, find Reg. 2Q 3.Q 4Q 
Answer: 6 2. 
Reg 
—— 5 Q 


Figure 2.36 For Practice Prob. 2.9. 
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Calculate the equivalent resistance R,p, in the circuit in Fig. 2.37. 





Figure 2.37 For Example 2.10. 


Solution: 


The 3-Q2 and 6-Q resistors are in parallel because they are connected to 
the same two nodes c and b. Their combined resistance is 


saeGs “295 
1Q q | ~A46 (2.10.1) 


102 . 
ao 
Similarly, the 12-Q and 4-Q2 resistors are in parallel since they are con- 
nected to the same two nodes d and b. Hence 
12x 4 
12 2 || 40 = = 32 (2.10.2) 
bo 12+4 
b 
10 
ao 
b 


6 Q 
b b Also the 1-82 and 5-2 resistors are in series; hence, their equivalent 
30 
b 








(a) resistance 1s 


Cc 
b 


12Q450Q=6Q2 (2.10.3) 


With these three combinations, we can replace the circuit in Fig. 2.37 with 
that in Fig. 2.38(a). In Fig. 2.38(a), 3-Q in parallel with 6-Q gives 2-Q, as 
calculated in Eq. (2.10.1). This 2-82 equivalent resistance is now in series 
with the 1-Q2 resistance to give a combined resistance of 1 Q+2 Q = 3Q. 
Thus, we replace the circuit in Fig. 2.38(a) with that in Fig. 2.38(b). In 


(b) Fig. 2.38(b), we combine the 2-Q2 and 3-2 resistors in parallel to get 


2x3 
Figure 2.38 Equivalent circuits for 2 || 3 = 743 = 1.2 2 
ee an This 1.2-Q resistor is in series with the 10-Q resistor, so that 


Rw» =1041.2=1122 
PRACTICE PROBLE M itt 


20 Q Find Rap for the circuit in Fig. 2.39. 
[sa Answer: 11 Q. 
a 
R 18Q 
ab 12 
b 


Figure 2.39 — For Practice Prob. 2.10. 
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2.11 


Find the equivalent conductance Ge, for the circuit in Fig. 2.40(a). 
Solution: 


The 8-S and 12-S resistors are in parallel, so their conductance is 
§S+12S=20S 


This 20-S resistor is now in series with 5 S as shown in Fig. 2.40(b) so 
that the combined conductance is 


5S 
G. 
ae 
(a) 
5S 
20x35 _ AS 5 
20+5 — —e 20 S 
This is in parallel with the 6-S resistor. Hence 
(b) 
+Q 
R 
eq 
(c) 





Gog =6+4=108 


We should note that the circuit in Fig. 2.40(a) is the same as that in 
Fig. 2.40(c). While the resistors in Fig. 2.40(a) are expressed in siemens, 
they are expressed in ohms in Fig. 2.40(c). To show that the circuits are 
the same, we find Reg for the circuit in Fig. 2.40(c). 


— 


ra Wat) tye ty 
TT 61K5 8127 6X5 207) 614 
7 l 


ON 
aN 


Figure 2.40 For Example 2.11: (a) original 





— 7 om = 10 82 circuit, (b) its equivalent circuit, (c) same 
6 4 circuit as in (a) but resistors are expressed in 
l ohms. 
Geg = — = 108 





eq 


This is the same as we obtained previously. 
PRACTICE PROBLE M Ee 


Calculate Geg in the circuit of Fig. 2.41. 


Answer: 4S. 





Figure 2.4| For Practice Prob. 2.11. 


2.12 


Find i, and v, in the circuit shown in Fig. 2.42(a). Calculate the power 
dissipated in the 3-2 resistor. 


Solution: 

The 6-Q and 3-Q resistors are in parallel, so their combined resistance is 
6x3 
643 


De 





62)3Q2= 
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—e tO @ 
+ 
12V 6Q “%=23Q 
b 
(a) 
. 840 a 
+ 
12V Yo 2 2Q0 
b 
(b) 
Figure 2.42 For Example 2.12: (a) original 


circuit, (b) its equivalent circuit. 


PART | DC Circuits 


Thus our circuit reduces to that shown in Fig. 2.42(b). Notice that v, is 
not affected by the combination of the resistors because the resistors are 
in parallel and therefore have the same voltage v,. From Fig. 2.42(b), we 
can obtain v, in two ways. One way is to apply Ohm’s law to get 


12 


oe i 
and hence, vp = 2i = 2 x 2 = 4 V. Another way is to apply voltage 
division, since the 12 V in Fig. 2.42(b) is divided between the 4-Q and 
2-Q2 resistors. Hence, 


2 
Vo = ——(12V) =4V 
2+4 
Similarly, i, can be obtained in two ways. One approach is to apply 
Ohm’s law to the 3-Q resistor in Fig. 2.42(a) now that we know v,; thus, 


4 
ee A 
3 


Another approach is to apply current division to the circuit in Fig. 2.42(a) 
now that we know 7, by writing 
4 


6, 2 
i= 1=-(QA)=-—A 
6+ 3 3 3 


The power dissipated in the 3-2 resistor is 


Up = 31g = 4 —=> 





4 
Po = Volo = 4 (=) = 5.333 W 


PRACTICE PROBLE M iy 


L120 
ey = 
62 
2 
+ 
15V 102 w= 409 
Figure 2.43 For Practice Prob. 2.12. 


helo 





Find v, and v2 in the circuit shown in Fig. 2.43. Also calculate i; and iz 
and the power dissipated in the 12-92 and 40-Q resistors. 

Answer: v; = 5 V,i; = 416.7 mA, p; = 2.083 W, v2 = 10 V, 

iz = 250 mA, po = 2.5 W. 


For the circuit shown in Fig. 2.44(a), determine: (a) the voltage v,, (b) 
the power supplied by the current source, (c) the power absorbed by each 
resistor. 

Solution: 


(a) The 6-kQ and 12-kQ resistors are in series so that their combined 
value is 6 + 12 = 18 kQ. Thus the circuit in Fig. 2.44(a) reduces to that 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 2 Basic Laws 


shown in Fig. 2.44(b). We now apply the current division technique to 6 ko 
find 1] and 19. 
+ 
y= __ 18,000 30 mA) — 20 mA 30 mA Vo 9 kQ 12 kQ 
9000 + 18,000 - 
; 9000 
l2 (30 A) = 10 mA 


~ 9000 + 18,000 


Notice that the voltage across the 9-kQ and 18-k2 resistors is the same, 
and vy, = 9,0007; = 18,000i2 = 180 V, as expected. 


(b) Power supplied by the source is 
30 mA 


Po = Volo = 180(30) mW = 5.4 W 





(c) Power absorbed by the 12-kQ resistor is 


(b) 


ee. _.. 22 H. =352 = : 
p=iv = (oR) =i R = (10 x 107)" 12,000) = 1.2 W Figure 2.44 For Example 2.13: 
(a) original circuit, 
Power absorbed by the 6-kQ resistor is (b) its equivalent circuit. 


p =i3R = (10 x 1073)*(6000) = 0.6 W 
Power absorbed by the 9-kQ resistor is 


2 (180)? 
poe ew 
R 9000 





or 
P = Voli = 180(20) mW = 3.6 W 


Notice that the power supplied (5.4 W) equals the power absorbed (1.2 + 
0.6 + 3.6 = 5.4 W). This is one way of checking results. 


PRACTICE PROBLE M SaaR 


For the circuit shown in Fig. 2.45, find: (a) vy and v2, (b) the power dis- 
sipated in the 3-kQ and 20-kQ resistors, and (c) the power supplied by 
the current source. 


1kQ 


3 kQ 





Figure 2.45 For Practice Prob. 2.13. 


Answer: (a) 15 V, 20 V, (b) 75 mW, 20 mW, (c) 200 mW. 


@ 


Network Analysis 
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"2.7 WYE-DELTA TRANSFORMATIONS 


Situations often arise in circuit analysis when the resistors are neither in 
parallel nor in series. For example, consider the bridge circuit in Fig. 
2.46. How do we combine resistors R; through Rs when the resistors 
are neither in series nor in parallel? Many circuits of the type shown in 
Fig. 2.46 can be simplified by using three-terminal equivalent networks. 
These are the wye (Y) or tee (T) network shown in Fig. 2.47 and the 
delta (A) or pi (IT) network shown in Fig. 2.48. These networks occur by 
themselves or as part of a larger network. They are used in three-phase 
networks, electrical filters, and matching networks. Our main interest 
here is in how to identify them when they occur as part of a network and 
how to apply wye-delta transformation in the analysis of that network. 





Figure 2.46 The bridge network. 





(b) 


Figure 2.47 Two forms of the same network: (a) Y, (b) T. 


Delta to Wye Conversion 


Suppose it is more convenient to work with a wye network in a place 
where the circuit contains a delta configuration. We superimpose a wye 
network on the existing delta network and find the equivalent resistances 
in the wye network. To obtain the equivalent resistances in the wye 
network, we compare the two networks and make sure that the resistance 
between each pair of nodes in the A (or IT) network is the same as the 
resistance between the same pair of nodes in the Y (or T) network. For 
terminals | and 2 in Figs. 2.47 and 2.48, for example, 








R. 
Rio(Y) = Ri + Rg 
(2.46) 
Ri2(A) = Rp || (Ra + Re) 
Setting Ry2(Y)= Rj2(A) gives 
R,CR R 
Ryo =R +k = Ro(Ra + Re) (2.47a) 
R,t+tR,pt+ RK 
(b) — 
Similarly, 
Figure 2.48 — Two forms of the R.CRq + Rp) 
isn network: (a) A, (b) 11. Ry3= ki +k = a ey (2.47b) 
Ra(R R 
R34 = Ro + R3 = Bae, (2.47c) 
R,t+tR,p+ RK 
Subtracting Eq. (2.47c) from Eq. (2.47a), we get 
R.(R, — R 
R, _ R> — Re(Ry — Ra) (2.48) 
Rot Rp t+ Rk 
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Adding Eqs. (2.47b) and (2.48) gives 


(2.49) 


(2.50) 


(2.51) 





We do not need to memorize Eqs. (2.49) to (2.51). To transform a A 
network to Y, we create an extra node n as shown in Fig. 2.49 and follow R 
this conversion rule: 


Each resistor in the Y network is the product of the resistors in the two adjacent A 
branches, divided by the sum of the three A resistors. 





Wye to Delta Conversion 





To obtain the conversion formulas for transforming a wye network to an 
equivalent delta network, we note from Eqs. (2.49) to (2.51) that 


Ra Rp R-(Rg + Rp + Re) Figure 2.49 — Superposition of Y and A 
Ri Ro + Ro Rg + R3R, = oe 1 oe bea as an aid in transforming one to 
(Ra b : (2.52) the other. 
_ Ra Rp R, 
 R,tELR, +R. 
Dividing Eq. (2.52) by each of Eqs. (2.49) to (2.51) leads to the following 


equations: 


R. - Ri Ro + RoR3 + R35 Ry 


oie) 
R, (2.53) 
R, Ro + Ro R3 + R3R 
AY + AD 3 + AB AY (2.54) 
Ry 
Ri Ro + ho R3 4+ R3R 
— AYR 2 4X3 3 AN] 2.55) 


R3 





From Eggs. (2.53) to (2.55) and Fig. 2.49, the conversion rule for Y to A 
is as follows: 
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Each resistor in the A network is the sum of all possible products of Y resistors 


taken two at a time, divided by the opposite Y resistor. 





The Y and A networks are said to be balanced when 
R, = Ro = k3 = Ry, KR, = Kj =] Rv=— Ri (2.56) 


Under these conditions, conversion formulas become 


(2.57) 





One may wonder why Ry is less than Ra. Well, we notice that the Y- 
connection is like a “series” connection while the A-connection is like a 
“parallel” connection. 

Note that in making the transformation, we do not take anything out 
of the circuit or put in anything new. We are merely substituting different 
but mathematically equivalent three-terminal network patterns to create 
a circuit in which resistors are either in series or in parallel, allowing us 
to calculate Reg if necessary. 


Convert the A network in Fig. 2.50(a) to an equivalent Y network. 





(a) (b) 


Figure 2.50 For Example 2.14: (a) original A network, (b) Y equivalent network. 


Solution: 
Using Eqs. (2.49) to (2.51), we obtain 


<q | D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 2 Basic Laws 


R,R. 25 x 10 250 
~ R,+Rp +R. 25410415 50 

R.Ra 25 x 15 
~ R,+R, +R. 50 

R,Rp 15 x 10 
~ R, +R, +R. 50. 


Ri 
Ro 
302 


ky 


The equivalent Y network is shown in Fig. 2.50(b). 
PRACTICE PROBLEM Sa 


Transform the wye network in Fig. 2.51 to a delta network. R, R, 


93 


Answer: R, = 140 Q, Rp, = 70 Q, R. = 35 Q. ‘ 2 


10 Q 20 Q 


R; = 402 


Cc 


Figure 2.5! — For Practice Prob. 2.14. 





jn |S 


Obtain the equivalent resistance R,, for the circuit in Fig. 2.52 and use it 
to find current 7. 


Solution: 


In this circuit, there are two Y networks and one A network. Transforming 
just one of these will simplify the circuit. If we convert the Y network 
comprising the 5-Q, 10-Q, and 20-Q resistors, we may select 


R; = 10 Q, Ry = 20 Q, R3 =5Q 





Thus from Eqs. (2.53) to (2.55) we have 


pp  RiRo+RoRs+RsRi _ 10 x 20420 x 545 x 10 Figure 2.52 For Example 2.15. 
oo Ry — 10 
350 
= =352 
10 
RR RR R2R 350 
p20 ee se 
R> 20 
RR RoR R2R 350 
eee ae a 
R3 5 


With the Y converted to A, the equivalent circuit (with the voltage 
source removed for now) is shown in Fig. 2.53(a). Combining the three 
pairs of resistors in parallel, we obtain 
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70 x 30 
70 || 30 = = 21 O2 
70 + 30 
12.5 x 17.5 
12.3: ti. = 9 T 
12.5+ 17.5 
15 x 35 
15 || 35 = > = 10.52 
15 +35 
so that the equivalent circuit is shown in Fig. 2.53(b). Hence, we find 
17.792 x 21 
Rap = (7.292 + 10.5) || 21 = ——— = 9.632 Q 
17.792 + 21 
Then 
Us 120 
= = — = 12.458A 
Rap 9.632 
ao 
12.5 Q 
70 Q 30 Q 
15 Q 
bo 





(a) (b) 


Figure 2.53 Equivalent circuits to Fig. 2.52, with the voltage removed. 


PRACTICE PROBLE ™ SES 


For the bridge network in Fig. 2.54, find Rg», and 1. 


+ «@ 130 
O Answer: 40 Q, 2.5 A. 
24 Q 10 Q 
100 V 
30 Q 50 Q 
O 
b 


Figure 2.54 For Practice Prob. 2.15. 


12.8 APPLICATIONS 


Resistors are often used to model devices that convert electrical energy 
into heat or other forms of energy. Such devices include conducting 
wire, lightbulbs, electric heaters, stoves, ovens, and loudspeakers. In this 
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section, we will consider two real-life problems that apply the concepts So far, we have assumed that connecting wires 
developed in this chapter: electrical lighting systems and design of dc are perfect conductors (i.e., conductors of zero 
meters. resistance). In real physical systems, however, 

the resistance of the connecting wire may be ap- 
2.8.1 Lighting Systems preciably large, and the modeling of the system 
Lighting systems, such as in a house or on a Christmas tree, often consist must include that resistance, 


of N lamps connected either in parallel or in series, as shown in Fig. 
2.55. Each lamp is modeled as a resistor. Assuming that all the lamps are 
identical and V, is the power-line voltage, the voltage across each lamp 
is V, for the parallel connection and V,/WN for the series connection. The 
series connection is easy to manufacture but is seldom used in practice, 
for at least two reasons. First, it is less reliable; when a lamp fails, all the 
lamps go out. Second, it is harder to maintain; when a lamp is bad, one 
must test all the lamps one by one to detect the faulty one. 





+ 
Vo 
+ ~ 3 
Vv, 
Power \ N 
plug 
(a) Lamp (b) 


Figure 10 (a) Parallel connection of lightbulbs, (b) series connection of lightbulbs. 


2.1 6 


Three lightbulbs are connected to a 9-V battery as shown in Fig. 2.56(a). 
Calculate: (a) the total current supplied by the battery, (b) the current 
through each bulb, (c) the resistance of each bulb. 


15 W 9V 


9V 20 W 
10 W 





(a) (b) 


Figure 2.56 (a) Lighting system with three bulbs, (b) resistive circuit equivalent 
model. 
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Solution: 


(a) The total power supplied by the battery is equal to the total power 
absorbed by the bulbs, that is, 


p=15+10+20=45 W 


Since p = VJ, then the total current supplied by the battery is 


45 
aoe 
V 9 
(b) The bulbs can be modeled as resistors as shown in Fig. 2.56(b). Since 
R, (20-W bulb) is in parallel with the battery as well as the series com- 


bination of R» and R3, 


VY =VW+V3=9V 
The current through Rj is 


20 
peo 2222004 
Vv, 9 


By KCL, the current through the series combination of Rz and R3 
1S 
Ih=I—h =5 —2.222=2.778 A 
(c) Since p = I°R, 








20 
R= =~ =4052 
PP 2.222? 
15 
R= = = 1.945 2 
Bo 2.77P 
10 
R= 2 = = 1.2972 
BR 2.77P 


PRACTICE PROBLE ™ aR 





Refer to Fig. 2.55 and assume there are 10 lightbulbs, each with a power 
rating of 40 W. If the voltage at the plug is 110 V for the parallel and 
series connections, calculate the current through each bulb for both cases. 


Answer: 0.364 A (parallel), 3.64 A (series). 


2.8.2 Design of DC Meters 

By their nature, resistors are used to control the flow of current. We take 
advantage of this property in several applications, such as in a poten- 
tiometer (Fig. 2.57). The word potentiometer, derived from the words 


= potential and meter, implies that potential can be metered out. The po- 
Vin tentiometer (or pot for short) is a three-terminal device that operates on 
> the principle of voltage division. It is essentially an adjustable voltage 
Min — divider. As a voltage regulator, it is used as a volume or level control on 

C radios, TVs, and other devices. In Fig. 2.57, 

; Roc 

Figure 2.57 The potentiometer Vout = Voc = R.. Vin (2.58) 

ac 


controlling potential levels. 
where Rac = Rap + Roc. Thus, Vout decreases or increases as the sliding 


contact of the pot moves toward c or a, respectively. 
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Another application where resistors are used to control current flow 
is in the analog dc meters—the ammeter, voltmeter, and ohmmeter, which 


measure current, voltage, and resistance, respectively. Each of these me- An instrument capable of measuring voltage, cur- 
ters employs the d’Arsonval meter movement, shown in Fig. 2.58. The rent, and resistance is called a multimeter or a 
movement consists essentially of a movable iron-core coil mounted on volt-ohm meter (VOM). 


a pivot between the poles of a permanent magnet. When current flows 
through the coil, it creates a torque which causes the pointer to deflect. 
The amount of current through the coil determines the deflection of the 
pointer, which is registered on a scale attached to the meter movement. 
For example, if the meter movement is rated 1 mA, 50 Q, it would take 
1 mA to cause a full-scale deflection of the meter movement. By introduc- 
ing additional circuitry to the d’ Arsonval meter movement, an ammeter, 
voltmeter, or ohmmeter can be constructed. 

Consider Fig. 2.59, where an analog voltmeter and ammeter are 
connected to an element. The voltmeter measures the voltage across a 


load and is therefore connected in parallel with the element. As shown A load isa component that is receiving energy (an 
in Fig. 2.60(a), the voltmeter consists of a d’ Arsonval movement in par- energy sink), as opposed to a generator supplying 
allel with a resistor whose resistance R,, is deliberately made very large energy (an energy source). More about loading 
(theoretically, infinite), to minimize the current drawn from the circuit. will be discussed in Section 4.9.1. 


To extend the range of voltage that the meter can measure, series multi- 
plier resistors are often connected with the voltmeters, as shown in Fig. 
2.60(b). The multiple-range voltmeter in Fig. 2.60(b) can measure volt- 
age from 0 to | V, 0 to 10 V, or 0 to 100 V, depending on whether the 
switch is connected to R,, R2, or R3, respectively. 

Let us calculate the multiplier resistor R,, for the single-range volt- 
meter in Fig. 2.60(a), or R, = R,, Ro, or R3 for the multiple-range 
voltmeter in Fig. 2.60(b). We need to determine the value of R, to be 
connected in series with the internal resistance R,, of the voltmeter. In 
any design, we consider the worst-case condition. In this case, the worst 
case occurs when the full-scale current /;, = [,, flows through the meter. 
This should also correspond to the maximum voltage reading or the full- 
scale voltage V;,. Since the multiplier resistance R,, is in series with the 


Ammeter J/ 





Element 
permanent magnet Figure 2.59 Connection of a 
voltmeter and an ammeter to an 


; element. 
rotating coil 


stationary iron core 


Figure 2.58 A d’Arsonval meter movement. 
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Multiplier | Meter 
R 


n 


Probes 





el eee eel 






Switch 


Figure 2.60 — Voltmeters: (a) single-range type, (b) multiple-range type. 


internal resistance R,,, 


Ves = Teg( Ry ir Rn) (259) 
From this, we obtain 
Probes Ves 
R, = — — R» (2.60) 
Tes 


Similarly, the ammeter measures the current through the load and 
is connected in series with it. As shown in Fig. 2.61(a), the ammeter con- 
sists of ad’ Arsonval movement in parallel with a resistor whose resistance 
R,, 18 deliberately made very small (theoretically, zero) to minimize the 
voltage drop across it. To allow multiple range, shunt resistors are often 
connected in parallel with R,, as shown in Fig. 2.61(b). The shunt resis- 
tors allow the meter to measure in the range 0-10 mA, 0-100 mA, or 
O-1 A, depending on whether the switch is connected to R,, Ro, or 
R3, respectively. 

Now our objective is to obtain the multiplier shunt R,, for the single- 
range ammeter in Fig. 2.61(a), or R, = R,, Ro, or R3 for the multiple- 
range ammeter in Fig. 2.61(b). We notice that R,, and R,, are in parallel 
and that at full-scale reading J = I;, = I, + I,, where J, is the current 
through the shunt resistor R,. Applying the current division principle 
(b) yields 





Figure 2.61 | Ammeters: (a) single-range type, — Ry I 
(b) multiple-range type. n= R, +R, fs 
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or 

_ _ tn R 
Ig — Lin 

The resistance R,. of a linear resistor can be measured in two ways. 

An indirect way is to measure the current J that flows through it by 

connecting an ammeter in series with it and the voltage V across it by 

connecting a voltmeter in parallel with it, as shown in Fig. 2.62(a). Then 


R= V 
> (2.62) 
The direct method of measuring resistance is to use an ohmmeter. An 
ohmmeter consists basically of ad’ Arsonval movement, a variable resistor 
or potentiometer, and a battery, as shown in Fig. 2.62(b). Applying KVL 


to the circuit in Fig. 2.62(b) gives 
E=(R+ Ry + Ry) In 





(2.61) 


n 


Or 


E 
k, = 7 (R + Rn) (2.63) 


The resistor R is selected such that the meter gives a full-scale deflection, 
that is, J, = If, when R, = O. This implies that 


E=(R-+ Ry) Les (2.64) 
Substituting Eq. (2.64) into Eq. (2.63) leads to 


Tes 
R, = 7. —] (R ++ Rn) (2.65) 


m 


As mentioned, the types of meters we have discussed are known as 
analog meters and are based on the d’ Arsonval meter movement. Another 
type of meter, called a digital meter, is based on active circuit elements 
such as op amps. For example, a digital multimeter displays measure- 
ments of dc or ac voltage, current, and resistance as discrete numbers, 





instead of using a pointer deflection on a continuous scale as in an ana- Figure 2.62 Two ways of measuring 
log multimeter. Digital meters are what you would most likely use in a ___ resistance: (a) using an ammeter and a 
modern lab. However, the design of digital meters is beyond the scope 
of this book. 


voltmeter, (b) using an ohmmeter. 





deg te 


Following the voltmeter setup of Fig. 2.60, design a voltmeter for the fol- 
lowing multiple ranges: 

(a)O-1V (b)0-5 V_ (c)0-5O0V_ (d) 0-100 V 

Assume that the internal resistance R,, = 2 kQ and the full-scale current 
Le = 100 LA. 

Solution: 

We apply Eq. (2.60) and assume that R,, Ro, R3, and R4 correspond with 
ranges 0-1 V, 0-5 V, 0-50 V, and 0-100 V, respectively. 

(a) For range O-1 V, 


Ri —% — 2000 = 10,000 — 2000 = 8 kX 


~ 100 x 10 
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(b) For range 0-5 V, 


5 
Ry = ———— — 2000 = 50,000 — 2000 = 48 kQ 
100 x 10-6 
(c) For range 0-50 V, 
50 
R3 = ——— — 2000 = 500,000 — 2000 = 498 kQ 
100 x 10-6 
(d) For range 0-100 V, 
100 V 
4 = —— — 2000 = 1,000,000 — 2000 = 998 kQ2 
100 x 10-6 


Note that the ratio of the total resistance (R, + R,,) to the full-scale voltage 
Vr, 18 constant and equal to 1//;, for the four ranges. This ratio (given in 
ohms per volt, or §2/V) is known as the sensitivity of the voltmeter. The 
larger the sensitivity, the better the voltmeter. 


PRACTICE PROBLE ™ Ry 


Following the ammeter setup of Fig. 2.61, design an ammeter for the fol- 
lowing multiple ranges: 

(a)O-1A (b) 0-100 mA (c) 0-10 mA 

Take the full-scale meter current as /,, = 1 mA and the internal resistance 
of the ammeter as R,, = 50 Q. 


Answer: Shunt resistors: 0.05 Q, 0.505 Q, 5.556 Q. 


2.9 SUMMARY 


1. A resistor is a passive element in which the voltage v across it 1s 
directly proportional to the current 7 through it. That is, a resistor is 
a device that obeys Ohm’s law, 


v=iIR 


where R is the resistance of the resistor. 


2. A short circuit is a resistor (a perfectly conducting wire) with zero 
resistance (R = QO). An open circuit is a resistor with infinite resis- 
tance (R = oo). 


3. The conductance G of a resistor is the reciprocal of its resistance: 


(es 
R 
4. A branch is a single two-terminal element in an electric circuit. A 
node is the point of connection between two or more branches. A 
loop is a closed path in a circuit. The number of branches b, the 
number of nodes n, and the number of independent loops / in a 
network are related as 


b=Il+n-—-1 
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11. 


2; 


13. 


14. 


CHAPTER 2 Basic Laws 


. Kirchhoff’s current law (KCL) states that the currents at any node 


algebraically sum to zero. In other words, the sum of the currents 
entering a node equals the sum of currents leaving the node. 


. Kirchhoff’s voltage law (KVL) states that the voltages around a 


closed path algebraically sum to zero. In other words, the sum of 
voltage rises equals the sum of voltage drops. 


. Two elements are in series when they are connected sequentially, 


end to end. When elements are in series, the same current flows 
through them (7; = iz). They are in parallel if they are connected to 
the same two nodes. Elements in parallel always have the same 
voltage across them (v,; = v2). 


. When two resistors R; (= 1/G,) and Ry (= 1/Gz2) are in series, 


their equivalent resistance R,, and equivalent conductance Gg are 


G,G2 


Reg = Ri = Ro, Gegq = Gi t+G 
1 Z 


. When two resistors Ry (= 1/G,) and R2 (= 1/Gz2) are in parallel, 
their equivalent resistance R,, and equivalent conductance Gg are 
i Geg=Gi+G 
eq — R, + R> ’ eq — V1 2 
The voltage division principle for two resistors in series is 
R, R> 
vy = ——— 0, v2 = ——— v 
Ri + Ro Ri +k 
The current division principle for two resistors in parallel is 
Ro Ry 


ly = —_———], a= —_—_——— | 
R, + Ro R + Ro 


The formulas for a delta-to-wye transformation are 
R,R R.R 
| ee hr a 
R,gtR,+R, R,+R,+R, 
R,R 
ee 
R,g+Ryot+R. 


The formulas for a wye-to-delta transformation are 

Ri Ro + RoR34+ R3Ri Ri Ro + RoR3 + R35 Ri 
R, = —————__ R, = — 

Ry Ry 

Ri Ro + Ry R3 + R3 Ry 

R= eee 
R3 

The basic laws covered in this chapter can be applied to the prob- 
lems of electrical lighting and design of dc meters. 


REVIEW QUESTIONS 


2.1 
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The reciprocal of resistance 1s: 2.2 An electric heater draws 10 A from a 120-V line. 
(a) voltage (b) current 
(c) conductance (d) coulombs (a) 1200 Q 

(c) 12Q 


The resistance of the heater 1s: 


6| 


62 


2.3 


2.4 


2.5 


2.6 


2.7 


2.8 


PART | DC Circuits 


The voltage drop across a 1.5-kW toaster that draws 2.9 Which of the circuits in Fig. 2.66 will give you 


12 A of current is: Vasa 7V? 
(a) 18kV (b) 125 V 
(c) 120 V (d) 10.42 V 
The maximum current that a 2W, 80 kQ resistor can 5V 5V 
safely conduct is: ‘ P 
(a) 160 kA (b) 40 kA 
(c) SmA (d) 25 wA 
3V 3V 
A network has 12 branches and 8 independent loops. 
How many nodes are there in the network? 
(a) 19 (b) 17 (c) 5 (d) 4 b b 
The current J in the circuit in Fig. 2.63 is: IV 1V 
(a) —O.8A (b) —O.2A (a) (b) 
(c) O.2A (d) 0.8A 
5V 5V 
4Q = a a 
3V 5V 3V aN. 
b b 
Figure 2.63 For Review Question 2.6. IV IV 
(c) (d) 
The current J, in Fig. 2.64 is: 
(a) -4A (b) -2A (c)4A_ (d) 16A Figure 2.66 For Review Question 2.9. 


2.10 The equivalent resistance of the circuit in Fig. 2.67 
1S: 


(a) 4kQ (b) SKQ- (c) 8k. Od) 14k 





2 kQ 3 kO 
O 
Reg 
6 kQ 3 kO 
Figu re 2.64 For Review Question 2.7. 
O 
In the circuit in Fig. 2.65, V is: 
(a) 30 V (b) 14V (c) 10V (d) 6V Figure 2.6/ — For Review Question 2.10. 
10V 
+ = 
Answers: 2.1c, 2.2c, 2.3b, 2.4c, 2.5c, 2.6b, 2.7a, 2.8d, 2.9d, 2.10a. 
12V 8 V 
+ V a 


Figure 2.65 For Review Question 2.8. 
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PROBLEMS 


Section 2.2 Ohm’s Law 2.7 Determine the number of branches and nodes in the 


2.1. —_ The voltage across a 5-kQ resistor is 16 V. Find the circuit in Fig. 2.71. 
current through the resistor. 


2.2 Find the hot resistance of a lightbulb rated 60 W, 
120 V. 


2.3 When the voltage across a resistor is 120 V, the 


current through it is 2.5 mA. Calculate its = 
conductance. 2Q 
2.4 (a) Calculate current 7 in Fig. 2.68 when the switch Si 10 V 
is in position 1. 
(b) Find the current when the switch is in position 2. 
3.Q 6 Q 
1 2 
Figure 2.71 For Prob. 2.7. 
100 Q 150 Q 
3V 
Section 2.4 Kirchhoff’s Laws 
. 2.8 Use KCL to obtain currents i;, 72, and 73 in the 
Figure 2.68 For Prob. 2.4. circuit shown in Fig. 2.72. 
Section 2.3 Nodes, Branches, and Loops 


2.5 For the network graph in Fig. 2.69, find the number 
of nodes, branches, and loops. 12 mA 


8 mA 


9mA 


Figure 2.72 For Prob. 2.8. 


Figure 2.69 — For Prob. 2.5. 2.9  Findij,i,, and i, in the circuit in Fig, 2.73. 


2.6 In the network graph shown in Fig. 2.70, determine 
the number of branches and nodes. 





Figure 2.70 — For Prob. 2.6. Figure 2.73 For Prob. 2.9. 
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2.10 | Determine i, and / in the circuit in Fig. 2.74. 2.13 
aS 
Figure 2.74 — For Prob. 2.10. 214 
2.11 Determine v, through vy in the circuit in Fig. 2.75. 
2.15 
Figure 2.75 For Prob. 2.11. 
2.12 Inthe circuit in Fig. 2.76, obtain v,, v2, and v3. 
2.16 





For Prob. 2.12. 


Figure 2.76 


Find v; and v2 in the circuit in Fig. 2.77. 


+ Mp - 


+ 
6V Vy 
12V 10 V — 

+ Vy 7 


Figure 2.77 


For Prob. 2.13. 


Obtain v; through v3 in the circuit of Fig. 2.78. 


oe 
+ 
24V V3 10 V 
12V 


Figure 2.78 


For Prob. 2.14. 


Find J and V,,, in the circuit of Fig. 2.79. 


ae !Y eg 56 


30 V 





Figure 2.79 


For Prob. 2.15. 


From the circuit in Fig. 2.80, find 7, the power 
dissipated by the resistor, and the power supplied by 
each source. 


10V 

{i 

12V 30 
-3Vv 


Figure 2.80 


For Prob. 2.16. 
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2.17. Determine i, in the circuit of Fig. 2.81. Sections 2.5 and 2.6 Series and Parallel 
| Resistors 
bo 40 ee 
2.22 For the circuit in Fig. 2.86, find 7; and 7). 
36V Si, 
: di 7 i 
20 mA 6 kQ 4kQ 


Figure 2.81 — For Prob. 2.17. 


2.18 Calculate the power dissipated in the 5-Q resistor in 


the circuit of Fig. 2.82. 
. Figure 2.86 For Prob. 2.22. 


1Q 
2.23. ‘Find v, and v2 in the circuit in Fig. 2.87. 
45 V 3V, 
3 kQ 
5 Q 


+ Ve 
Figure 2.82 : 
Igure 2. For Prob. 2.18. 94V Vo S90kKO 

2.19 ‘Find V, in the circuit in Fig. 2.83 and the power - 

dissipated by the controlled source. 

4Q 
Figure 2.87 For Prob. 2.23. 
+ V, _ 
= pone oN 2.24 Find v;, v2, and v3 in the circuit in Fig. 2.88. 


Figure 2.83 For Prob. 2.19. 
2.20 ‘For the circuit in Fig. 2.84, find V,/V, in terms of 


a, Ri, Ro, R3, and Rg. If R, = R> = R, = Ra, 
@ what value of a will produce |V,/V,| = 10? 40 V 





Figure 2.88 — For Prob. 2.24. 





2.25 Calculate v,, i), v2, and 7 in the circuit of Fig. 2.89. 


Figure 2.84 — For Prob. 2.20. 


2.21 For the network in Fig. 2.85, find the current, 
voltage, and power associated with the 20-kQ 
resistor. 


12 V 
5 mA 





Figure 2.85 For Prob. 2.21. Figure 2.89 For Prob. 2.25. 
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2.26  Findi, v, and the power dissipated in the 6-Q 
resistor in Fig. 2.90. 





Figure 2.90 — For Prob. 2.26. 


2.27 Inthe circuit in Fig. 2.91, find v, i, and the power 


absorbed by the 4-Q resistor. 


5Q 4Q 
fi 
+ 
20 V v210Q 62 


Figure 2.91 — For Prob. 2.27. 


2.28 Find i, through 7, in the circuit in Fig. 2.92. 





Figure 2.92 — For Prob. 2.28. 


2.29 Obtain v and i in the circuit in Fig. 2.93. 


7 48 6S 
9A 1S 2S 3S 


Figure 2.93 For Prob. 2.29. 


DC Circuits 


2.30 


28 V 


2.31 


2.32 


2.33 


Determine 11, i>, v;, and v> in the ladder network in 
Fig. 2.94. Calculate the power dissipated in the 2-Q 
resistor. 





Figure 2.94 — For Prob. 2.30. 


Calculate V, and J, in the circuit of Fig. 2.95. 


30 Q 


50 V 





Figure 2.95 For Prob. 2.31. 


Find V, and J, in the circuit of Fig. 2.96. 





Figure 2.96 — For Prob. 2.32. 


In the circuit of Fig. 2.97, find R if V, = 4V. 


16Q 


20 V 6Q V, 


Figure 2.97 For Prob. 2.33. 
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2.34 Find / and V, in the circuit of Fig. 2.98 if the current 2.37 If Reg = 50 Q2 in the circuit in Fig. 2.101, find R. 


through the 3-Q resistor is 2 A. 





2Q 
I 
| ‘ na 

{2A 

10 Q 
oe Figure 2.101 For Prob. 2.37. 

2.38 Reduce each of the circuits in Fig. 2.102 to a single 
Figure 298 For Prob. 2.34 resistor at terminals a-b. 
2.35‘ Find the equivalent resistance at terminals a-b for ue 


a oO 


(a) 


5 Q 
each of the networks in Fig. 2.99. 8Q 202 a 
30 Q 
4Q 5 Q 
[wea - 
(b) 


20) 





R 
O 
R ao 
bo 
) 


C 


R 
: ren 


R 
a O a oO 
3R R OR 3R Figure 2.102 For Prob. 2.38. 
2.39 Calculate the equivalent resistance R,, at terminals 
b oO bo a-b for each of the circuits in Fig. 2.103. 
(d) (e) 


Figure 2.99 For Prob. 2.35. 


2.36 For the ladder network in Fig. 2.100, find J and Reg. 


5Q 
a 
20 Q 10 40 Q 
bo 
(a) 
I 
“30 2 1Q 10Q 
a O 
80 Q 
bo 
Reg (b) 


Figure 2.100 For Prob. 2.36. Figure 2.103 For Prob. 2.39. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


68 PART | DC Circuits 


2.40 Obtain the equivalent resistance at the terminals a-b 2.42 Find the equivalent resistance R,, in the circuit of 
for each of the circuits in Fig. 2.104. Fig. 2.106. 





(a) 








5Q 60 8 Q 9Q 
ao 
15 Q 10 Q 11 Q 
4Q 
oe Figure 2.106 For Prob. 2.42. 
(b) 
Figure 2.104 For Prob. 2.40. 
Section 2.7 Wye-Delta Transformations 
2.41 Find Reg at terminals a-b for each of the circuits in 
Fig. 2.105. 2.43 Convert the circuits in Fig. 2.107 from Y to A. 
70 Q 
10Q 10Q 30 Q 20 Q 
me a b a b 
30.2 sai 102 50.2 
60 Q 
b Cc C 
b 
eo (a) (b) 
(a) Figure 2.107 For Prob. 2.43. 
30 Q 40 Q 
20 2.44 ~=Transform the circuits in Fig. 2.108 from A to Y. 
a 
20 Q 60 Q 12Q 60 Q 
a b a b 
10 Q 50 Q 
4Q 12Q 129 30 Q 10Q 
b 
70Q 80 Q 
Cc Cc 
(b) (a) (b) 
Figure 2.105 For Prob. 2.41. Figure 2.108 For Prob. 2.44. 
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2.45 


€ 


What value of R in the circuit of Fig. 2.109 would 
cause the current source to deliver 800 mW to the 
resistors? 





R R 
30 mA 
R R 
*2.48 
Figure 2.109 — For Prob. 2.45. 
2.46 Obtain the equivalent resistance at the terminals a-b 

for each of the circuits in Fig. 2.110. 
ao 

10 Q 20 Q 

30 Q 

10 Q 20 Q 

bo 
(a) 

30 Q 

ao 
5 Q 15 Q 
bo 
(b) 
Figure 2.110 For Prob. 2.46. maid 
*2.47 ‘Find the equivalent resistance R,, in each of the 


circuits of Fig. 2.111. Each resistor is 100 Q. 


a 


rE 


(a) 


* An asterisk indicates a challenging problem. 


Basic Laws 69 
a 
b HH 
(b) 
Figure 2.111 For Prob. 2.47. 


Obtain the equivalent resistance R,, in each of the 
circuits of Fig. 2.112. In (b), all resistors have a 
value of 30 Q. 


30.2 40 Q 
202 
602 50.2 
(a) 
302 
(b) 


a 
80 Q 


© 
bo 
a 


Figure 2.112 


Calculate /, in the circuit of Fig. 2.113. 


I, 
SP 
602 
24V 
502 


Figure 2.113 


For Prob. 2.48. 


For Prob. 2.49. 
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2.50 Determine V in the circuit of Fig. 2.114. ; 30W 40W 50W 
SP 
30 Q 
100 V 
100 V 00 0 Figure 2.117 For Prob. 2.53. 


For Prob. 2.50. 


Figure 2.114 


“2.51 Find Reg and J in the circuit of Fig. 2.115. 


I 
40 20 
62 m 10 
20 V 8.Q ae 20 
109 ae 30 
Reg 
Figure 2.115 For Prob. 2.51. 


Section 2.8 


2.52 The lightbulb in Fig. 2.116 is rated 120 V, 0.75 A. 
Calculate V, to make the lightbulb operate at the 
rated conditions. 


Applications 


40 Q 


Dat 


Bulb 80 Q 


Figure 2.116 


For Prob. 2.52. 


2.53 Three lightbulbs are connected in series to a 100-V 
battery as shown in Fig. 2.117. Find the current / 
through the bulbs. 


2.54 If the three bulbs of Prob. 2.53 are connected in 
parallel to the 100-V battery, calculate the current 
through each bulb. 


2.55 Asadesign engineer, you are asked to design a 
lighting system consisting of a 70-W power supply 
and two lightbulbs as shown in Fig. 2.118. You must 
select the two bulbs from the following three 
available bulbs. 


R, = 80 Q, cost = $0.60 (standard size) 
R, = 90 2, cost = $0.90 (standard size) 
R3 = 100 Q, cost = $0.75 (nonstandard size) 


The system should be designed for minimum cost 
such that J = 1.2 A + 5 percent. 





Figure 2.118 For Prob. 2.55. 

2.56 If an ammeter with an internal resistance of 100 Q 
and a current capacity of 2 mA is to measure 5 A, 
determine the value of the resistance needed. 
Calculate the power dissipated in the shunt resistor. 


2.57 The potentiometer (adjustable resistor) R, in Fig. 
2.119 is to be designed to adjust current i, from 1 A 
to 10 A. Calculate the values of R and R,. to achieve 
this. 





110 V |: 
Ly 


Figure 2.119 For Prob. 2.57. 

2.58 A d@’Arsonval meter with an internal resistance of 1 
kQ requires 10 mA to produce full-scale deflection. 
Calculate the value of a series resistance needed to 
measure 50 V of full scale. 
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2.59 A 20-kQ2/V voltmeter reads 10 V full scale. Ammeter 


(a) What series resistance is required to make the 
meter read 50 V full scale? 

(b) What power will the series resistor dissipate 
when the meter reads full scale? AV 

2.60 (a) Obtain the voltage v, in the circuit of Fig. 

2.120(a). 

(b) Determine the voltage uv, measured when a 
voltmeter with 6-kQ internal resistance 1s 
connected as shown in Fig. 2.120(b). 





60 Q 





(b) 


(c) The finite resistance of the meter introduces an Figure L121 For Prob. 2.61, 


error into the measurement. Calculate the 2.62 


A voltmeter is used to measure V, in the circuit in 
percent error as 


Fig. 2.122. The voltmeter model consists of an ideal 
voltmeter in parallel with a 100-kQ resistor. Let 

V, = 40 V, R, = 10kQ, and R; = 20 kQ. Calculate 
V, with and without the voltmeter when 


(a) Rp = 1kQ (b) Ry = 10kQ 
(c) Ro = 100 kQ 


Vy 0, 


x 100% 











Vo 


(d) Find the percent error if the internal resistance 














were 36 kQQ. 
1kQ Re 
+ 
2mA 5kQ 4kQS Vo 
(a) 100 kQ 
1kQ 
O 
Figure 2.122 — For Prob. 2.62. 
2mA 5 kQ Voltmeter ; 
2.63 An ammeter model consists of an ideal ammeter in 
series with a 20-Q resistor. It is connected with a 
Cc current source and an unknown resistor R, as shown 
(0) in Fig. 2.123. The ammeter reading is noted. When 
a potentiometer R is added and adjusted until the 
Figure 2.120 — For Prob. 2.60. ammeter reading drops to one half its previous 
2.61 (a) Find the current 7 in the circuit of Fig. 2.121(a). reading, then R = 65 82. What is the value of Ry? 


(b) An ammeter with an internal resistance of 1Qis | £2. ?—————----------- 
inserted in the network to measure i’ as shown in 
Fig. 2.121(b). What is i’? 


(c) Calculate the percent error introduced by the 














Ammeter 
meter as model 
i—i’ 100% 
x 100% R 
162 
4v 60.2 | 
Figure 2.123 For Prob. 2.63. 
2.64 ‘The circuit in Fig. 2.124 is to control the speed of a 
(a) motor such that the motor draws currents 5 A, 3 A, 
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and 1 A when the switch is at high, medium, and 2.65 
low positions, respectively. The motor can be 
modeled as a load resistance of 20 m{&2. Determine 


the series dropping resistances R,, Rp, and R3. 





10-A, 0.01-Q fuse 


Medium 


6V 


Figure 2.124 


For Prob. 2.64. 


COMPREHENSIVE PROBLEMS 


2.66 


2.67 


2.68 


An electric heater connected to a 120-V source 2.69 
consists of two identical 0.4-Q2 elements made of 

Nichrome wire. The elements provide low heat 

when connected in series and high heat when 

connected in parallel. Find the power at low and 


high heat settings. 


Suppose your circuit laboratory has the following 
standard commercially available resistors in large 
quantities: 


1.8 Q 20 Q 300 Q 24 kQ 


Using series and parallel combinations and a 
minimum number of available resistors, how would 
you obtain the following resistances for an 
electronic circuit design? 


(a) 5Q 
(c) 40 kQ 


56 kQ 


2.70 
(b) 311.8 Q 


(d) 52.32 kQ 


In the circuit in Fig. 2.125, the wiper divides the 
potentiometer resistance between aR and (1 — a)R, 
O<a <1. Find v,/v;. 





2.71 


For Prob. 2.68. 


Figure 2.125 


An ohmmeter is constructed with a 2-V battery and 
0.1-mA (full-scale) meter with 100-Q internal 
resistance. 


(a) Calculate the resistance of the (variable) resistor 
required to be in series with the meter and the 
battery. 


(b) Determine the unknown resistance across the 
terminals of the ohmmeter that will cause the 
meter to deflect half scale. 


An electric pencil sharpener rated 240 mW, 6 V is 
connected to a 9-V battery as shown in Fig. 2.126. 
Calculate the value of the series-dropping resistor 
R, needed to power the sharpener. 


Switch R, 





9V 





Figure 2.126 


For Prob. 2.69. 


A loudspeaker is connected to an amplifier as shown 
in Fig. 2.127. If a 10-Q loudspeaker draws the 
maximum power of 12 W from the amplifier, 
determine the maximum power a 4-Q2 loudspeaker 
will draw. 





Loudspeaker 


Figure 2.127 


For Prob. 2.70. 


In a certain application, the circuit in Fig. 2.128 
must be designed to meet these two criteria: 


(a) V,/V; = 0.05 (b) Reg = 40 k&2 
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If the load resistor 5 kQ2 is fixed, find R; and R> to 
meet the criteria. 


5 kQ 





For Prob. 2.71. 


Figure 2.128 


The pin diagram of a resistance array is shown in 
Fig. 2.129. Find the equivalent resistance between 
the following: 


(a) 1 and 2 


2.72 





ra 


(b) 1 and 3 (c) 1 and4 





1 2 


Figure 2.129 


For Prob. 2.72. 


2.73 


Basic Laws 73 


Two delicate devices are rated as shown in Fig. 
2.130. Find the values of the resistors R, and R> 
needed to power the devices using a 24-V battery. 


60-mA, 2-Q fuse 







24 V, 480 mW 


24V 


9 V, 45 mW 


Figure 2.130 


For Prob. 2.73. 


Go to the Student OLC 
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METHODS OF ANALYSIS 


Scientists study the world as it is, engineers create the world that never 
has been. 


—Theodore von Karman 


Enhancing Your Career 


Career in Electronics One area of application for electric 
circuit analysis is electronics. The term electronics was orig- 
inally used to distinguish circuits of very low current levels. 
This distinction no longer holds, as power semiconductor de- 
vices operate at high levels of current. Today, electronics is 
regarded as the science of the motion of charges in a gas, vac- 
uum, or semiconductor. Modern electronics involves tran- 
sistors and transistor circuits. The earlier electronic circuits 
were assembled from components. Many electronic circuits 
are now produced as integrated circuits, fabricated in a semi- 
conductor substrate or chip. 

Electronic circuits find applications in many areas, 
such as automation, broadcasting, computers, and instru- 
mentation. The range of devices that use electronic circuits 
is enormous and is limited only by our imagination. Radio, 
television, computers, and stereo systems are but a few. 

An electrical engineer usually performs diverse func- 
tions and is likely to use, design, or construct systems that 
incorporate some form of electronic circuits. Therefore, an 
understanding of the operation and analysis of electronics 
is essential to the electrical engineer. Electronics has 
become a specialty distinct from other disciplines within 
electrical engineering. Because the field of electronics 
is ever advancing, an electronics engineer must update 
his/her knowledge from time to time. The best way to do 
this is by being a member of a professional organization 
such as the Institute of Electrical and Electronics Engineers 


Troubleshooting an electronic circuit board. Source: T. J. Mal- 
oney, Modern Industrial Electronics, 3rd ed. Englewood Cliffs, NJ: 
Prentice Hall, 1996, p. 408. 


(IEEE). With a membership of over 300,000, the IEEE is 
the largest professional organization in the world. Members 
benefit immensely from the numerous magazines, journals, 
transactions, and conference/symposium proceedings pub- 
lished yearly by IEEE. You should consider becoming an 
IEEE member. 
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3.1 INTRODUCTION 


Having understood the fundamental laws of circuit theory (Ohm’s law and 
Kirchhoff’s laws), we are now prepared to apply these laws to develop 
two powerful techniques for circuit analysis: nodal analysis, which is 
based on a systematic application of Kirchhoff’s current law (KCL), and 
mesh analysis, which is based on a systematic application of Kirchhoff’s 
voltage law (KVL). The two techniques are so important that this chapter 
should be regarded as the most important in the book. Students are 
therefore encouraged to pay careful attention. 

With the two techniques to be developed in this chapter, we can 
analyze almost any circuit by obtaining a set of simultaneous equations 
that are then solved to obtain the required values of current or voltage. 
One method of solving simultaneous equations involves Cramer’s rule, 
which allows us to calculate circuit variables as a quotient of determinants. 
The examples in the chapter will illustrate this method; Appendix A also 
briefly summarizes the essentials the reader needs to know for applying 
Cramer’s rule. 

Also in this chapter, we introduce the use of PSpice for Windows, a 


| @ circuit simulation computer software program that we will use throughout 
the text. Finally, we apply the techniques learned in this chapter to analyze 
Network Analysis transistor circuits. 


Electronic Testing Tutorials 3.2 NODAL ANALYSIS 


Nodal analysis is also known as the node-voltage Nodal analysis provides a general procedure for analyzing circuits using 

method. node voltages as the circuit variables. Choosing node voltages instead 
of element voltages as circuit variables 1s convenient and reduces the 
number of equations one must solve simultaneously. 

To simplify matters, we shall assume in this section that circuits do 
not contain voltage sources. Circuits that contain voltage sources will be 
analyzed in the next section. 

In nodal analysis, we are interested in finding the node voltages. 
Given a circuit with n nodes without voltage sources, the nodal analysis 
of the circuit involves taking the following three steps. 


Steps to Determine Node Voltages: 


1. Select a node as the reference node. Assign voltages 
V1, V2,..., Un_1 to the remaining n — | nodes. The voltages are 
referenced with respect to the reference node. 


. Apply KCL to each of the n — | nonreference nodes. Use Ohm’s 
law to express the branch currents in terms of node voltages. 


. Solve the resulting simultaneous equations to obtain the unknown 
node voltages. 





We shall now explain and apply these three steps. 

The first step in nodal analysis is selecting a node as the reference 
or datum node. The reference node is commonly called the ground since 
it is assumed to have zero potential. A reference node is indicated by 
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any of the three symbols in Fig. 3.1. The type of ground in Fig. 3.1(b) is 
called a chassis ground and is used in devices where the case, enclosure, 
or chassis acts as a reference point for all circuits. When the potential of 
the earth is used as reference, we use the earth ground in Fig. 3.1(a) or 
(c). We shall always use the symbol in Fig. 3.1(b). 

Once we have selected a reference node, we assign voltage desig- The number of nonreference nodes is equal to 
nations to nonreference nodes. Consider, for example, the circuit in Fig. the number of independent equations that we 
3.2(a). Node 0 is the reference node (v = 0), while nodes 1 and 2 are will derive. 
assigned voltages v; and v2, respectively. Keep in mind that the node 
voltages are defined with respect to the reference node. As illustrated in 
Fig. 3.2(a), each node voltage is the voltage rise from the reference node | 
to the corresponding nonreference node or simply the voltage of that node | — 
with respect to the reference node. 7 

As the second step, we apply KCL to each nonreference node in the (a) (0) (c) 
circuit. To avoid putting too much information on the same circuit, the 
circuit in Fig. 3.2(a) is redrawn in Fig. 3.2(b), where we now add 1, iz, 
and 73 as the currents through resistors R;, Ro, and R3, respectively. At 
node 1, applying KCL gives 


Figure 3.1 Common symbols for 
indicating a reference node. 


L=ht+i+i2 (3.1) 
At node 2, 
bhti=ij (3.2) 


We now apply Ohm’s law to express the unknown currents 11, i2, and 13 
in terms of node voltages. The key idea to bear in mind 1s that, since 
resistance is a passive element, by the passive sign convention, current 
must always flow from a higher potential to a lower potential. 


) Current flows from a higher potential to a lower potential in a resistor. | 


We can express this principle as 


Vhigher — Vlower 
=. (3.3) 
R 


Note that this principle is in agreement with the way we defined resistance 
in Chapter 2 (see Fig. 2.1). With this in mind, we obtain from Fig. 3.2(b), = 








v; — 0 (b) 
1] = "R, Or al = G1v1 
I Figure 3.2 Typical circuit for nodal 
; Vj — U9 : analysis. 
17 = R or ly = Go(v1 — V2) (3.4) 
2 
UO . 
iz = ae or 13 = G3v2 
3 


Substituting Eq. (3.4) in Eqs. (3.1) and (3.2) results, respectively, in 


U1 Ui — 19 
h=h+— 
I 2 Ri Ro 





(3.5) 


Ui — U2 U2 


h+ -— 
° R» R3 





(3.6) 
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Appendix A discusses how to use Cramer's rule. 
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In terms of the conductances, Eqs. (3.5) and (3.6) become 


h=h+G,vy, + Gov, — v2) 
I, + Go(v, — v2) = G3v2 


(3.7) 
(3.8) 


The third step in nodal analysis is to solve for the node voltages. If 
we apply KCL ton — 1 nonreference nodes, we obtain n — 1 simultaneous 
equations such as Eqs. (3.5) and (3.6) or (3.7) and (3.8). For the circuit 
of Fig. 3.2, we solve Eqs. (3.5) and (3.6) or (3.7) and (3.8) to obtain the 
node voltages v; and v2 using any standard method, such as the substitu- 
tion method, the elimination method, Cramer’s rule, or matrix inversion. 
To use either of the last two methods, one must cast the simultaneous 
equations in matrix form. For example, Eqs. (3.7) and (3.8) can be cast 


in matrix form as 
—G» vi} |i-h 
Go + G3] } v2 i [5 


G,+G2 
ies 
which can be solved to get vj and v2. Equation 3.9 will be generalized 
in Section 3.6. The simultaneous equations may also be solved using 
calculators such as HP48 or with software packages such as Matlab, 
Mathcad, Maple, and Quattro Pro. 


(3.9) 





10A 


10A 





(b) 


Figure 3.3 


For Example 3.1: (a) original 
circuit, (b) circuit for analysis. 


Calculate the node voltages in the circuit shown in Fig. 3.3(a). 
Solution: 


Consider Fig. 3.3(b), where the circuit in Fig. 3.3(a) has been prepared for 
nodal analysis. Notice how the currents are selected for the application 
of KCL. Except for the branches with current sources, the labeling of the 
currents is arbitrary but consistent. (By consistent, we mean that if, for 
example, we assume that 72 enters the 4 Q resistor from the left-hand side, 
i2 must leave the resistor from the right-hand side.) The reference node 
is selected, and the node voltages v; and v2 are now to be determined. 
At node 1, applying KCL and Ohm’s law gives 


Uy = 29 i ia 0 
4 Z 
Multiplying each term in the last equation by 4, we obtain 





ly Hlth => 5 = 


20 = vy — v2 + 20; 








or 
3v, — v2 = 20 (3.1.1) 
At node 2, we do the same thing and get 
Vj —U v2 — O 
ee ee ee —- ee 


Multiplying each term by 12 results in 
3u1 = 3u> + 120 = 60 + 2U 
or 


—3v, + 5v2 = 60 (3.1.2) 
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Now we have two simultaneous Eqs. (3.1.1) and (3.1.2). We can solve 
the equations using any method and obtain the values of v; and v3. 


METHOD §§) Using the elimination technique, we add Eqs. (3.1.1) and 
(3.1.2). 
4u. = 80 => vz = 20 V 
Substituting v2 = 20 in Eq. (3.1.1) gives 
40 
3v, — 20 = 20 => OS ee 


METHOD 4 To use Cramer’s rule, we need to put Eqs. (3.1.1) and 
(3.1.2) in matrix form as 


3 ~s|fu}= [eo as 


The determinant of the matrix is 





3 -|I 
A=|_, 5[=15-3=12 
We now obtain v; and v> as 
20 —1 
Ay 60 5 100 + 60 
yy = — Ss = 13,353 9 
A A 12 
3 =H 
A —3 60 180 + 60 
pea ey 
A A 12 


giving us the same result as did the elimination method. 


If we need the currents, we can easily calculate them from the values 
of the nodal voltages. 
VU] — V2 V1 
i, =5A, n= —T = — 1.6667 A, ia = > = 6.666 


U2 
i4 = 1OA, = =e 


The fact that iz 1s negative shows that the current flows in the direction 
opposite to the one assumed. 


PRACTICE PROBLE MM SR 


Obtain the node voltages in the circuit in Fig. 3.4. 1 6Q 0) 
Answer: v; = —2V,vu.=—14 V. 


1A 20 7Q, 4A 


Figure 34 For Practice Prob. 3.1. 
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Determine the voltages at the nodes in Fig. 3.5(a). 


Solution: 


The circuit in this example has three nonreference nodes, unlike the pre- 
vious example which has two nonreference nodes. We assign voltages to 
the three nodes as shown in Fig. 3.5(b) and label the currents. 


4Q 


3A 4Q 





Figure 3.5 For Example 3.2: (a) original circuit, (b) circuit for analysis. 


At node 1, 

Vi — U3. Vp — V2 
4 2 

Multiplying by 4 and rearranging terms, we get 





Sa ee Ss Fe 


3vu, — 202 — v3 = 12 (3.2.1) 
At node 2, 
U; — U2 v2 v3 , 2-9 


—— cr n 


Multiplying by 8 and rearranging terms, we get 
—4v, + 7un — v3 = O (3.2.2) 
At node 3, 
Vj — U3 Wg— V3 ZV} — V2) 


Multiplying by 8, rearranging terms, and dividing by 3, we get 





2v; — 32 + v3 = O (3.2.3) 


We have three simultaneous equations to solve to get the node voltages 
Vj, Uz, and v3. We shall solve the equations in two ways. 


METHOD @§) Using the elimination technique, we add Eqs. (3.2.1) and 
(3.2.3). 


Sv} = Sv = | 
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Or 


12 
Vj —W = 5 = 24 (3.2.4) 


Adding Eqs. (3.2.2) and (3.2.3) gives 
—2v, + 4u. = 0 — Vv; = 29 (3.2.5) 
Substituting Eq. (3.2.5) into Eq. (3.2.4) yields 
2U7 — v7 = 2.4 —=> vo = 2.4, Vp = 2, = 4.8 V 

From Eq. (3.2.3), we get 

V3 = 3u2 — 2v, = 3u2 — 400 = —- vn = —2.4 V 
Thus, 

v; — 4.8 V, vo = 2.4 V, v3 = —2.4V 


METHOD W4 To use Cramer’s rule, we put Eqs. (3.2.1) to (3.2.3) in 
matrix form. 


3 —2 —-!1 V1 12 
—4 7 —-l w2{|= 0 
2 —3 1 U3 0 
From this, we obtain 
AI — Ao _ AS 
U1] = A ’ U2 a A ’ U3 a A 


where A, A, A>, and A3 are the determinants to be calculated as follows. 
As explained in Appendix A, to calculate the determinant of a 3 by 3 
matrix, we repeat the first two rows and cross multiply. 


3-2 =! 
A=|-4 7 =lls= 
2 =—3 ] 





=21—12+4+14—-—9—-8=10 


Similarly, we obtain 


= 84+ 0+0-0- 36—-0=48 
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=0+0—-—24—-—0-—-0+4 48 = 24 





+ 
+ 
+ 


=0+ 1444+ 0-168 —-0—0=-—24 





+ 
+ 
+ 
Thus, we find 
Ay 48 Ayn 24 
vj = — = — = 48 VN, vo = — = — =24V 
A 10 A 10 
A3 —24 
= — = ———_ = 24) 
A 10 


as we obtained with Method 1. 





10A 


Figure 3.6 For Practice Prob. 3.2. 
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Find the voltages at the three nonreference nodes in the circuit of Fig. 3.6. 
Answer: v,; = 80 V, v2 = —64 V, v3 = 156 V. 


3.3 NODAL ANALYSIS WITH VOLTAGE SOURCES 


We now consider how voltage sources affect nodal analysis. We use the 
circuit in Fig. 3.7 for illustration. Consider the following two possibilities. 


CASE @§ If a voltage source is connected between the reference node 
and a nonreference node, we simply set the voltage at the nonreference 
node equal to the voltage of the voltage source. In Fig. 3.7, for example, 


v, = 10V (3.10) 


Thus our analysis is somewhat simplified by this knowledge of the voltage 
at this node. 
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Figure 3] A circuit with a supernode. 


CASE WA If the voltage source (dependent or independent) is connected 
between two nonreference nodes, the two nonreference nodes form a gen- 
eralized node or supernode; we apply both KCL and KVL to determine A supernode may be regarded as a closed surface 
the node voltages. enclosing the voltage source and its two nodes, 


A supernode is formed by enclosing a (dependent or independent) voltage 


source connected between two nonreference nodes and any 
elements connected in parallel with it. 





In Fig. 3.7, nodes 2 and 3 form a supernode. (We could have more than 
two nodes forming a single supernode. For example, see the circuit in 
Fig. 3.14.) We analyze a circuit with supernodes using the same three 
steps mentioned in the previous section except that the supernodes are 
treated differently. Why? Because an essential component of nodal 
analysis is applying KCL, which requires knowing the current through 
each element. There is no way of knowing the current through a voltage 
source in advance. However, KCL must be satisfied at a supernode like 
any other node. Hence, at the supernode in Fig. 3.7, 








lbtigsebhth (3.11a) 
or 

a = V2 V1 — V3 v2 — 0 v3 — 0 OE eee 
SS Se 3.11b ! 
2 4 8" (6 —_ vo 
To apply Kirchhoff’s voltage law to the supernode in Fig. 3.7, we redraw ! err m @ ect 
the circuit as shown in Fig. 3.8. Going around the loop in the clockwise ! ! 
direction gives ! a () "3 
—v2+5+03 =0 => U2 — v3 =5 Ci. See Ea eesaseeseae = 
From Eqs. (3.10), (3.11b), and (3.12), we obtain the node voltages. Figure 3.8 Applying KVL to a supernode. 
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Note the following properties of a supernode: 


1. The voltage source inside the supernode provides a constraint 
equation needed to solve for the node voltages. 


2. A supernode has no voltage of its own. 


3. A supernode requires the application of both KCL and KVL. 





109 For the circuit shown in Fig. 3.9, find the node voltages. 


Solution: 
V1 ~ V> The supernode contains the 2-V source, nodes | and 2, and the 10-Q re- 


2A 20) 


Figure 3.9 For Example 3.3. 





sistor. Applying KCL to the supernode as shown in Fig. 3.10(a) gives 
4Q TA = 1) +12 + fi; 
Expressing i; and iz in terms of the node voltages 


— v; —O Vo — O 
= = 
2 . 4 








+7 —=> 8 = 2v,; + vo + 28 
OT 
Vo = —20 — 20, (3.3.1) 


To get the relationship between v; and v2, we apply KVL to the circuit 
in Fig. 3.10(b). Going around the loop, we obtain 


—v, —2+1,=0 —=> Vp =v, +2 (3.3.2) 
From Eqs. (3.3.1) and (3.3.2), we write 
Vo = vy + 2 = —20 — 20, 
or 
30, = —22 => vy, = —7.333 V 


and v» = vy + 2 = —5.333 V. Note that the 10-Q resistor does not make 
any difference because it is connected across the supernode. 


i 


a rn ee ee ee ee ee ee eee eee 


Figure 3.10 Applying: (a) KCL to the supernode, (b) KVL to the loop. 
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PRACTICE PROBLE M SE 
Find v and 7 in the circuit in Fig. 3.11. 
Answer: —0.2 V,1.4A. 
7V 6Q 
Figure 3.11 


For Practice Prob. 3.3. 


EXAM ? | 5 ccc 


Find the node voltages in the circuit of Fig. 3.12. 





Figure 3.12 


For Example 3.4. 


Solution: 


Nodes 1 and 2 form a supernode; so do nodes 3 and 4. We apply KCL to 
the two supernodes as in Fig. 3.13(a). At supernode 1-2, 


i3 +10 =i, + in 
Expressing this in terms of the node voltages, 
= +10= 4 U1 


To 
OT 








5v, + v2 — v3 — 2u4 = 60 


(3.4.1) 
At supernode 3-4, 
: . : ‘ U1 — U4 U3 — U2 U4 U3 
= 13 +14 +15 = 3. =e TTT 
or 
4v; + 2v2 — 5v3 — 16v4 = 0 (3.4.2) 
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Figure 3,13 Applying: (a) KCL to the two supernodes, (b) KVL to the loops. 


We now apply KVL to the branches involving the voltage sources 
as shown in Fig. 3.13(b). For loop 1, 


—v,; + 20+ uv. =0 — Vj; — Vo = 20 (3.4.3) 
For loop 2, 
—v3 + 3v, + v4 = 0 
But v, = v; — v4 so that 
3v; — v3 — 2u4 = O (3.4.4) 
For loop 3, 
v, — 3v, + 613 — 20 = 0 
But 673 = v3 — v2 and vy, = vy — v4. Hence 
—2v, — v2 + 3 +24 = 20 (3.4.5) 


We need four node voltages, vj, v2, v3, and v4, and it requires 
only four out of the five Eqs. (3.4.1) to (3.4.5) to find them. Although 
the fifth equation is redundant, it can be used to check results. We can 
eliminate one node voltage so that we solve three simultaneous equations 
instead of four. From Eq. (3.4.3), v2 = v; — 20. Substituting this into 
Eqs. (3.4.1) and (3.4.2), respectively, gives 

6v; — v3 — 2v4 = 80 (3.4.6) 
and 


6v, — 5v3 — l6v4 = 40 (3.4.7) 


Equations (3.4.4), (3.4.6), and (3.4.7) can be cast in matrix form as 


3 -l —2 U1 0 
6 -1l -—2] | v3 | = | 80 
6 -—5 —16| | v4 40 
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Using Cramer’s rule, 


5 =) 2 O -l -—-2 
A=|6 -1 -—-2)}=-18, A; = |80 —-l1 —2} = —480 

6 —5 —16 40 -—5 —16 

3 OO -2 3 -l O 
A3=|6 80 —2| = —3120, A,g=|6 —I1 80/| = 840 

6 40 —16 6 —5 40 


Thus, we arrive at the node voltages as 


A __ 2480 — A3 — —3120 








vj = = —— = 26.667 V, v3 = = = 173.333 V 
A —18 A —18 
A4 840 
v4 = — = — = —46.667 V 

A —18 
and v2 = v; — 20 = 6.667 V. We have not used Eq. (3.4.5); it can be used 
to cross check results. @ 
PRACTICE PROBLEM IRENE. neon caneyels 
Find v1, v2, and v3 in the circuit in Fig. 3.14 using nodal analysis. 6 Q 


Answer: v, = 3.043 V, v2 = —6.956 V, v3 = 0.6522 V. 





Figure 3, [4 For Practice Prob. 3.4. 


3.4 MESH ANALYSIS 


Mesh analysis provides another general procedure for analyzing circuits, 
using mesh currents as the circuit variables. Using mesh currents instead 
of element currents as circuit variables is convenient and reduces the 
number of equations that must be solved simultaneously. Recall that a 
loop is a closed path with no node passed more than once. A mesh is a 
loop that does not contain any other loop within it. 
Nodal analysis applies KCL to find unknown voltages in a given 
circuit, while mesh analysis applies KVL to find unknown currents. Mesh Mesh analysis is also known as loop analysis or the 
analysis is not quite as general as nodal analysis because it is only ap- mesh-current method 
plicable to a circuit that is planar. A planar circuit is one that can be 
drawn in a plane with no branches crossing one another; otherwise it is 
nonplanar. A circuit may have crossing branches and still be planar if it 
can be redrawn such that it has no crossing branches. For example, the 
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1A circuit in Fig. 3.15(a) has two crossing branches, but it can be redrawn 
. as in Fig. 3.15(b). Hence, the circuit in Fig. 3.15(a) is planar. However, 
the circuit in Fig. 3.16 is nonplanar, because there is no way to redraw 

ae it and avoid the branches crossing. Nonplanar circuits can be handled 


using nodal analysis, but they will not be considered in this text. 


1Q 
5Q 
20 
| 
i 

(a) 

1A 5A 

8 QO 
10 Q 


Figure 3.16 A nonplanar circuit. 
5 Q 60 


80 70 To understand mesh analysis, we should first explain more about 
what we mean by a mesh. 


(b) 


| A mesh is a loop which does not contain any other loops within it. 
Figure 3.15 (a) A planar circuit with crossing 


branches, (b) the same circuit redrawn with no 
crossing branches. 





In Fig. 3.17, for example, paths abefa and bcdeb are meshes, but path 
abcdefa is not a mesh. The current through a mesh is known as mesh 
current. In mesh analysis, we are interested in applying KVL to find the 


ee mesh currents in a given circuit. 
Although path abcdefa is a loop and not a mesh, 


KVL still holds. This is the reason for loosely 
using the terms loop analysis and mesh analysis to 
mean the same thing. 





Figure 3, [7 A circuit with two meshes. 


In this section, we will apply mesh analysis to planar circuits that 
do not contain current sources. In the next sections, we will consider 
circuits with current sources. In the mesh analysis of a circuit with n 
meshes, we take the following three steps. 
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Steps to Determine Mesh Currents: 


. Assign mesh currents 71, i2,..., 1, to the n meshes. 


. Apply KVL to each of the n meshes. Use Ohm’s law to express 
the voltages in terms of the mesh currents. 


. Solve the resulting n simultaneous equations to get the mesh 
currents. 





To illustrate the steps, consider the circuit in Fig. 3.17. The first 
step requires that mesh currents 7; and iz are assigned to meshes | and 


2. Although a mesh current may be assigned to each mesh in an arbi- The direction of the mesh current is arbitrary— 
trary direction, it is conventional to assume that each mesh current flows (clockwise or counterclockwise)—and does not 
clockwise. affect the validity of the solution. 


As the second step, we apply KVL to each mesh. Applying KVL 
to mesh 1, we obtain 


—V, + Ryiy + R3(, — io) =O 
or 
(R; + R3)t, — R3i2 = Vi (3.13) 
For mesh 2, applying KVL gives 
Ryig + V2 + R3(i2 — 11) = 0 
or 
— R31 + (Ro + R3)in = —V2 (3.14) 


Note in Eq. (3.13) that the coefficient of i; 1s the sum of the resistances in 
the first mesh, while the coefficient of i2 is the negative of the resistance 
common to meshes | and 2. Now observe that the same is true in Eq. 


(3.14). This can serve as a shortcut way of writing the mesh equations. The shortcut way will not apply if one mesh cur- 
We will exploit this idea in Section 3.6. rent is assumed clockwise and the other assumed 
The third step is to solve for the mesh currents. Putting Eqs. (3.13) anticlockwise, although this is permissible. 
and (3.14) in matrix form yields 
Ri +R3 —R; 1} Vi 
. [= 3.15 
Rh io a Ka i ie 


which can be solved to obtain the mesh currents 7; andi2. We are at liberty 
to use any technique for solving the simultaneous equations. According 
to Eq. (2.12), if a circuit has n nodes, b branches, and / independent 
loops or meshes, then/ = b—n+1. Hence, / independent simultaneous 
equations are required to solve the circuit using mesh analysis. 

Notice that the branch currents are different from the mesh currents 
unless the mesh is isolated. To distinguish between the two types of 
currents, we use i for a mesh current and / for a branch current. The 
current elements /,, /5, and J; are algebraic sums of the mesh currents. 
It is evident from Fig. 3.17 that 


=, Ih =12, k= -ly (3.16) 
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For the circuit in Fig. 3.18, find the branch currents /,, /2, and J; using 
mesh analysis. 


Solution: 
We first obtain the mesh currents using KVL. For mesh 1, 
—15+ 57, + 10(@,; — iz) + 10 = 0 





Or 
31, — 2i. = 1 (3.5.1) 
For mesh 2, 
Figure 3.18 For Example 3.5. 6i2 + 472 + 10(i2 —1,) - 10 = 0 
Or 


i; = 2i. -1 (3.5.2) 
METHOD @f Using the substitution method, we substitute Eq. (3.5.2) 
into Eq. (3.5.1), and write 
6i2 —3 — 2in = 1 => In =1A 
From Eq. (3.5.2), i) = 2i2 —-1 = 2—1=14A. Thus, 
eae — aie. baig= 1A; =i -i =0 
METHOD WA To use Cramer’s rule, we cast Kgs. (3.5.1) and (3.5.2) in 


matrix form as 
3 S24 |. | 
—] 2)lin} Jl 


We obtain the determinants 








3 —2 
A 4 : 6—-2=4 
1 —2 3 1 
a=|; 5[=242=4 ar=|_} i|=3+1=4 
Thus, 
A\ A? 
ij = — =1A, In = —=I1A 
A A 
as before. 
PRACTICE PROBLEM ii 
2 Q 9Q Calculate the mesh currents 7; and 72 in the circuit of Fig. 3.19. 
Answer: i; = < A,ir7 = OA. 
129 
12 V (in) 8 V 
ly 
4Q 3Q 


Figure 3,19 For Practice Prob. 3.5. 
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Use mesh analysis to find the current i, 1n the circuit in Fig. 3.20. 
Solution: 
We apply KVL to the three meshes in turn. For mesh 1, 
—24 + 10(q, — i2) + 12 — 13) = 0 
or 24V 
11li, — 5in — 613 = 12 (3.6.1) 


For mesh 2, 





24i7 + 4(i2 — 13) + 102 — 11) = O 
a Figure 3.20 For Example 3.6. 
—5i, + 1912 — 213 = O (3.6.2) 
For mesh 3, 

Ai, + 1243 — 11) + 4G3 — i2) = 0 
But at node A, i, = 7; — ip, so that 


4(iy — 12) + 1203 — 11) + 43 — 2) = 0 


or 
—1) — +2, = 0 (3.6.3) 
In matrix form, Eqs. (3.6.1) to (3.6.3) become 
11 -—-5 -6]] i 12 
—5 19 -—2}]}/i| =] O 
—|] —-] 2 | | 13 0 


We obtain the determinants as 





= 456 — 24 = 432 





+ 
+ 
+ 


~24+4 120 = 144 
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= 60 + 228 = 288 





We calculate the mesh currents using Cramer’s rule as 
AL 432 Ar 144 


See Sk he 
A 192 A 192 
A; 288 
SI 
A 192 


Thus, lo = 1] = 19 — 1.5A. 


PRACTICE PROBLE M Sa 





Using mesh analysis, find 7, in the circuit in Fig. 3.21. 
Answer: —5A. 





Figure 3,2 | For Practice Prob. 3.6. 


3.5 MESH ANALYSIS WITH CURRENT SOURCES 


Applying mesh analysis to circuits containing current sources (dependent 
or independent) may appear complicated. But it is actually much easier 
than what we encountered in the previous section, because the presence 
of the current sources reduces the number of equations. Consider the 
following two possible cases. 


CASE @§) When a current source exists only in one mesh: Consider the 


circuit in Fig. 3.22, for example. We set i2 = —5 A and write a mesh 
equation for the other mesh in the usual way, that 1s, 


Electronic Testing Tutorials 


ia —104 4i, + 6(4, — in) = 0 —= i} =—-2A_ G17) 





CASE W4 When a current source exists between two meshes: Consider 
the circuit in Fig. 3.23(a), for example. We create a supermesh by ex- 
Figure 3.22 A circuit with a current source. cluding the current source and any elements connected in series with it, 
as shown in Fig. 3.23(b). Thus, 


A supermesh results when two meshes have a (dependent or independent) 


current source In common. 
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20 V 
20 V 





‘. . 0 L? - 15 
= Exclude these (b) 
(a) elements 


Figu re 3,23 (a) Two meshes having a current source in common, (b) a supermesh, created by excluding the current source. 


As shown in Fig. 3.23(b), we create a supermesh as the periphery of 
the two meshes and treat it differently. (If a circuit has two or more 
supermeshes that intersect, they should be combined to form a larger 
supermesh.) Why treat the supermesh differently? Because mesh analy- 
sis applies KVL—which requires that we know the voltage across each 
branch—and we do not know the voltage across a current source in ad- 
vance. However, a supermesh must satisfy KVL like any other mesh. 
Therefore, applying KVL to the supermesh in Fig. 3.23(b) gives 


—20 + 61; + 101i. + 4i. = O 
or 
61, + 141. = 20 (3.18) 


We apply KCL to a node in the branch where the two meshes intersect. 
Applying KCL to node 0 in Fig. 3.23(a) gives 


in =i, +6 (3.19) 
Solving Eqs. (3.18) and (3.19), we get 
i; = —3.2 A, in =2.8A (3.20) 


Note the following properties of a supermesh: 


1. The current source in the supermesh is not completely ignored; 
it provides the constraint equation necessary to solve for the 
mesh currents. 


2. A supermesh has no current of its own. 


3. A supermesh requires the application of both KVL and KCL. 


EW CS 


For the circuit in Fig. 3.24, find 7; to 14 using mesh analysis. 
Solution: 


Note that meshes | and 2 form a supermesh since they have an independent 
current source in common. Also, meshes 2 and 3 form another supermesh 
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Ly 13 


Figure 3.24 For Example 3.7. 


because they have a dependent current source in common. The two 
supermeshes intersect and form a larger supermesh as shown. Applying 
KVL to the larger supermesh, 


21, + 413 + 8(i3 — 14) + 612 = O 


or 
i) + 3i2 + 613 — 4i4 = O (3.7.1) 
For the independent current source, we apply KCL to node P: 
Ig =i +5 (3.7.2) 
For the dependent current source, we apply KCL to node Q: 
ig7 = 13 + 31, 
But i, = —i4, hence, 
in = i3 — 3i4 (3.7.3) 
Applying KVL in mesh 4, 
2i4 + 874 — 13) + 10 = 0 
or 


5i4 — 413 = —5 (3.7.4) 
From Eqs. (3.7.1) to (3.7.4), 
i; = —7.5A, in = —2.5A, iz = 3.93 A, i4 = 2.143 A 


PRACTICE PROBLE M Ry 





Use mesh analysis to determine /,, i2, and i3 in Fig. 3.25. 


2 2Q Answer: i; = 3.474A, i2 = 0.4737 A, iz = 1.1052 A. 
8 QO 
1Q 


@ 


Figure 3.25 For Practice Prob. 3.7. Network Analysis 
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13.6 NODAL AND MESH ANALYSES BY INSPECTION 


This section presents a generalized procedure for nodal or mesh analysis. 
It is a shortcut approach based on mere inspection of a circuit. 

When all sources in a circuit are independent current sources, we 
do not need to apply KCL to each node to obtain the node-voltage equa- 
tions as we did in Section 3.2. We can obtain the equations by mere 
inspection of the circuit. As an example, let us reexamine the circuit in 
Fig. 3.2, shown again in Fig. 3.26(a) for convenience. The circuit has 
two nonreference nodes and the node equations were derived in Section 


3.2 as 
—G) U1 _ i = Ih 
G> + G3 U2 7 Ih 


Observe that each of the diagonal terms is the sum of the conductances 
connected directly to node | or 2, while the off-diagonal terms are the 
negatives of the conductances connected between the nodes. Also, each 
term on the right-hand side of Eq. (3.21) is the algebraic sum of the 
currents entering the node. 

In general, if a circuit with independent current sources has N 
nonreference nodes, the node-voltage equations can be written in terms 
of the conductances as 


° + G2 3.21) 


Gs 


Gi Gry Gin V1 1 
G2, Gy Gon V2 i 
. ; . ' — , (3.22) 
Gyi Gyo Gwyn | Lun LN 
or simply 
Gv =i (3.23) 
where 


Gx. = Sum of the conductances connected to node k 


Gy; = Gj, = Negative of the sum of the conductances directly 
connecting nodes k and j,k # j 


vy = Unknown voltage at node k 


iz = Sum of all independent current sources directly 
connected to node k, with currents entering the node 
treated as positive 


G is called the conductance matrix, Vv is the output vector; and 1 is the 
input vector. Equation (3.22) can be solved to obtain the unknown node 
voltages. Keep in mind that this 1s valid for circuits with only independent 
current sources and linear resistors. 
Similarly, we can obtain mesh-current equations by inspection when 
a linear resistive circuit has only independent voltage sources. Consider 
the circuit in Fig. 3.17, shown again in Fig. 3.26(b) for convenience. The 
circuit has two nonreference nodes and the node equations were derived 
in Section 3.4 as 
Ri +k3  —k; if = 7 
Ro + R3]} io] | —ve 


aR (3.24) 


if 





Figure 3.26 


(b) 


(a) The circuit in Fig. 3.2, 


(b) the circuit in Fig. 3.17. 
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We notice that each of the diagonal terms is the sum of the resistances in 
the related mesh, while each of the off-diagonal terms is the negative of 
the resistance common to meshes | and 2. Each term on the right-hand 
side of Eq. (3.24) is the algebraic sum taken clockwise of all independent 
voltage sources in the related mesh. 

In general, if the circuit has N meshes, the mesh-current equations 
can be expressed in terms of the resistances as 


Ri Ri...) = Rin ly V] 
Ro Ro ae Ron 17 U2 
: : . = : (3.25) 
Ry, Ryz2 ... Ryn Lin UN 
or simply 
Ri = v (3.26) 
where 


Ry. = Sum of the resistances in mesh k 


Ry = Rjx = Negative of the sum of the resistances in common with 
meshes k and j,k # j 
i; —= Unknown mesh current for mesh k in the clockwise 
direction 


vz = Sum taken clockwise of all independent voltage sources 
in mesh k, with voltage rise treated as positive 


R is called the resistance matrix, 11s the output vector; and v is the input 
vector. We can solve Eq. (3.25) to obtain the unknown mesh currents. 





Write the node-voltage matrix equations for the circuit in Fig. 3.27 by 
inspection. 





Figure 3.27. For Example 3.8. 
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Solution: 


The circuit in Fig. 3.27 has four nonreference nodes, so we need four 
node equations. This implies that the size of the conductance matrix G, 
is 4 by 4. The diagonal terms of G, in siemens, are 


Cpe bas. peed es 
5 10 5 8 1 
G24 2 05, Cae ees 
8 8 4 8 2 1 
The off-diagonal terms are 
Gy= -; = —().2, Gi3= Gy =0 


] ] 
G2, = —0.2, G3 = =~ —(0.125, Gu = ao —] 


] 
G3, = 0, G32 = —0.125, G34 = a —0.125 


G4, = 0, Ga = —1, Gag = —0.125 
The input current vector i has the following terms, in amperes: 
i; =; In = -—1-—-2=-3, i3 = 0, a=a=2+4=]6 


Thus the node-voltage equations are 


0.3. —0.2 0 0 V1 3 
—0.2 1.325 -—0.125 —-1 v2} | —3 
0 —0.125 0.5 —0.125 | | v3} 0 
0 —1 —0.125 1.625 | | v4 6 


which can be solved to obtain the node voltages v1, v2, v3, and v4. 


PRACTICE PROBLE M Ram: 





By inspection, obtain the node-voltage equations for the circuit in Fig. 10 vy, 42 y 
3.28. 
Answer: 1A 
13 -0.2 —-1 0 V1 0 ’ ' 
0.2 02 0 0 v2} | 3 ° 22 oA 
—] 0 1.25 —0.25]]v3] |-1 
2A 
0 O 0.25 0.75] | v4 3 es 


Figure 3,28 For Practice Prob. 3.8. 


CAM ? | 5 i ccc 


By inspection, write the mesh-current equations for the circuit in Fig. 3.29. 


q | » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


98 PART | DC Circuits 


3.Q 


12V 





Figure 3.29 For Example 3.9. 


Solution: 


We have five meshes, so the resistance matrix is 5 by 5. The diagonal 
terms, in ohms, are: 


Ry, =54242=-9, Ron =2+44+14+14+2=10 
R33 = 24+34+4=9, Ry =14+34+4=8, R55 =1+3=4 


The off-diagonal terms are: 


Ko= =z, Ry3 = —2, Rig =0= Rijs 


Ry, = —2, Ro3 = —4, Ro = -1, R95 = —1 
R3) = —2, R32 = —4, R34 = 0 = R35 
R4, = 0, Rag = —1, R43 = 0, Ras = —3 
Rs, = 0, Rs. = —-1, R53 = O, R54 = —3 


The input voltage vector v has the following terms in volts: 


v; = 4, vo = 10-4=6 
v3 = —12+6=—-6, va =O. v5 = —6 


Thus the mesh-current equations are: 


oe O OF; [7% 4 
—2 10 -4 -1 -I] Jt 6 
—2 -4 9 O Of |i; | = | -6 

O —-l 0 8 —3] | 4 0 

O —-l O -—3 4] | ts —6 


From this, we can obtain mesh currents 71, i>, 13, 14, and is. 


PRACTICE PROBLEM PROBLE ™ SRR 


By inspection, obtain the mesh-current equations for the circuit in Fig. 
3.30. 
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24V 





Figure 3,30 For Practice Prob. 3.9. 


Answer: 
170 —40 0 —80 O}; } 4 24 
—40 80 —30 —10 O} | io 0 
QO —30 50 QO —20] | i3 | = | —12 
—80 —10 0 90 O|} | ia 10 
0) 0 —20 0 SO | | is —10 


3.7 NODAL VERSUS MESH ANALYSIS 


Both nodal and mesh analyses provide a systematic way of analyzing a 
complex network. Someone may ask: Given a network to be analyzed, 
how do we know which method is better or more efficient? The choice 
of the better method is dictated by two factors. 

The first factor is the nature the particular network. Networks that 
contain many series-connected elements, voltage sources, or supermeshes 
are more suitable for mesh analysis, whereas networks with parallel- 
connected elements, current sources, or supernodes are more suitable for 
nodal analysis. Also, a circuit with fewer nodes than meshes is better 
analyzed using nodal analysis, while a circuit with fewer meshes than 
nodes is better analyzed using mesh analysis. The key is to select the 
method that results in the smaller number of equations. 

The second factor is the information required. If node voltages are 
required, it may be expedient to apply nodal analysis. If branch or mesh 
currents are required, it may be better to use mesh analysis. 

It is helpful to be familiar with both methods of analysis, for at least 
two reasons. First, one method can be used to check the results from the 
other method, if possible. Second, since each method has its limitations, 
only one method may be suitable for a particular problem. For example, 
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mesh analysis is the only method to use in analyzing transistor circuits, 
as we Shall see in Section 3.9. But mesh analysis cannot easily be used to 
solve an op amp circuit, as we shall see in Chapter 5, because there is no 
direct way to obtain the voltage across the op amp itself. For nonplanar 
networks, nodal analysis is the only option, because mesh analysis only 
applies to planar networks. Also, nodal analysis is more amenable to 
solution by computer, as it is easy to program. This allows one to analyze 
complicated circuits that defy hand calculation. A computer software 
package based on nodal analysis is introduced next. 


3.8 CIRCUIT ANALYSIS WITH PSPICE 


P§Spice is acomputer software circuit analysis program that we will grad- 


Appendix D provides a tutorial on using PSpice ually learn to use throught the course of this text. This section illustrates 
for Windows. how to use PSpice for Windows to analyze the dc circuits we have studied 
so far. 


The reader is expected to review Sections D.1 through D.3 of Ap- 
pendix D before proceeding in this section. It should be noted that PSpice 
is only helpful in determining branch voltages and currents when the nu- 
merical values of all the circuit components are known. 


1 2Q 45 102 3 Use PSpice to find the node voltages in the circuit of Fig. 3.31. 
Solution: 


120 V 3A The first step is to draw the given circuit using Schematics. If one follows 
the instructions given in Appendix sections D.2 and D.3, the schematic in 
0 Fig. 3.32 is produced. Since this is a dc analysis, we use voltage source 
VDC and current source IDC. The pseudocomponent VIEWPOINTS are 
Figure 3.31 For Example 3.10. added to display the required node voltages. Once the circuit is drawn and 
saved as exam310.sch, we run PSpice by selecting Analysis/Simulate. 
The circuit is simulated and the results are displayed on VIEWPOINTS 
and also saved in output file exam310.out. The output file includes the 
following: 


NODE VOLTAGE NODE VOLTAGE NODE VOLTAGE 
(1) 120.0000 (2) 61.2900 Co) 6720320 


indicating that V; = 120 V, V2 = 81.29 V, V3 = 89.032 V. 








120.0000 81.2900 89.0320 
R1 7 R3 7 
+ IDC 
12057 ye M3 A 


Figure 3.32 — For Example 3.10; the schematic of the circuit in Fig. 3.31. 
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PRACTICE PROBLE MM SREY 


For the circuit in Fig. 3.33, use PSpice to find the node voltages. 


— 2 102 3 


30 Q 200 V 





Figure 3,33 For Practice Prob. 3.10. 


Answer: V, = —40 V, V2 = 57.14 V, V3 = 200 V. 


oi | 


In the circuit in Fig. 3.34, determine the currents 71, i2, and 3. 
Solution: 


The schematic is shown in Fig. 3.35. (The schematic in Fig. 3.35 includes 
the output results, implying that itis the schematic displayed on the screen 
after the simulation.) Notice that the voltage-controlled voltage source 
E1 in Fig. 3.35 is connected so that its input is the voltage across the 4-Q 
resistor; its gain is set equal to 3. In order to display the required currents, 
we insert pseudocomponent IPROBES in the appropriate branches. The 
schematic is saved as exam311.sch and simulated by selecting Analy- 
sis/Simulate. The results are displayed on IPROBES as shown in Fig. 
3.35 and saved in output file exam311.out. From the output file or the 
IPROBES, we obtain 7; = i2 = 1.333 A and i3 = 2.667 A. 


24V 





Figure 3.34 For Example 3.11. 
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1.333E+00 le SSSET00 || 2.667400 


0 


Figure 3.35. The schematic of the circuit in Fig. 3.34. 


PRACTICE PROBLE ™ Raa 





Figure 3.36 


For Practice Prob. 3.11. 


Use PSpice to determine currents 71, i2, and 73 in the circuit of Fig. 3.36. 
Answer: i; = —0.4286 A, iz = 2.286 A, i3 = 2A. 


13.9 APPLICATIONS: DC TRANSISTOR CIRCUITS 


Most of us deal with electronic products on a routine basis and have 
some experience with personal computers. A basic component for the 
integrated circuits found in these electronics and computers is the ac- 
tive, three-terminal device known as the transistor. Understanding the 
transistor is essential before an engineer can start an electronic circuit 
design. 

Figure 3.37 depicts various kinds of transistors commercially avail- 
able. There are two basic types of transistors: bipolar junction transis- 
tors (BJTs) and field-effect transistors (FETs). Here, we consider only 
the BJTs, which were the first of the two and are still used today. Our 
objective is to present enough detail about the BJT to enable us to apply 
the techniques developed in this chapter to analyze dc transistor circuits. 

There are two types of BJTs: npn and pnp, with their circuit symbols 
as shown in Fig. 3.38. Each type has three terminals, designated as emit- 
ter (E), base (B), and collector (C). For the npn transistor, the currents and 
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Collector 








C 
Base a B e 
Emitter e 
(a) 
; rg Collector C 
Base B 
Figure 3.37 Various types of transistors. 
(Courtesy of Tech America.) 
Emitter = 
voltages of the transistor are specified as in Fig. 3.39. Applying KCL to (b) 


Fig. 3.39 . 
18 (a) gives Figure 3.38 = Two types of BJTs and 


their circuit symbols: (a) npn, (b) pnp. 
ae ee (3.27) : atid 


where /z, Ic, and Ig are emitter, collector, and base currents, respectively. 


Similarly, applying KVL to Fig. 3.39(b) gives C 
I 
Voce + Veg + Vac = 0 (3.28) : | e 
B 
where Vcr, Veg, and Vzgc are collector-emitter, emitter-base, and base- _ Z 


collector voltages. The BJT can operate in one of three modes: active, 
cutoff, and saturation. When transistors operate in the active mode, typ- i 
ically Vez ~ 0.7 V, 


Ic =alr (3.29) 


where a is called the common-base current gain. In Eq. (3.29), a denotes 
the fraction of electrons injected by the emitter that are collected by the 


collector. Also, 


where £6 is known as the common-emitter current gain. The a and £ are 
characteristic properties of a given transistor and assume constant values 
for that transistor. Typically, a takes values in the range of 0.98 to 0.999, 
while 6 takes values in the range 50 to 1000. From Eqs. (3.27) to (3.30), 
it is evident that 








Ir = (1+ BP) Lp (3.31) 
and Figure 3.39 The terminal 
oO variables of an npn transistor: 
B = (3.32) (a) currents, (b) voltages. 
l-a 
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These equations show that, in the active mode, the BJT can be modeled as 
a dependent current-controlled current source. Thus, in circuit analysis, 
the dc equivalent model in Fig. 3.40(b) may be used to replace the npn 
transistor in Fig. 3.40(a). Since 6 in Eq. (3.32) is large, a small base 
current controls large currents in the output circuit. Consequently, the 
bipolar transistor can serve as an amplifier, producing both current gain 
and voltage gain. Such amplifiers can be used to furnish a considerable 
amount of power to transducers such as loudspeakers or control motors. 


In fact, transistor circuits provide motivation to 
study dependent sources. 





(a) (b) 


Figure 3,40 (a) An npn transistor, (b) its dc equivalent 
model. 


It should be observed in the following examples that one cannot 
directly analyze transistor circuits using nodal analysis because of the 
potential difference between the terminals of the transistor. Only when 
the transistor is replaced by its equivalent model can we apply nodal 
analysis. 


Find /g, Ic, and v, in the transistor circuit of Fig. 3.41. Assume that the 
transistor operates in the active mode and that B = 50. 


Solution: 


For the input loop, KVL gives 
—4+ I,(20 x 10°) + Vez =0 


Ic 


<< 


100 Q 





Figure 341 For Example 3.12. 
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Since Vgz = 0.7 V in the active mode, 
4 —0.7 


B= 30x10) > 165 wA 
But 
Ic = BIg = 50 x 165 wA = 8.25 mA 
For the output loop, KVL gives 
—v, — 100J¢- +6=0 
or 


v, = 6— 100/¢ = 6 — 0.825 = 5.175 V 
Note that v, = Vcr in this case. 


PRACTICE PROBLE ™ Ry 


For the transistor circuit in Fig. 3.42, let 8 = 100 and Vgg = 0.7 V. De- 
termine v, and Vcr. 


Answer: 2.876 V, 1.984 V. 


Figure 3.42 — For Practice Prob. 3.12. 





ee 


For the BJT circuit in Fig. 3.43, 6 = 150 and Vgg = 0.7 V. Find vp. 1kQ 
Solution: 


We can solve this problem in two ways. One way is by direct analysis of 
the circuit in Fig. 3.43. Another way is by replacing the transistor with 
its equivalent circuit. 


METHOD §§) We can solve the problem as we solved the problem in 
the previous example. We apply KVL to the input and output loops as 
shown in Fig. 3.44(a). For loop 1, 


2= 100 x 10°7, + 200 x 10° Gist) 


Figure 3.43 For Example 3.13. 


For loop 2, 
Ver = 0.7 = 200 x 10° — In =3.5 "A (3.13.2) 
For loop 3, 
—v, — 1000/¢ + 16 = 0 
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Or 
vp = 16 — 1000/¢ (3.13.3) 
From Eqs. (3.13.1) and (3.13.2), 
2 —0.7 
Tage Ip=h-h=95 UA 


Ic = Blg = 150 x 9.5 wA = 1.425 mA 
Substituting for Jc in Eq. (3.13.3), 
vo = 16 — 1.425 = 14.575 V 





_ J 
100kQ 4 4B og C 1kQ 





(b) 


Figu re 3.44 — Solution of the problem in Example 3.13: (a) method 1, 
(b) method 2. 


METHOD W4 We can modify the circuit in Fig. 3.43 by replacing the 
transistor by its equivalent model in Fig. 3.40(b). The result is the circuit 
shown in Fig. 3.44(b). Notice that the locations of the base (B), emitter 
(E), and collector (C) remain the same in both the original circuit in Fig. 
3.43 and its equivalent circuit in Fig. 3.44(b). From the output loop, 


Vo = 16 — 100015072) 


But 

k=h—-h= ee = (13 — 3.5) wA = 9.5 LA 
100 x 103. 200 x 103 

and so 


16 — 1000(150 x 9.5 x 107°) = 14.575 V 


Vo 
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PRACTICE PROBLE MM (REE 


The transistor circuit in Fig. 3.45 has 6 = 80 and Vgr¢ = 0.7 V. Find vu, 
and i,. 


Answer: —3 V, —150 WA. 





Figure 3,45 For Practice Prob. 3.13. 


3.10 SUMMARY 


1. Nodal analysis is the application of Kirchhoff’s current law at the 
nonreference nodes. (It is applicable to both planar and nonplanar 
circuits.) We express the result in terms of the node voltages. 
Solving the simultaneous equations yields the node voltages. 


2. A supernode consists of two nonreference nodes connected by a 
(dependent or independent) voltage source. 

3. Mesh analysis is the application of Kirchhoff’s voltage law around 
meshes in a planar circuit. We express the result in terms of mesh 
currents. Solving the simultaneous equations yields the mesh 
currents. 


4. A supermesh consists of two meshes that have a (dependent or 
independent) current source in common. 


5. Nodal analysis is normally used when a circuit has fewer node 
equations than mesh equations. Mesh analysis is normally used 
when a circuit has fewer mesh equations than node equations. 


6. Circuit analysis can be carried out using PSpice. 


7. DC transistor circuits can be analyzed using the techniques cover- 
ed in this chapter. 


REVIEW QUESTIONS 





























3.1 At node | in the circuit in Fig. 3.46, applying KCL (c) 24+ 12—v = O- v1 4 i am 
gives: 3 6 4 
12-—v, U1 Ui; — U2 v; — 12 O-—v U2 — Vj 
= — d) 2 = ——__ 
@) 2+ ay (@) 24+ 5 7 
v; — 12 Vl UV, 
b) 2 — 
(b) 2+ —| - a 
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3.2 


3.3 


3.4 


3.5 














PART | DC Circuits 
3.6 
3.7 
12 V 
Figure 3.46 For Review Questions 3.1 and 3.2. 
In the circuit in Fig. 3.46, applying KCL at node 2 
gives: 
U2 — V1 U2 U2 
ge ge 
Ui; — V2 U2 U2 
b — = — 
”) 4 8 6 
Vi — UV 12—v UV 3.8 
(c) 1 2 if 2_ v2 
4 8 6 
V2 — UV v» — 12 UV 
(d) y} 1 " 2 8 








4 8 6 3.9 
For the circuit in Fig. 3.47, v; and v2 are related as: 
(a) vy = 61 +8+ (b) v} = 61 —8+ 
(c) y =—6i+8+v. (dd) vi =—-6i —84+ rm 3.10 


Vy 6Q ae Vo 


12V 4Q 


Figure 3.47 


For Review Questions 3.3 and 3.4. 


In the circuit in Fig. 3.47, the voltage v2 is: 


The loop equation for the circuit in Fig. 3.48 is: 
(a) -10+ 41 +6+2i =0 

(b) 10+ 47 +6+2i =0 

(c) 10+4i —6+2i =0 

(d) —10+ 47 —6+ 27 =0 


In the circuit in Fig. 3.49, current i, is: 


(a) 4A (b) 3A (c) 2A (d) 1A 
2Q 1Q 

20 V 2A (i) 
3Q 4Q 

Figure 3.49 For Review Questions 3.7 and 3.8. 


The voltage v across the current source in the circuit 
of Fig. 3.49 is: 


(a) 20V (b) I5V- (c) LOV (dd) SV 


The PSpice part name for a current-controlled 


voltage source is: 


(a) EX (b) FX (c) HX (d) GX 


Which of the following statements are not true of the 
pseudocomponent IPROBE: 

(a) It must be connected in series. 

(b) It plots the branch current. 


(c) It displays the current through the branch in 
which it is connected. 


(d) It can be used to display voltage by connecting it 
in parallel. 


(e) It is used only for dc analysis. 


(f) It does not correspond to a particular circuit 
element. 


Answers: 3.la, 3.2c, 3.3b, 3.4d, 3.5c, 3.6a, 3.7d, 3.8b, 3.9c, 3.10b,d. 


(a) —8 V (b) —1.6 V 
(c) 16V (d) 8 V 
The current 7 in the circuit in Fig. 3.48 is: 
(a) —2.667 A (b) —0.667 A 
(c) 0.667 A (d) 2.667 A 
4Q 
10 V (i) 6V 
2Q0 
Figure 3.48 For Review Questions 3.5 and 3.6. 
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PROBLEMS 
Sections 3.2 and 3.3 Nodal Analysis 3.5 Obtain v, in the circuit of Fig. 3.54. 
3.1 Determine v1, v2, and the power dissipated in all the 
resistors in the circuit of Fig. 3.50. 
£6 30 V 20 V + 
1 "2 4kQ S \o 
2kQ 5 kQ ~ 
6A 8 Q 2Q 10A 
Figure 3.54 For Prob. 3.5. 
3.6 Use nodal analysis to obtain v, in the circuit in Fig. 
Figure 3.50 — For Prob. 3.1. 3.55. 


oun For the circuit in Fig. 3.51, obtain v; and vp. 








2Q 
i | 
6A 
Vy; V5 12V 
10 Q 5Q 4Q 3A 
Figure 3.55 For Prob. 3.6. 
Figure 3.51 For Prob. 3.2. 3.7 Using nodal analysis, find v, in the circuit of Fig. 
, . 3.56. 
3.3 Find the currents i; through i, and the voltage v, in 
the circuit in Fig. 3.52. 
30 5Q 
Vo 
: 3V 
Vo 2Q Av, 
10A — 1Q 
| Figure 3.56 For Prob. 3.7. 
Fisure 3.52 — For Prob. 3.3. ee 
é _ 3.8 Calculate v, in the circuit in Fig. 3.57. 
3.4 Given the circuit in Fig. 3.53, calculate the currents 
1, through 4. 30 62 
2A ty - 
12V 80 2v, 
4A 


Figure 3.57 For Prob. 3.8. 





Figure 3.53 For Prob. 3.4. 3.9 Find i, in the circuit in Fig. 3.58. 
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4Q 





Figure 3.58 — For Prob. 3.9. 


3.10 Solve for i; and 7 in the circuit in Fig. 3.22 (Section 


3.5) using nodal analysis. 


3.11. | Use nodal analysis to find currents i; and 7, in the 


circuit of Fig. 3.59. 


10Q 20.2 30.2 
f! fi: 
24V 40 Q 202 


Figure 3.59 — For Prob. 3.11. 


3.12 Calculate v; and v2 in the circuit in Fig. 3.60 using 


nodal analysis. 


vy, 22 oa Vo 
sot} 


Figure 3.60 — For Prob. 3.12. 


3.13. Using nodal analysis, find v, in the circuit of Fig. 


3.61. 


5A 
on 
1Q 
4Q 20 V 
40 V 


Figure 3.61 — For Prob. 3.13. 


3.14 = Apply nodal analysis to find 7, and the power 


dissipated in each resistor in the circuit of Fig. 3.62. 


DC Circuits 


3.15 


3.16 


3.17 


10V 


Figure 3.62 For Prob. 3.14. 


Determine voltages v, through v3 in the circuit of 
Fig. 3.63 using nodal analysis. 


28 





Figure 3.63 For Prob. 3.15. 


Using nodal analysis, find current i, in the circuit of 
Fig. 3.64. 


lg 
—_—_—— 


4Q 
10 Q 


60 V 


Figure 3.64 — For Prob. 3.16. 


Determine the node voltages in the circuit in Fig. 
3.65 using nodal analysis. 


10 V 


2Q y) 2Q 


4Q 5A 8 Q 


Figure 3.65 — For Prob. 3.17. 
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Methods of Analysis I 
3.18 For the circuit in Fig. 3.66, find v; and v2 using *3.22 Use nodal analysis to determine voltages v;, v2, and 
nodal analysis. v3 In the circuit in Fig. 3.70 
4kQ 
3V, 
2 kQ 

V1 “3 

+ 

3mA 1kQ Vo 
Figure 3.66 For Prob. 3.18. 

3.19 


Determine v, and v2 in the circuit in Fig. 3.67 


8 Q 





Figure 3.70 — For Prob. 3.22. 
3.23 
12V 


Using nodal analysis, find v, and i, in the circuit of 
Fig. 3.71. 





40 Q 120 V 


Figure 3.6/ 


For Prob. 3.19. 








3.20 Obtain v; and v2 in the circuit of Fig. 3.68 100 V 
8 V 
Vy Vo 
Figure 3.71 For Prob. 3.23. 
5A 10 Q 5 Q 2A 
3.24 Find the node voltages for the circuit in Fig. 3.72 
1Q 
Figure 3.68 — For Prob. 3.20. 
Find v, and 7, in the circuit in Fig. 3.69. 
4i, aN, 
20 V 
1A 4Q 10 V 
Figure 3.69 


For Prob. 3.21. 


Figure 3.72 


For Prob. 3.24. 
* An asterisk indicates a challenging problem 
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*3.25 Obtain the node voltages v;, v2, and v3 in the circuit 


of Fig. 3.73. 


5 kQ 


[ow yw |) 


4mA 12V 10 kQ 


Figure 3.73 


For Prob. 3.25. 


Sections 3.4 and 3.5 Mesh Analysis 


3.26 Which of the circuits in Fig. 3.74 is planar? For the 


planar circuit, redraw the circuits with no crossing 
branches. 


1Q 


2Q ; 


3.28 
3.29 
2A 3.30 
(a) 3.31 


30 3.32 


12V 2Q 


1Q 
(b) 


For Prob. 3.26. 


Figure 3.74 


3.27. Determine which of the circuits in Fig. 3.75 is 


planar and redraw it with no crossing branches. 3.33 


2Q 
1Q _ 
3.0 
10 V 
4Q 
(a) 
8Q 


NY 


1Q 
4A 
(b) 
Figure 3.75 For Prob. 3.27. 


Rework Prob. 3.5 using mesh analysis. 
Rework Prob. 3.6 using mesh analysis. 
Solve Prob. 3.7 using mesh analysis. 
Solve Prob. 3.8 using mesh analysis. 


For the bridge network in Fig. 3.76, find i, using 
mesh analysis. 


lo 2kQ 
6kO 
30. V 
4kQ 
Figure 3.76 — For Prob. 3.32. 


Apply mesh analysis to find 7 in Fig. 3.77. 
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So 





Figure 3.77 For Prob. 3.33. 
3.34 Use mesh analysis to find v,, and i, in the circuit in 
Fig. 3.78. 
20 Q 
i 3.38 
80 V 
+ 
Vab 
80 V 
Figure 3.78 — For Prob. 3.34. 
3.35 | Use mesh analysis to obtain 7, in the circuit of Fig. 
3.19. 
6V 
12V 
Figure 3.79 For Prob. 3.35. 
3.36 Find current in the circuit in Fig. 3.80. 
4Q 8 Q 
4A 
2Q 6Q 
if 
30 V 3.Q 1Q 
3.40 


Figure 3.80 


For Prob. 3.36. 


Methods of Analysis [13 


Find v, and 7, in the circuit of Fig. 3.81. 


16 V 





Figure 3.8 


For Prob. 3.37. 


Use mesh analysis to find the current i, in the circuit 
in Fig. 3.82. 


bo 
— 
4Q 
10 
8 QO 
60 V 


Figure 3.82 


For Prob. 3.38. 


Apply mesh analysis to find v, in the circuit in Fig. 
3.83. 


5A 


‘o : . 
1Q 
40 20V 
40 V 
Figure 3.83 For Prob. 3.39. 


Use mesh analysis to find 7, i2, and i3 in the circuit 
of Fig. 3.84. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


114 PART | DC Circuits 


3.45 = Rework Prob. 3.23 using mesh analysis. 


3.46 Calculate the power dissipated in each resistor in the 
circuit in Fig. 3.88. 





12V 0.5; 
in 
1Q 10 V 2Q 
Figure 3.84 — For Prob. 3.40. 
3.41 Rework Prob. 3.11 using mesh analysis. 
*3.42 ~=‘In the circuit of Fig. 3.85, solve for i,, iz, and 73. Figure 388 For Prob. 3.46 
10 V 
3.47 Calculate the current gain i,/i, in the circuit of Fig. 
3.89. 
4A 22 20.Q 102 
+ { ‘ 
i, YS 302 40 Q 
8V = 7 
Figure 3.85 For Prob. 3.42. . 
: Figure 3.89 For Prob. 3.47. 


3.43. Determine v, and v2 in the circuit of Fig. 3.86. 


3.48 — Find the mesh currents 7), i2, and 73 in the network 


20 
aaa ae " ” ™ 
4kO 8 kO 2kO 
+ 
12V 202 »220 
- 100 V 4mA (in) 40 V 


Figure 3.86 For Prob. 3.43. Figure 3.90 — For Prob. 3.48. 
3.44 = Find ij, i2, and 3 in the circuit in Fig. 3.87. 


302 3.49 ‘Find v, and i, in the circuit shown in Fig. 3.91. 
‘x 100 
so 
50 V 
30 2 30 2 4i, 
Figure 3.87 For Prob. 3.44. Figure 3.91 For Prob. 3.49. 
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3.50 Find v, and i, in the circuit of Fig. 3.92. 3.53 


100 V 40 Q 





Figure 3.92 


For Prob. 3.50. 


Section 3.6 Nodal and Mesh Analyses by 


Inspection 3.54 


3.51 Obtain the node-voltage equations for the circuit in 
Fig. 3.93 by inspection. Determine the node 


voltages v, and vp. 


3A 4Q 2Q 





Figure 3.93 


For Prob. 3.51. 
3.55 


3.52 By inspection, write the node-voltage equations for 


the circuit in Fig. 3.94 and obtain the node voltages. 





4A 


3.56 


Figure 3.94 


For Prob. 3.52. 


Methods of Analysis [15 


For the circuit shown in Fig. 3.95, write the 
node-voltage equations by inspection. 


1kQ 
Vv; 4kQ 
V3 
20 mA 2kQ 10 mA 


Figure 3.95 For Prob. 3.53. 


Write the node-voltage equations of the circuit in 
Fig. 3.96 by inspection. 


G, 





Figure 3.96 


For Prob. 3.54. 


Obtain the mesh-current equations for the circuit in 
Fig. 3.97 by inspection. Calculate the power 
absorbed by the 8-Q resistor. 


4Q 8 Q 5 Q 


20 V 





8 V 


Figure 3.97 


For Prob. 3.55. 


By inspection, write the mesh-current equations for 
the circuit in Fig. 3.98. 
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3.62 Find the nodal voltages v, through v, in the circuit 
in Fig. 3.101 using PSpice. 
6i, 
10 V 
Figure 3.98 — For Prob. 3.56. 
20 V 
3.57. Write the mesh-current equations for the circuit in 
Fig. 3.99. 
2Q 5 Q 
6V (i) AV Figure 3.10! For Prob. 3.62. 
3.63 Use PSpice to solve the problem in Example 3.4. 
3.64 If the Schematics Netlist for a network is as follows, 
draw the network. 
12 (i) 12 (is) 1Q R_R1 2 2K 
RR 2 QO 4K 
RUS 3S 0 8K 
R_R4 3 4 6K 
VVo 4 0 DC 100 
' i a Ue O- ad. Be 4 
Figure 3.99 — For Prob. 3.57. i 4 = ae 
VE FL &2 OD OV 
3.58 — By inspection, obtain the mesh-current equations for FE E1 3°92 1 3 3 
the circuit in Fig. 3.100. 7 
3.65 The following program is the Schematics Netlist of 
a particular circuit. Draw the circuit and determine 
the voltage at node 2. 
RRL dt 2 .20 
RR2 2 0 50 
Vi RRs: 2 Ss 70 
R_R4 3 OQ 30 
V, VvS 1 0 20V 
Tis 2 2 De 2A 
Section 3.9 Applications 
3.66 Calculate v, and 7, in the circuit of Fig. 3.102. 
Ry V3 6 Ako 
Figure 3.100 — For Prob. 3.58. 
3mV 
Section 3.8 Circuit Analysis with PSpice 
3.59 Use PSpice to solve Prob. 3.44. F 
igure 3.102 — For Prob. 3.66. 
OU. acura gee ORON Ee ae 3.67 For the simplified transistor circuit of Fig. 3.103, 
3.61 Rework Prob. 3.51 using PSpice. calculate the voltage vp. 
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30 mV 





Figure 3.103 


For Prob. 3.67. 


3.68 For the circuit in Fig. 3.104, find the gain v,/v;. 


2kQ 200 Q 





Vs 500 Q 60v, 4002 


ee 





Figure 3.104 


For Prob. 3.68. 


*3.69 


€ 


Determine the gain v,/v, of the transistor amplifier 
circuit in Fig. 3.105. 

ly 
a 





200 Q 2kQ 





Figure 3.105 


For Prob. 3.69. 


3.70 For the simple transistor circuit of Fig. 3.106, let 
B = 75, Vez = 0.7 V. What value of v; is required 
to give a collector-emitter voltage of 2 V? 


2kQ 


40 kQ 5V 


Figure 3.106 


For Prob. 3.70. 


COMPREHENSIVE PROBLEMS 


*3.74 |§Rework Example 3.11 with hand calculation. 


Methods of Analysis [17 


3.71 Calculate v, for the transistor in Fig. 3.107 given 
that Uo = 4 V, B = 150, VBE — 0.7 V. 


1 kQ 
10 kQ 
+ 
18 V 
Vs F 7 
500 Q S Vo 
Figure 3.107 For Prob. 3.71. 


3.72 For the transistor circuit of Fig. 3.108, find [g, Vcg, 


and v,. Take 6 = 200, Ver = 0.7 V. 





Figure 3.108 


For Prob. 3.72. 


3.73. ‘Find Jz and V¢ for the circuit in Fig. 3.109. Let 
B = 100, Veg = 0.7 V. 


5 kQ 
10 kQ 
Vo 
+ 
a 12V 
Ip . 
4kO 
Figure 3.109 For Prob. 3.73. 
Go to the Student OLC 
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CIRCUIT THEOREMS 


Our schools had better get on with what is their overwhelmingly most 
important task: teaching their charges to express themselves clearly and 
with precision in both speech and writing; in other words, leading them 
toward mastery of their own language. Failing that, all their instruction 
in mathematics and science is a waste of time. 

—Joseph Weizenbaum, M.I.T. 


Enhancing Your Career 


Enhancing Your Communication Skill Taking a course 

in circuit analysis is one step in preparing yourself for a 

career in electrical engineering. Enhancing your commu- 

nication skill while in school should also be part of that 

preparation, as a large part of your time will be spent com- 

municating. OES; 
People in industry have complained again and again Totton 

that graduating engineers are ill-prepared in written and College 

oral communication. An engineer who communicates ef- ation 

fectively becomes a valuable asset. Pobieme 
You can probably speak or write easily and quickly. Skits 18 

But how effectively do you communicate? The art of ef- 

fective communication is of the utmost importance to your 

success as an engineer. 
For engineers in industry, communication is key to 

promotability. Consider the result of a survey of U.S. cor- 

porations that asked what factors influence managerial pro- 

motion. The survey includes a listing of 22 personal qualities 

and their importance in advancement. You may be surprised 

to note that “technical skill based on experience” placed 

fourth from the bottom. Attributes such as self-confidence, 

ambition, flexibility, maturity, ability to make sound deci- 


sions, getting things done with and through people, and ca- Ability to communicate effectively is regarded by many as the most 


pacity for hard work all ranked higher. At the top of the list 
was “ability to communicate.” The higher your professional 
career progresses, the more you will need to communicate. 
Therefore, you should regard effective communication as an 
important tool in your engineering tool chest. 

Learning to communicate effectively is a lifelong 
task you should always work toward. The best time to begin 
is while still in school. Continually look for opportunities 
to develop and strengthen your reading, writing, listening, 


important step to an executive promotion. 
(Adapted from J. Sherlock, A Guide to Technical Communication. 
Boston, MA: Allyn and Bacon, 1985, p. 7.) 


and speaking skills. You can do this through classroom 
presentations, team projects, active participation in student 
organizations, and enrollment in communication courses. 
The risks are less now than later in the workplace. 
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4.1 INTRODUCTION 


A major advantage of analyzing circuits using Kirchhoff’s laws as we did 
in Chapter 3 is that we can analyze a circuit without tampering with its 
original configuration. A major disadvantage of this approach is that, for 
a large, complex circuit, tedious computation is involved. 

The growth in areas of application of electric circuits has led to an 
evolution from simple to complex circuits. To handle the complexity, 
engineers over the years have developed some theorems to simplify cir- 
cuit analysis. Such theorems include Thevenin’s and Norton’s theorems. 
Since these theorems are applicable to linear circuits, we first discuss the 
concept of circuit linearity. In addition to circuit theorems, we discuss the 
concepts of superposition, source transformation, and maximum power 
transfer in this chapter. The concepts we develop are applied in the last 
section to source modeling and resistance measurement. 


4.2 LINEARITY PROPERTY 


Linearity is the property of an element describing a linear relationship 
between cause and effect. Although the property applies to many circuit 
elements, we shall limit its applicability to resistors in this chapter. The 
property is a combination of both the homogeneity (scaling) property and 
the additivity property. 

The homogeneity property requires that if the input (also called the 
excitation) 1s multiplied by a constant, then the output (also called the 
response) is multiplied by the same constant. For a resistor, for example, 
Ohm’s law relates the input 7 to the output v, 


vu=iIR (4.1) 


If the current is increased by a constant k, then the voltage increases 


correspondingly by k, that is, 


The additivity property requires that the response to a sum of inputs 
is the sum of the responses to each input applied separately. Using the 
voltage-current relationship of a resistor, if 


v) =iiR (4.3a) 
and 
Vy =inR (4.3b) 


then applying (i; + iz) gives 


v=(+n)R=iyRAtDR=v,4+ (4.4) 


We say that a resistor is a linear element because the voltage-current 
relationship satisfies both the homogeneity and the additivity properties. 

In general, a circuit is linear if itis both additive and homogeneous. 
A linear circuit consists of only linear elements, linear dependent sources, 
and independent sources. 
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A linear circuit is one whose output is linearly related 


(or directly proportional) to its input. 





Throughout this book we consider only linear circuits. Note that since 
p = i°R = v’/R (making it a quadratic function rather than a linear 
one), the relationship between power and voltage (or current) is nonlinear. 
Therefore, the theorems covered in this chapter are not applicable to 
power. 

To understand the linearity principle, consider the linear circuit 
shown in Fig. 4.1. The linear circuit has no independent sources inside Vs Linear circuit 
it. It is excited by a voltage source v,, which serves as the input. The 
circuit is terminated by aload R. We may take the current i through R as 
the output. Suppose v, = 10 V gives i = 2 A. According to the linearity 
principle, v; = 1 V will give i = 0.2 A. By the same token, i = 1 mA Figure 4 | A linear circuit with input v, and 
must be due to vy, = 5 mV. output i. 





4. | 





For the circuit in Fig. 4.2, find i, when v, = 12 V and v, = 24 V. 
Solution: 


Applying KVL to the two loops, we obtain 





127, — 4i. + v, = O (4.1.1) 
— 41, + 16i7 — 3v, — v, = 0 (4.1.2) 
But v, = 27;. Equation (4.1.2) becomes 
—107,; + 1672 — v, = O (4.1.3) 
Adding Eqs. (4.1.1) and (4.1.3) yields Figure4.2 For Example 4.1. 


21, + 12i2 = O —=> i; = —6i2 
Substituting this in Eq. (4.1.1), we get 


Us 
—76i ,=0 es 
12 + UV =—=> 17 76 
When v, = 12 V, 
12 
==] — A 
76 
When v, = 24 V, 
24 
lo —_— l —- 
- 6 


showing that when the source value is doubled, i, doubles. 


PRACTICE PROBLE ™ Rai 


For the circuit in Fig. 4.3, find v, when i, = 15 and i, = 30 A. a 


Answer: 10 V, 20 V. 


Figure 4.3 For Practice Prob. 4.1. 
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Assume [, = | A and use linearity to find the actual value of J, in the 
circuit in Fig. 4.4. 


i 6 Q 2 Vy ie 20) ly, 3Q 





1,=15A 


Figure 44° For Example 4.2. 


Solution: 


If 7, = 1A, then Vj = (3+5)/, = 8 Vand , = V,/4 = 2A. Applying 
KCL at node | gives 


b=h+i,=3A 


V. 
Vo =V,+2b =8+6=I14V, => =2A 


Applying KCL at node 2 gives 
y= h+h=5A 


Therefore, J, = 5 A. This shows that assuming J, = 1 gives J, = 5 A; 
the actual source current of 15 A will give J, = 3 A as the actual value. 











PRACTICE PROBLE M iy 
12Q Assume that V, = 1 V and use linearity to calculate the actual value of 
V, in the circuit of Fig. 4.5. 
10V 5Q2 8QsV, Answer: 4 V. 


Figure 4.5 — For Practice Prob. 4.2 


4.3 SUPERPOSITION 


If a circuit has two or more independent sources, one way to determine 
the value of a specific variable (voltage or current) is to use nodal or mesh 
analysis as in Chapter 3. Another way is to determine the contribution of 
each independent source to the variable and then add them up. The latter 
approach is known as the superposition. 
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The idea of superposition rests on the linearity property. 


The superposition principle states that the voltage across (or current through) an 
element in a linear circuit is the algebraic sum of the voltages across (or currents 
through) that element due to each independent source acting alone. 





The principle of superposition helps us to analyze a linear circuit with 
more than one independent source by calculating the contribution of each 
independent source separately. However, to apply the superposition prin- 
ciple, we must keep two things in mind: 

1. We consider one independent source at a time while all other 
independent sources are turned off. This implies that we 
replace every voltage source by O V (or a short circuit), and 
every current source by 0 A (or an open circuit). This way we 
obtain a simpler and more manageable circuit. 

2. Dependent sources are left intact because they are controlled 
by circuit variables. 


With these in mind, we apply the superposition principle in three steps: 


Steps to Apply Superposition Principle: 


1. Turn off all independent sources except one source. Find the 
output (voltage or current) due to that active source using nodal or 
mesh analysis. 


. Repeat step | for each of the other independent sources. 


3. Find the total contribution by adding algebraically all the 
contributions due to the independent sources. 


Analyzing a circuit using superposition has one major disadvan- 
tage: it may very likely involve more work. If the circuit has three 
independent sources, we may have to analyze three simpler circuits each 
providing the contribution due to the respective individual source. How- 
ever, Superposition does help reduce a complex circuit to simpler circuits 
through replacement of voltage sources by short circuits and of current 
sources by open circuits. 

Keep in mind that superposition is based on linearity. For this 
reason, it is not applicable to the effect on power due to each source, 
because the power absorbed by a resistor depends on the square of the 
voltage or current. If the power value is needed, the current through (or 
voltage across) the element must be calculated first using superposition. 





[23 


Superposition is not limited to circuit analysis but 
is applicable in many fields where cause and effect 
bear a linear relationship to one another. 


Other terms such as killed, made inactive, dead- 
ened, or set equal to zero are often used to con- 
vey the same idea. 


For example, when current i, flows through re- 
sistor R, the power is p) = Rit, and when current 
ip flows through R, the power is pp = Ris. If cur- 
rent ij + ip flows through R, the power absorb- 
ed is py = Rij + i)’ = Rit + Ri; + Wisin 
b| + bp. Thus, the power relation is nonlinear. 


EW CCS 


Use the superposition theorem to find v in the circuit in Fig. 4.6. 
Solution: 
Since there are two sources, let 

V=V,+ U9 


where v,; and v2 are the contributions due to the 6-V voltage source and 


8 Q 


Figure 4.6 For Example 4.3. 
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the 3-A current source, respectively. To obtain vj, we set the current 
source to zero, as shown in Fig. 4.7(a). Applying KVL to the loop in Fig. 
4.7(a) gives 


127; -6=0 —— 1; =05A 
Thus, 





vy, = 41, =2V 


We may also use voltage division to get v; by writing 


Ne * 6) =2V 
v= —— = 
is ‘448 
+ 
40 25 3A To get V2, we set the voltage source to zero, as in Fig. 4.7(b). Using 
— current division, 
8 
iz = ——(3)=2A 
. Hence, 
Figure4./ For Example 4.3: 
(a) calculating v,, (b) calculating v2. UV) = Ai —§& V 
And we find 


v=vutw=2+8=10V 


P 


RACTICE PROBLE M Raa 








3.Q SQ, Using the superposition theorem, find v, in the circuit in Fig. 4.8. 
Answer: 12 V. 





\, 20V 


Figure 48 For Practice Prob. 4.3. 





Find i, 1n the circuit in Fig. 4.9 using superposition. 

Solution: 

The circuit in Fig. 4.9 involves a dependent source, which must be left 
intact. We let 

4A in =i, +i, (4.4.1) 


where i, andi” are due to the 4-A current source and 20-V voltage source 
respectively. To obtain i}, we turn off the 20-V source so that we have 
the circuit in Fig. 4.10(a). We apply mesh analysis in order to obtain i’. 
20 V For loop 1, 





Figure 49 For Example 4.4. 1) =4A (4.4.2) 
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4A 





20 V 


(a) (b) 


Figure 410 For Example 4.4: Applying superposition to (a) obtain ig, (b) obtain i. 


For loop 2, 
—3i, + 6i2 — liz — Si) = 0 (4.4.3) 
For loop 3, 
—5i,; — liz + 1013 + 5i, = 0 (4.4.4) 
But at node 0, 
i3 =i, -i, =4-i77 (4.4.5) 


Substituting Eqs. (4.4.2) and (4.4.5) into Eqs. (4.4.3) and (4.4.4) gives 
two simultaneous equations 


3in — 21, = 8 (4.4.6) 
in + Si, = 20 (4.4.7) 
which can be solved to get 
ae (4.4.8) 
LS. 4. 
o 17 


To obtain 7/’, we turn off the 4-A current source so that the circuit 
becomes that shown in Fig. 4.10(b). For loop 4, KVL gives 


6i4 —is —5i, =0 (4.4.9) 
and for loop 5, 
—i, + 10i5 — 204+ Si” = 0 (4.4.10) 


But is = —i”. Substituting this in Eqs. (4.4.9) and (4.4.10) gives 


6i4 — 41" = 0 (4.4.11) 
ig + Si” = —20 (4.4.12) 


which we solve to get 
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rigs —- a= 60 
° 17 
Now substituting Eqs. (4.4.8) and (4.4.13) into Eq. (4.4.1) gives 


(4.4.13) 


8 
ip = —— = —0.4706A 





17 
PRACTICE PROBLE ™ ig 
202 v, Use superposition to find v, in the circuit in Fig. 4.11. 
Answer: v, = 12.5 V. 
10V 42 0.1V, 
Figure 4.1| For Practice Prob. 4.4. 
4.5 





For the circuit in Fig. 4.12, use the superposition theorem to find 7. 
Solution: 


In this case, we have three sources. Let 

i= t+i2t+i3 
12v where i,, i2, and 73 are due to the 12-V, 24-V, and 3-A sources respectively. 
To getz,, consider the circuit in Fig. 4.13(a). Combining 4 Q (on the right- 
hand side) in series with 8 Q gives 12 Q2. The 12 Q in parallel with 4 Q 
gives 12 x 4/16 = 3 Q. Thus, 





Figure 4\2 For Example 4.5. 


12 
a — ee 
6 


To get iz, consider the circuit in Fig. 4.13(b). Applying mesh analysis, 
161, — 4i, + 24 = 0 = 4i, —ip = —6 (4.5.1) 
Tip — 4ig = 0 => p= iis (4.5.2) 
Substituting Eq. (4.5.2) into Eq. (4.5.1) gives 
in =i, = —1 


To get i3, consider the circuit in Fig. 4.13(c). Using nodal analysis, 








U2 Ua — Vi 
5 = 8 + A —=> 24 = 35 = 2v1 (4.5.3) 
Uy — Ui ie ae 10 ie 
= = —=> 2), i — ores | mF 
4 4° 3 7 301 aa 


Substituting Eq. (4.5.4) into Eq. (4.5.3) leads to v; = 3 and 
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\ 


12V 12V 3.Q 








(b) (C) 


Figure 4.13 For Example 4.5. 


U1 
ee ie 


Thus, 
t=ytibth=2-1+1=2A 


PRACTICE PROBLE ™ iia 





Find 7 in the circuit in Fig. 4.14 using the superposition principle. 


16V 12V 


Figure 4 [4 For Practice Prob. 4.5. 


Answer: 0.75 A. 


4.4 SOURCE TRANSFORMATION 


We have noticed that series-parallel combination and wye-delta transfor- 
mation help simplify circuits. Source transformation is another tool for 
simplifying circuits. Basic to these tools is the concept of equivalence. 
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We recall that an equivalent circuit is one whose v-i characteristics are 
identical with the original circuit. 

In Section 3.6, we saw that node-voltage (or mesh-current) equa- 
tions can be obtained by mere inspection of a circuit when the sources are 
all independent current (or all independent voltage) sources. It is there- 
fore expedient in circuit analysis to be able to substitute a voltage source 
in series with a resistor for a current source in parallel with a resistor, or 
vice versa, as shown in Fig. 4.15. Either substitution is known as a source 
transformation. 


a a 


b b 


Figure 4\5 Transformation of independent sources. 


A source transformation is the process of replacing a voltage source v, 
in series with a resistor R by a current source i, in parallel 
with a resistor R, or vice versa. 





The two circuits in Fig. 4.15 are equivalent—provided they have the same 
voltage-current relation at terminals a-b. It is easy to show that they are 
indeed equivalent. If the sources are turned off, the equivalent resistance 
at terminals a-b in both circuits is R. Also, when terminals a-b are short- 
circuited, the short-circuit current flowing from a to D 1s is. = vs/R in 
the circuit on the left-hand side and i,. = i, for the circuit on the right- 
hand side. Thus, v,/R = i, in order for the two circuits to be equivalent. 


Hence, source transformation requires that 
Us 
UV, =1,R or —— R (4.5) 


Source transformation also applies to dependent sources, provided 
we carefully handle the dependent variable. As shown in Fig. 4.16, a 
dependent voltage source in series with a resistor can be transformed to 
a dependent current source in parallel with the resistor or vice versa. 


R 
a a 


b b 


Figure 46 Transformation of dependent sources. 


Like the wye-delta transformation we studied in Chapter 2, a source 
transformation does not affect the remaining part of the circuit. When 
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applicable, source transformation is a powerful tool that allows circuit 
manipulations to ease circuit analysis. However, we should keep the 
following points in mind when dealing with source transformation. 


1. Note from Fig. 4.15 (or Fig. 4.16) that the arrow of the current 
source 1s directed toward the positive terminal of the voltage 
source. 


2. Note from Eq. (4.5) that source transformation is not possible 
when R = O, which is the case with an ideal voltage source. 
However, for a practical, nonideal voltage source, R + 0. 
Similarly, an ideal current source with R = o cannot be 
replaced by a finite voltage source. More will be said on ideal 
and nonideal sources in Section 4.10.1. 


EXAM P| 5 ccc 


Use source transformation to find v, in the circuit in Fig. 4.17. 


2Q 3.Q 
Solution: 
We first transform the current and voltage sources to obtain the circuitin 42 3A 12V 
Fig. 4.18(a). Combining the 4-Q2 and 2-Q2 resistors in series and trans- 


forming the 12-V voltage source gives us Fig. 4.18(b). We now combine 

the 3-Q and 6-Q2 resistors in parallel to get 2-Q. We also combine the Figure 4.17 
2-A and 4-A current sources to get a 2-A source. Thus, by repeatedly 

applying source transformations, we obtain the circuit in Fig. 4.18(c). 


For Example 4.6. 





(b) (c) 


Figure 4.18 For Example 4.6. 


We use current division in Fig. 4.18(c) to get 


2 
;-_“ _(9)-94 
ere he 


and 


Uo = 81 = 8(0.4) = 3.2 V 
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Alternatively, since the 8-2 and 2-Q2 resistors in Fig. 4.18(c) are in 
parallel, they have the same voltage v, across them. Hence, 


8 x 2 
Uo = (8 || 2)Q A) = arr ce, =3.2V 


PRACTICE PROBLE ™ Rg 





Find 7, in the circuit of Fig. 4.19 using source transformation. 





Figure 419 For Practice Prob. 4.6. 


Answer: 1.78 A. 





Find v, in Fig. 4.20 using source transformation. 
Solution: 


The circuit in Fig. 4.20 involves a voltage-controlled dependent current 
source. We transform this dependent current source as well as the 6-V 
independent voltage source as shown in Fig. 4.21(a). The 18-V volt- 

18V age source is not transformed because it is not connected in series with 
any resistor. The two 2-Q resistors in parallel combine to give a 1-Q 
resistor, which is in parallel with the 3-A current source. The current is 
transformed to a voltage source as shown in Fig. 4.21(b). Notice that the 
terminals for v, are intact. Applying KVL around the loop in Fig. 4.21(b) 
gives 





Figure 4.20 For Example 4.7. 


—3+4+5i+v, +18 =0 (4.7.1) 


4Q 


3A 22 22 Sy, 18 V 





(a) (b) 


Figure 42| For Example 4.7: Applying source transformation to the circuit in Fig. 4.20. 
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Applying KVL to the loop containing only the 3-V voltage source, the 
1-Q2 resistor, and v, yields 


—3+li+v, =0 ——s VS 3-1 (4.7.2) 
Substituting this into Eq. (4.7.1), we obtain 
1IS3+353+3-i1=0 => i=—4.5A 


Alternatively, we may apply KVL to the loop containing v,, the 4-Q 
resistor, the voltage-controlled dependent voltage source, and the 18-V 
voltage source in Fig. 4.21(b). We obtain 


—v, + 4i + v0, +18 =0 = i=—-4.5A 
Thus, v, = 3—i =7.5 V. 


PRACTICE PROBLEM ay 





Use source transformation to find 7, in the circuit shown in Fig. 4.22. 
Answer: 1.176A. 





Figure 4?) For Practice Prob. 4.7. 


4.5 THEVENIN’S THEOREM Electronic Testing Tutorials 


It often occurs in practice that a particular element in a circuit is variable 
(usually called the /oad) while other elements are fixed. As a typical 
: : Linear 

example, a household outlet terminal may be connected to different ap- Re 
pliances constituting a variable load. Each time the variable element is arcu 
changed, the entire circuit has to be analyzed all over again. To avoid this 
problem, Thevenin’s theorem provides a technique by which the fixed 
part of the circuit is replaced by an equivalent circuit. 

According to Thevenin’s theorem, the linear circuit in Fig. 4.23(a) 
can be replaced by that in Fig. 4.23(b). (The load in Fig. 4.23 may be a 
single resistor or another circuit.) The circuit to the left of the terminals 
a-b in Fig. 4.23(b) is known as the Thevenin equivalent circuit; it was 
developed in 1883 by M. Leon Thevenin (1857-1926), a French telegraph 
engineer. 





(b) 
Cn) . . . . 
Thevenin's theorem states that a linear two-terminal circuit can be replaced Figure423 Replacing a linear two-terminal 
by an equivalent circuit consisting of a voltage source V7, in series with circuit by its Thevenin equivalent: (a) original 
a resistor Rr», where V7, is the open-circuit voltage at the terminals circuit, (b) the Thevenin equivalent circuit. 


and Ry, is the input or equivalent resistance at the terminals when 
the independent sources are turned off. 





The proof of the theorem will be given later, in Section 4.7. Our 
major concern right now is how to find the Thevenin equivalent voltage 
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Figure 4.25 


Circuit with 

all independent 
sources set equal 
to zero 


Circuit with 

all independent 
sources set equal 
to zero 


(b) 


Finding Ry, when circuit 
has dependent sources. 


Later we will see that an alternative way of finding 


Ryy is Rr, = Vecllee. 


PART | DC Circuits 


Vrn and resistance Ry,. To do so, suppose the two circuits in Fig. 4.23 
are equivalent. Two circuits are said to be equivalent if they have the 
same voltage-current relation at their terminals. Let us find out what will 
make the two circuits in Fig. 4.23 equivalent. If the terminals a-b are 
made open-circuited (by removing the load), no current flows, so that 
the open-circuit voltage across the terminals a-b in Fig. 4.23(a) must be 
equal to the voltage source Vy, in Fig. 4.23(b), since the two circuits are 
equivalent. Thus Vy, is the open-circuit voltage across the terminals as 
shown in Fig. 4.24(a); that is, 


Vth = Voc (4.6) 
O . . : ‘ 
’ . Linear circuit with iii 
Linear + ; R. 
all independent in 
two-terminal V — 
a a sources set equal 
circuit = 
b to zero Ob 





Vin = Voc 


(a) 
Figure 4.24 


Finding Vyp, and Rp. 





Ry, = R; 


in 


(b) 


Again, with the load disconnected and terminals a-b open-circuited, 
we turn off all independent sources. The input resistance (or equivalent 
resistance) of the dead circuit at the terminals a-b in Fig. 4.23(a) must 
be equal to Rap in Fig. 4.23(b) because the two circuits are equivalent. 
Thus, Rep is the input resistance at the terminals when the independent 
sources are turned off, as shown in Fig. 4.24(b); that is, 


Rtn = Rin (4.7) 


To apply this idea in finding the Thevenin resistance Rt,, we need 
to consider two cases. 


CASE @§ If the network has no dependent sources, we turn off all in- 
dependent sources. Rp is the input resistance of the network looking 
between terminals a and b, as shown in Fig. 4.24(b). 


CASE WA If the network has dependent sources, we turn off all inde- 
pendent sources. As with superposition, dependent sources are not to be 
turned off because they are controlled by circuit variables. We apply a 
voltage source v, at terminals a and b and determine the resulting cur- 
rent i,. Then Rr, = vo/io, aS Shown in Fig. 4.25(a). Alternatively, we 
may insert a current source i, at terminals a-b as shown in Fig. 4.25(b) 
and find the terminal voltage v,. Again Ry, = vU,/io. Either of the two 
approaches will give the same result. In either approach we may assume 
any value of uv, and i,. For example, we may use v, = | V ori, = 1A, 
or even use unspecified values of v, OF Jo. 


It often occurs that Rt, takes a negative value. In this case, the 
negative resistance (v = —i R) implies that the circuit is supplying power. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 4 Circuit Theorems [33 


This is possible in a circuit with dependent sources; Example 4.10 will 
illustrate this. 

Thevenin’s theorem is very important in circuit analysis. It helps 
simplify a circuit. A large circuit may be replaced by a single independent 
voltage source and a single resistor. This replacement technique is a 
powerful tool in circuit design. 

As mentioned earlier, a linear circuit with a variable load can be re- 
placed by the Thevenin equivalent, exclusive of the load. The equivalent 
network behaves the same way externally as the original circuit. Con- (a) 
sider a linear circuit terminated by a load R;,, as shown in Fig. 4.26(a). 


Linear 


circuit 











R 
The current J; through the load and the voltage Vz across the load are Y . 
easily determined once the Thevenin equivalent of the circuit at the load’s | I, 
terminals is obtained, as shown in Fig. 4.26(b). From Fig. 4.26(b), we V : 
obtain om : 
Vy: 
ee (4.8) 
Rtn + Ri b 
(b) 
Vec= hei = ey (4.8b) 
oi Ry, + Rt i , Figure 426 A circuit with a load: 
. . . . . (a) original circuit, (b) Thevenin 
Note from Fig. 4.26(b) that the Thevenin equivalent is a simple voltage equivalent. 
divider, yielding Vz by mere inspection. 
4.8 
Find the Thevenin equivalent circuit of the circuit shown in Fig. 4.27, to 4Q re 
the left of the terminals a-b. Then find the current through R; = 6, 16, - 
and 36 Q2. aay AR, 
Solution: 
We find Rt, by turning off the 32-V voltage source (replacing it with 
a short circuit) and the 2-A current source (replacing it with an open 
circuit). The circuit becomes what is shown in Fig. 4.28(a). Thus, Figure 427 For Example 4.8. 


4x 12 
Rm =4 || 12+1= = +1=42 


4Q 1Q 





(a) (b) 


Figure 4.28 For Example 4.8: (a) finding Ryp, (b) finding Vpp. 


To find Vrp, consider the circuit in Fig. 4.28(b). Applying mesh 
analysis to the two loops, we obtain 


—32 + 474, + 12@, — in) = 0, Ig = —2A 
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Solving for i}, we get i; = 0.5 A. Thus, 
Von = 12, — i2) = 12(0.5 + 2.0) = 30 V 
Alternatively, it is even easier to use nodal analysis. We ignore the 1-Q 
resistor since no current flows through it. At the top node, KCL gives 
32 — Vrn ot Vth 
4 12 
or 


96 — 3Vy, + 24 = Vin => Vr, = 30 V 


as obtained before. We could also use source transformation to find Vryp. 
The Thevenin equivalent circuit is shown in Fig. 4.29. The current 
through R, is 





4Q, A 
{i I, = — Vth = 30 
Rmt+Rr 44+ R17 
30 V Ry 
When R; = 6, 
iS 
: “10 
Figure 429 The Thevenin When R; = 16, 
equivalent circuit for Example 4.8. 30) 
Irp=—=15A 
20 
When Ry, = 36, 
30 
i= — ]=0 54 
40 


PRACTICE PROBLE ™ Sige: 





Using Thevenin’s theorem, find the equivalent circuit to the left of the 
terminals in the circuit in Fig. 4.30. Then find 7. 


6 Q 6 Q 


12V 1Q 


Figure 4 30 For Practice Prob. 4.8. 


Answer: Vr, = OV, Rp =3 Q,1 = 1.5A. 


EXAM ? | 5 i acc 


Find the Thevenin equivalent of the circuit in Fig. 4.31. 
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Solution: 


2v, 
This circuit contains a dependent source, unlike the circuit in the previ- 

ous example. To find Ry, we set the independent source equal to zero 

but leave the dependent source alone. Because of the presence of the at R 
dependent source, however, we excite the network with a voltage source . 
UV, connected to the terminals as indicated in Fig. 4.32(a). We may set 5, 40 62 

Uo = 1 V to ease calculation, since the circuit is linear. Our goal is to find 

the current i, through the terminals, and then obtain Rr, = 1/i,. (Al- Ob 
ternatively, we may insert a I-A current source, find the corresponding 

voltage v,, and obtain Ry, = v,/1.) Figure 4.3! For Example 4.9. 


2V, 2V 


Xx 





Figure 432 Finding Ry, and Vy, for Example 4.9. 


Applying mesh analysis to loop | in the circuit in Fig. 4.32(a) results 
in 


—2v, + 2(i, — in) = 0 or V» =, —lb 
But —4i, = v, = i; — I; hence, 
i; = —3ip (4.9.1) 
For loops 2 and 3, applying KVL produces 


Ain + 2(in — 11) + O(i2 — 13) = O (4.9.2) 
6(i3 — i2) + 213 +1 =0 (4.9.3) 
Solving these equations gives 
1 
3 = =a A 
But i, = —i3 = 1/6 A. Hence, 


1V 
=60 





Rt, = 


Lo 


To get Vrp, we find v,, in the circuit of Fig. 4.32(b). Applying mesh 
analysis, we get 
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i; —5 (4.9.4) 
— 2v, + 2(13 — In) = 0 —=—>> Vy = 13 —1lo (4.9.5) 
A(in —i,) + 2(n — 13) + 61g = O 


ae or 
a 
20 V 121, — 41, — 21, = 0 (4.9.6) 
ij But 4(7, — i2) = v,. Solving these equations leads to iz = 10/3. Hence, 
Figure 433 The Thevenin Vth = Voc = 612 = 20 V 
equivalent of the circuit in 
Fig. 4.31. The Thevenin equivalent is as shown in Fig. 4.33. 


PRACTICE PROBLE ™ igi 





Find the Thevenin equivalent circuit of the circuit in Fig. 4.34 to the left 
of the terminals. 


Answer: Vy, = 5.33 V, Ry, = 0.44 Q. 





Figure 4 34 For Practice Prob. 4.9. 


Determine the Thevenin equivalent of the circuit in Fig. 4.35(a). 
Solution: 


Since the circuit in Fig. 4.35(a) has no independent sources, V7, = 0 V. 
To find Ryp, itis best to apply a current source i, at the terminals as shown 
in Fig. 4.35(b). Applying nodal analysis gives 








bebe = 2h z (4.10.1) 
But 
2i, . 0 — Vo Uo 
° i, = = —-— (4.10.2) 
2 2 
Substituting Eq. (4.10.2) into Eq. (4.10.1) yields 
(b) 
° . Vo Vo Vo Vo . 
(= ES SS SS Or Up = —4il, 
Figure 4.35 For Example 4.10. 4 2 4 4 
Thus, 
Vo 
Rm = = —42 
l 


The negative value of the resistance tells us that, according to the passive 
sign convention, the circuit in Fig. 4.35(a) is supplying power. Of course, 
the resistors in Fig. 4.35(a) cannot supply power (they absorb power); it 
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is the dependent source that supplies the power. This is an example of 
how a dependent source and resistors could be used to simulate negative 
resistance. 


PRACTICE PROBLE ™ SRgaRgY 


Obtain the Thevenin equivalent of the circuit in Fig. 4.36. 
Answer: V7, = 0 V, Rr = —7.5 Q. 


4.6 NORTON’S THEOREM 


In 1926, about 43 years after Thevenin published his theorem, E. L. 
Norton, an American engineer at Bell Telephone Laboratories, proposed 
a similar theorem. 


Norton's theorem states that a linear two-terminal circuit can be replaced 
by an equivalent circuit consisting of a current source Iy in parallel with 
a resistor Ry, where /y is the short-circuit current through the terminals 
and Ry is the input or equivalent resistance at the terminals when the 
independent sources are turned off. 





Thus, the circuit in Fig. 4.37(a) can be replaced by the one in Fig. 4.37(b). 
The proof of Norton’s theorem will be given in the next section. For 
now, we are mainly concerned with how to get Ry and Jy. We find Ry 
in the same way we find Ry. In fact, from what we know about source 
transformation, the Thevenin and Norton resistances are equal; that is, 


To find the Norton current Jy, we determine the short-circuit current 
flowing from terminal a to D in both circuits in Fig. 4.37. It is evident 
that the short-circuit current in Fig. 4.37(b) is [y. This must be the same 
short-circuit current from terminal a to b in Fig. 4.37(a), since the two 
circuits are equivalent. Thus, 


Iy = iy. (4.10) 


shown in Fig. 4.38. Dependent and independent sources are treated the 
same way as in Thevenin’s theorem. 

Observe the close relationship between Norton’s and Thevenin’s 
theorems: Ry = Rp as in Eq. (4.9), and 


(4.11) 





[37 


@ 


Network Analysis 





10Q ’ 
Od 
+ 
V5 5Q 15Q 
Ob 
Figure 4 36 For Practice Prob. 4.10. 
Electronic Testing Tutorials 
Linear oe 
two-terminal 
circuit Ob 
(a) 
a 
In Ry 
b 
(b) 
Figure 4.37 (a) Original circuit, 


(b) Norton equivalent circuit. 


Linear 


two-terminal lsc = IN 
circuit 





Finding Norton 
current [y. 


Figure 4.38 
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The Thevenin and Norton equivalent circuits are This is essentially source transformation. For this reason, source trans- 
related by a source transformation. formation is often called Thevenin-Norton transformation. 

Since Vyp, Jy, and Rep are related according to Eq. (4.11), to de- 

termine the Thevenin or Norton equivalent circuit requires that we find: 


e The open-circuit voltage v,. across terminals a and b. 
e The short-circuit current i,. at terminals a and b. 


e The equivalent or input resistance Rj, at terminals a and b when 
all independent sources are turned off. 


We can calculate any two of the three using the method that takes the 
least effort and use them to get the third using Ohm’s law. Example 4.11 
will illustrate this. Also, since 


Vinh = Voc (4.12a) 
In = Ise (4.12b) 
U 
Rm = — = Ry (4.12c) 
lsc 


the open-circuit and short-circuit tests are sufficient to find any Thevenin 
or Norton equivalent. 








8 Q Find the Norton equivalent circuit of the circuit in Fig. 4.39. 
~ 4 Solution: 
We find Ry in the same way we find Ry, in the Thevenin equivalent cir- 
— a cuit. Set the independent sources equal to zero. This leads to the circuit 
in Fig. 4.40(a), from which we find Ry. Thus, 
oe 20x 5 
8 Q Be Oat ieee te 
Figure 4.39 — For Example 4.11. To find Iy,, we short-circuit terminals a and b, as shown in Fig. 4.40(b). 


We ignore the 5-Q resistor because it has been short-circuited. Applying 
mesh analysis, we obtain 


iy = ZA, 20i. — 41, — 12 = 0 
From these equations, we obtain 
p=lAHi4=— Ix 


Alternatively, we may determine Jy from Vy,/Rrp. We obtain Vp 
as the open-circuit voltage across terminals a and b in Fig. 4.40(c). Using 
mesh analysis, we obtain 


3,3 =2A 
25i4 — 413 — 12 = 0 => i4 =—O0.8A 
and 


Vso = Vr, = 54 = 4 V 
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= Ty 
(c) 
Figure 4.40 For Example 4.11; finding: (a) Ry, (b) Iv = ise, (C) Vi = Uoe- 
Hence, 
a 
Vth 4 
N= R=] 1A 4Q 


as obtained previously. This also serves to confirm Eq. (4.7) that Rr, = 
Voc/ Isc = 4/1 = 4 Q. Thus, the Norton equivalent circuit is as shown in Figure 4.41 Norton equiva- 
Fig. 4.41. lent of the circuit in Fig. 4.39. 


PRACTICE PROBLE ™ ai 





Find the Norton equivalent circuit for the circuit in Fig. 4.42. 3.Q 3Q 


Answer: Ry = 3 Q, [yn =4.5A. 
15 V 6 Q 


Figure 44) For Practice Prob. 4.11. 


4.12 
Using Norton’s theorem, find Ry and Jy of the circuit in Fig. 4.43 at ter- 
minals a-b. 
Solution: 


To find Ry, we set the independent voltage source equal to zero and con- 
nect a voltage source of vu, = | V (or any unspecified voltage v,) to the 
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terminals. We obtain the circuit in Fig. 4.44(a). We ignore the 4-Q resistor 
because it is short-circuited. Also due to the short circuit, the 5-Q resistor, 
the voltage source, and the dependent current source are all in parallel. 
Hence, i, = vo/5 = 1/5 = 0.2. At node a, —i, = iy +21, = 3i, = 0.6, 
and 

Ue 1 

Ryn = — = — = - 1.672 
Le —0.6 
To find J), we short-circuit terminals a and b and find the current i,,., 

as indicated in Fig. 4.44(b). Note from this figure that the 4-Q resistor, the 
10-V voltage source, the 5-Q resistor, and the dependent current source 
are all in parallel. Hence, 





Figure 443 For Example 4.12. 


10—0 
= SE 
5 


At node a, KCL gives 
ke = 1 +21, = 2 +4 =6A4 
Thus, 





(a) 


Figure 4.44 For Example 4.12: (a) finding Ry, (b) finding Iy. 


PRACTICE PROBLE Ry 


Find the Norton equivalent circuit of the circuit in Fig. 4.45. 
Answer: Ry = 1 Q, ly = 10A. 





Figure 4.45 For Practice Prob. 4.12. 


14,7 DERIVATIONS OF THEVENIN’S AND NORTON’S 
THEOREMS 


In this section, we will prove Thevenin’s and Norton’s theorems using 
the superposition principle. 
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Consider the linear circuit in Fig. 4.46(a). It 1s assumed that the cir- 
cuit contains resistors, and dependent and independent sources. We have 
access to the circuit via terminals a and b, through which current from 
an external source is applied. Our objective is to ensure that the voltage- 
current relation at terminals a and 5 is identical to that of the Thevenin 
equivalent in Fig. 4.46(b). For the sake of simplicity, suppose the linear 
circuit in Fig. 4.46(a) contains two independent voltage sources v,; and 
Us2 and two independent current sources i,; and i,2. We may obtain any 
circuit variable, such as the terminal voltage v, by applying superposition. 
That is, we consider the contribution due to each independent source in- 
cluding the external source i. By superposition, the terminal voltage v 
1S 


v = Aol + AjUs1 + A2Us2 + AZls1 + Agls2 (4.13) 


where Ag, A;, Az, A3, and Ay are constants. Each term on the right-hand 
side of Eq. (4.13) is the contribution of the related independent source; 
that is, Aoi is the contribution to v due to the external current source 1, 
A,0Us,; 18 the contribution due to the voltage source v;;, and so on. We 
may collect terms for the internal independent sources together as Bo, so 
that Eq. (4.13) becomes 


v = Aoi + Bo (4.14) 


where By = Ajvs1 + Azvs2 + Azls, + Agis2. We now want to evaluate 
the values of constants Aj and Bo. When the terminals a and b are open- 
circuited, i = 0 and v = Bo. Thus Bo is the open-circuit voltage v¢., 
which is the same as Vyp, SO 


Bo = Vim (4.15) 


When all the internal sources are turned off, Bp = 0. The circuit can then 
be replaced by an equivalent resistance R.g, which is the same as Rqy, 
and Eq. (4.14) becomes 


v = Aoi = Ril —=> Ao = Rt (4.16) 


Substituting the values of Ag and Bo in Eq. (4.14) gives 
v = Rpi + Vin (4.17) 


which expresses the voltage-current relation at terminals a and b of the 
circuit in Fig. 4.46(b). Thus, the two circuits in Fig. 4.46(a) and 4.46(b) 
are equivalent. 

When the same linear circuit is driven by a voltage source v as 
shown in Fig. 4.47(a), the current flowing into the circuit can be obtained 
by superposition as 


i=Covt+ Do (4.18) 


where Cov is the contribution to7 due to the external voltage source v and 
Dp contains the contributions to 7 due to all internal independent sources. 
When the terminals a-b are short-circuited, v = 0 so thati = Dp = —i,¢, 
where i;, 1s the short-circuit current flowing out of terminal a, which is 
the same as the Norton current /y, 1.e., 


Do = —Iyn (4.19) 


[4] 


Linear 


circuit 





(a) 


Vin 





(b) 


Figure 446 Derivation of 
Thevenin equivalent: (a) a 
current-driven circuit, (b) its 
Thevenin equivalent. 


Linear 


circuit 





(a) 


1 
—pP- a 
O 
O 
b 


(b) 


Figure 447 Derivation of Norton 
equivalent: (a) a voltage-driven 
circuit, (b) its Norton equivalent. 
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Figure 4.48 


Ry 


b 


The circuit used for 


maximum power transfer. 





Figure 4.49 


Rtp Ry, 


Power delivered to the load 
as a function of R;. 
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When all the internal independent sources are turned off, Dp = O and the 
circuit can be replaced by an equivalent resistance Reg (or an equivalent 
conductance Geg = 1/Req), which is the same as Ry, or Ry. Thus Eq. 
(4.19) becomes 


v 
i= ——Iy (4.20) 

Rtn 
This expresses the voltage-current relation at terminals a-b of the circuit 
in Fig. 4.47(b), confirming that the two circuits in Fig. 4.47(a) and 4.47(b) 


are equivalent. 


4.8 MAXIMUM POWER TRANSFER 


In many practical situations, a circuit is designed to provide power to a 
load. While for electric utilities, minimizing power losses in the process 
of transmission and distribution is critical for efficiency and economic 
reasons, there are other applications in areas such as communications 
where it is desirable to maximize the power delivered to a load. We now 
address the problem of delivering the maximum power to a load when 
given a system with known internal losses. It should be noted that this 
will result in significant internal losses greater than or equal to the power 
delivered to the load. 

The Thevenin equivalent is useful in finding the maximum power a 
linear circuit can deliver to a load. We assume that we can adjust the load 
resistance R,. If the entire circuit is replaced by its Thevenin equivalent 
except for the load, as shown in Fig. 4.48, the power delivered to the load 
1S 


p=i'’R, = (Gite) (4.21) 
. Rtn + Rt : ) 


For a given circuit, Vp, and Ryp are fixed. By varying the load resistance 
R_,, the power delivered to the load varies as sketched in Fig. 4.49. We 
notice from Fig. 4.49 that the power is small for small or large values of 
R, but maximum for some value of R; between 0 and oo. We now want 
to show that this maximum power occurs when R, is equal to Rt. This 
is known as the maximum power theorem. 


Maximum power is transferred to the load when the load resistance equals the 
Thevenin resistance as seen from the load (R, = Rr,). 





To prove the maximum power transfer theorem, we differentiate 
p in Eq. (4.21) with respect to R; and set the result equal to zero. We 
obtain 


dp 9 ‘x + R,)* —2R,(Rm + = 


dR," (Rtn + R,)4 
7 ‘x aes ae | 
= V2, | —~ = | =0 
(Rp + Rz) 
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This implies that 
O= (Rm + Ry — 2Rz,) = (Rm — Rx) (4.22) 


which yields 


showing that the maximum power transfer takes place when the load 
resistance R; equals the Thevenin resistance Ry,. We can readily confirm The crunennaiancaabaaicronen 
that Eq. (4.23) gives the maximum power by showing that d? p/d R; < 0. oe 
The maximum power transferred is obtained by substituting Eq. 
(4.23) into Eq. (4.21), for 





(4.24) 


Equation (4.24) applies only when R,; = Rp. When Ry, ~ Rt, we 
compute the power delivered to the load using Eq. (4.21). 


4.13 


Find the value of R; for maximum power transfer in the circuit of Fig. 
4.50. Find the maximum power. 


6 Q 3.Q 2Q a 


12V ( 12Q 2A R, 


Figure 4.50 For Example 4.13. 


Solution: 


We need to find the Thevenin resistance Ry, and the Thevenin voltage 
Vrn across the terminals a-b. To get Rep, we use the circuit in Fig. 4.51(a) 





and obtain 
6x 12 
Rm =24+3+4+6]|) 12=5+4+ in = 9° 
6 Q 3.Q 2Q 
Rt 
129 ——— 12 V 





(a) (b) 


Figure 4.5! For Example 4.13: (a) finding Rpp, (b) finding Vp. 
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To get Vrp, we consider the circuit in Fig. 4.51(b). Applying mesh anal- 
ysis, 


—12+ 187, — 1272 = 0, Ig = —2A 


Solving for i;, we get 17 = —2/3. Applying KVL around the outer loop 
to get Vr, across terminals a-b, we obtain 


—12+ 617; + 31. + 2(0) + Vin = O => Vrn = 22 V 
For maximum power transfer, 
Ry = Rm = 9 Q 


and the maximum power is 





Ve 22 
ra = 13.44 W 
4R, 4x9 
a CC a On mame 4. | 3 
22 4Q Determine the value of R; that will draw the maximum power from the 


rest of the circuit in Fig. 4.52. Calculate the maximum power. 
Answer: 4.22 (2, 2.901 W. 





Figure 4.52 — For Practice Prob. 4.13. 


4.9 VERIFYING CIRCUIT THEOREMS WITH PSPICE 


In this section, we learn how to use PSpice to verify the theorems covered 
in this chapter. Specifically, we will consider using dc sweep analysis to 
find the Thevenin or Norton equivalent at any pair of nodes in a circuit 
and the maximum power transfer to a load. The reader is advised to read 
Section D.3 of Appendix D in preparation for this section. 

To find the Thevenin equivalent of a circuit at a pair of open ter- 
minals using PSpice, we use the schematic editor to draw the circuit and 
insert an independent probing current source, say, Ip, at the terminals. 
The probing current source must have a part name ISRC. We then per- 
form a DC Sweep on Ip, as discussed in Section D.3. Typically, we may 
let the current through Ip vary from 0 to 1 A in 0.1-A increments. After 
simulating the circuit, we use Probe to display a plot of the voltage across 
Ip versus the current through Ip. The zero intercept of the plot gives us 
the Thevenin equivalent voltage, while the slope of the plot is equal to 
the Thevenin resistance. 

To find the Norton equivalent involves similar steps except that we 
insert a probing independent voltage source (with a part name VSRC), 
say, Vp, at the terminals. We perform a DC Sweep on Vp and let Vp 
vary from 0 to 1 V in 0.1-V increments. A plot of the current through 
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Vp versus the voltage across Vp is obtained using the Probe menu after 
simulation. The zero intercept is equal to the Norton current, while the 
slope of the plot 1s equal to the Norton conductance. 

To find the maximum power transfer to a load using PSpice involves 
performing a dc parametric sweep on the component value of Ry, in Fig. 
4.48 and plotting the power delivered to the load as a function of R;. 
According to Fig. 4.49, the maximum power occurs when R; = Rvp. 
This is best illustrated with an example, and Example 4.15 provides one. 

We use VSRC and ISRC as part names for the independent voltage 
and current sources. 


4.14 





Consider the circuit is in Fig. 4.31 (see Example 4.9). Use PSpice to find 
the Thevenin and Norton equivalent circuits. 


Solution: 


(a) To find the Thevenin resistance Ry, and Thevenin voltage Vy, at the 
terminals a-b in the circuit in Fig. 4.31, we first use Schematics to draw 
the circuit as shown in Fig. 4.53(a). Notice that a probing current source 
[2 is inserted at the terminals. Under Analysis/Setput, we select DC 
Sweep. In the DC Sweep dialog box, we select Linear for the Sweep 
Type and Current Source for the Sweep Var. Type. We enter I2 under the 
Name box, 0 as Start Value, 1 as End Value, and 0.1 as Increment. After 
simulation, we add trace V(I2:—) from the Probe menu and obtain the 
plot shown in Fig. 4.53(b). From the plot, we obtain 


26 — 20 
= 62 





Vin = Zero intercept = 20 V, Rtn = Slope = 


1 
These agree with what we got analytically in Example 4.9. 





Figure 453° For Example 4.14: (a) schematic and (b) plot for finding Ry, and Vrp. 


(b) To find the Norton equivalent, we modify the schematic in Fig. 4.53(a) 
by replaying the probing current source with a probing voltage source V1. 
The result is the schematic in Fig. 4.54(a). Again, in the DC Sweep dialog 
box, we select Linear for the Sweep Type and Voltage Source for the Sweep 
Var. Type. We enter V1 under Name box, 0 as Start Value, 1 as End Value, 
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Figure 4.54 


(a) 
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and 0.1 as Increment. When the Probe is running, we add trace I(V1) and 
obtain the plot in Fig. 4.54(b). From the plot, we obtain 


Ty = Zero intercept = 3.335 A 
3.335 — 3.165 


Gy = Slope = ——_—— = 0.178 


For Example 4.14: (a) schematic and (b) plot for finding Gy and Jy. 


PRACTICE PROBLE ™ (Rg 


4.14 
1kQ 
1V R, 
Figure 4.55 For Example 4.15. 
PARAMETERS: 
RL 2k 
R1 
1k 
Vi 
DC=1 -¥ R2 {RL} 
V0 
Figure 456 Schematic for the circuit in 


Fig. 4.55. 


Rework Practice Prob. 4.9 using PSpice. 
Answer: Vy, = 5.33 V, Rr, = 0.44 Q. 


Refer to the circuit in Fig. 4.55. Use PSpice to find the maximum power 
transfer to R;. 
Solution: 
We need to perform a dc sweep on R;, to determine when the power across 
itis maximum. We first draw the circuit using Schematics as shown in 
Fig. 4.56. Once the circuit is drawn, we take the following three steps to 
further prepare the circuit for a dc sweep. 

The first step involves defining the value of R;, as a parameter, since 
we want to vary it. To do this: 


1. DCLICKL the value 1k of R2 (representing R,;) to open up 
the Set Attribute Value dialog box. 


2. Replace 1k with {RL} and click OK to accept the change. 


Note that the curly brackets are necessary. 
The second step is to define parameter. To achieve this: 


1. Select Draw/Get New Part/Libraries - - -/special.slb. 
2. Type PARAM in the PartName box and click OK. 

3. DRAG the box to any position near the circuit. 

4. CLICKL to end placement mode. 
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5. DCLICKL to open up the PartName: PARAM dialog box. 


6. CLICKL on NAME] = and enter RL (with no curly brackets) 
in the Value box, and CLICKL Save Attr to accept change. 


7. CLICKL on VALUE] = and enter 2k in the Value box, and 
CLICKL Save Attr to accept change. 


8. Click OK. 


The value 2k in item 7 is necessary for a bias point calculation; it 
cannot be left blank. 

The third step is to set up the DC Sweep to sweep the parameter. 
To do this: 


1. Select Analysis/Setput to bring up the DC Sweep dialog box. 


2. For the Sweep Type, select Linear (or Octave for a wide range 
of R L). 


. For the Sweep Var. Type, select Global Parameter. 
. Under the Name box, enter RL. 

. In the Start Value box, enter 100. 

. In the End Value box, enter 5k. 


. In the Increment box, enter 100. 


ON NHN Nn FS W 


. Click OK and Close to accept the parameters. 


After taking these steps and saving the circuit, we are ready to sim- 
ulate. Select Analysis/Simulate. If there are no errors, we select Add 
Trace in the Probe menu and type — V(R2:2)*I(R2) in the Trace Command , ! 
box. [The negative sign is needed since I(R2) 1s negative.] This gives the OO) UN ete ee eee sesnaaes ; 
plot of the power delivered to Ry as R, varies from 100 Q to 5 kQ. We a 7 vee _ — es 
can also obtain the power absorbed by R; by typing V(R2:2)* V(R2:2)/RL - 
in the Trace Command box. Either way, we obtain the plot in Fig. 4.57. 

It is evident from the plot that the maximum power is 250 wW. Notice Figure 4.57 For Example 4.15: the plot 
that the maximum occurs when R; = | kQ, as expected analytically. of power across P,. 


PRACTICE PROBLE ™ gaa 





Find the maximum power transferred to R; if the 1-kQ resistor in Fig. 
4.55 is replaced by a 2-kQ resistor. 


Answer: 125 wW. 


14,10 APPLICATIONS 


In this section we will discuss two important practical applications of 
the concepts covered in this chapter: source modeling and resistance 
measurement. 


4.10.1 Source Modeling 

Source modeling provides an example of the usefulness of the Thevenin 
or the Norton equivalent. An active source such as a battery is often 
characterized by its Thevenin or Norton equivalent circuit. An ideal 
voltage source provides a constant voltage irrespective of the current 
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, ! drawn by the load, while an ideal current source supplies a constant 
| ! current regardless of the load voltage. As Fig. 4.58 shows, practical 
! ! voltage and current sources are not ideal, due to their internal resistances 
oy ! or source resistances R, and R,. They become ideal as R; — O and 
! ! R, — oo. To show that this is the case, consider the effect of the load 
! , on voltage sources, as shown in Fig. 4.59(a). By the voltage division 
! ! principle, the load voltage is 


(a) Ky, 
vL = ——_v 
Rs a Ry 


As Ry increases, the load voltage approaches a source voltage v,;, as 
illustrated in Fig. 4.59(b). From Eq. (4.25), we should note that: 


1. The load voltage will be constant if the internal resistance R, 
of the source is zero or, at least, R, < R,. In other words, the 
smaller R, is compared to R,, the closer the voltage source is 
to being ideal. 


s (4.25) 





2. When the load is disconnected (i.e., the source is open- 
circuited so that Rr; — 00), Voc = Us. Thus, vs may be 


Figure 4.58 (a) Practical regarded as the unloaded source voltage. The connection of 
voltage source, (b) practical the load causes the terminal voltage to drop in magnitude; this 
CU PECMUSOUICE: is known as the loading effect. 





SS Vs 
Ly R, A Ry, (a) (b) R, 
Figure 459 (a) Practical voltage source connected to a load R_;, 
(a) (b) load voltage decreases as Ry; decreases. 







acalcoaree The same argument can be made for a practical current source when 
| ae connected to a load as shown in Fig. 4.60(a). By the current division 
principle, 


Practical source 






Rp 


= ———__] 4.26 
ae ee (4.26) 


ip 
Figure 4.60(b) shows the variation in the load current as the load re- 
(b) sistance increases. Again, we notice a drop in current due to the load 
g p 

(loading effect), and load current is constant (ideal current source) when 
Figure 4.00 (a) Practical current the internal resistance is very large (1.e., R, — oo or, atleast, R, >> Rz) 
source connected to a load R_;, Jat Be Ciseegt Sp : abe sa L})- 
(b) load current decreases as Ry, Sometimes, we need to know the unloaded source voltage v, and 
increases. the internal resistance R, of a voltage source. To find v, and R,, we follow 
the procedure illustrated in Fig. 4.61. First, we measure the open-circuit 

voltage Up. as in Fig. 4.61(a) and set 


Us = Voc (4.27) 
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Then, we connect a variable load R; across the terminals as in Fig. 
4.61(b). We adjust the resistance R; until we measure a load voltage 
of exactly one-half of the open-circuit voltage, vy, = v,,-/2, because now 
Rr, = Rm = R;. At that point, we disconnect R; and measure it. We 
set 


R, = Rx (4.28) 


For example, a car battery may have v, = 12 V and R, = 0.05 Q. 





Signal 


Signal 
source 






source at 





(a) (b) 


Figure 46| (a) Measuring v,-, (b) measuring vz. 


4.16 


The terminal voltage of a voltage source is 12 V when connected to a 2-W 
load. When the load is disconnected, the terminal voltage rises to 12.4 V. 
(a) Calculate the source voltage v, and internal resistance R,. (b) Deter- 
mine the voltage when an 8-Q2 load is connected to the source. | V, 


Solution: 


(a) We replace the source by its Thevenin equivalent. The terminal voltage 
when the load is disconnected is the open-circuit voltage, 


Oe ee ee 


Vs = VUpe = 12.4 V 


When the load is connected, as shown in Fig. 4.62(a), vz, = 12 V and 
PL = 2 W. Hence, 


wn, whe ne - 
Se SS SS 


Pi = >= 
Ry Di 2 





The load current is 


Sn a ae | 


Ur 12 1 


pee ee (b) 
R, 72 6 
The voltage across R, is the difference between the source voltage v, and Figure 4.62 For Example 4.16. 
the load voltage vz, or 
0.4 
12.4-—12=04= R,iz, R; = 7 = 2.42 
8 


(b) Now that we have the Thevenin equivalent of the source, we connect 
the 8-{2 load across the Thevenin equivalent as shown in Fig. 4.62(b). 
Using voltage division, we obtain 





v= (12) = 9.231 V 


8 + 2.4 
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PRACTICE PROBLE ™ Rg 


The measured open-circuit voltage across a certain amplifier is 9 V. The 
voltage drops to 8 V when a 20-2 loudspeaker is connected to the am- 
plifier. Calculate the voltage when a 10-Q2 loudspeaker is used instead. 


Answer: 7.2 V. 


4.10.2 Resistance Measurement 

Although the ohmmeter method provides the simplest way to measure re- 
sistance, more accurate measurement may be obtained using the Wheat- 
stone bridge. While ohmmeters are designed to measure resistance in 
low, mid, or high range, a Wheatstone bridge is used to measure resis- 
tance in the mid range, say, between | Q and 1 MQ. Very low values of 
resistances are measured with a milliohmmeter, while very high values 
are measured with a Megger tester. 


Historical note: The bridge was invented by The Wheatstone bridge (or resistance bridge) circuit is used in a 


Charles Wheatstone (1802-1875), a British number of applications. Here we will use it to measure an unknown re- 
professor who also invented the telegraph, as sistance. The unknown resistance R, is connected to the bridge as shown 
Samuel Morse did independently in the United in Fig. 4.63. The variable resistance is adjusted until no current flows 
States. through the galvanometer, which is essentially a d’ Arsonval movement 


operating as a sensitive current-indicating device like an ammeter in the 
microamp range. Under this condition v; = v2, and the bridge is said 
to be balanced. Since no current flows through the galvanometer, R, 
and R» behave as though they were in series; so do R3 and R,. The fact 
that no current flows through the galvanometer also implies that v; = vp. 
Applying the voltage division principle, 





Galvanometer 
Ro R 
: vy = — —V = V2 = a (4.29) 
Ri + Ro R3 + Ry 
Hence, no current flows through the galvanometer when 
2 fe —>  R)R;=R\R 
Figure 463 The Wheatstone bridge; Ry is Ri; +R. R3 + R, ere 
the resistance to be measured. 
or 
(4.30) 





If Ry = Rs, and R> is adjusted until no current flows through the gal- 
vanometer, then R, = Ro. 

How do we find the current through the galvanometer when the 
Wheatstone bridge is unbalanced? We find the Thevenin equivalent (Vy, 
and Ry,) with respect to the galvanometer terminals. If R,, 1s the resis- 
tance of the galvanometer, the current through it under the unbalanced 
condition is 


T- Vth 
Rtn — Rin 
Example 4.18 will illustrate this. 


(4.31) 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 4 Circuit Theorems 


4.1/7 


In Fig. 4.63, Ry = 500 Q and R3 = 200 2. The bridge is balanced when 
R» is adjusted to be 125 Q. Determine the unknown resistance R,. 
Solution: 
Using Eq. (4.30), 

R3 , _ 200 


R, = — Ry = —125 =50 2 
R 500 


PRACTICE PROBLE ™ aay 


A Wheatstone bridge has R; = R3 = 1 k&2. Ro 1s adjusted until no cur- 
rent flows through the galvanometer. At that point, Ro = 3.2 kQ2. What 
is the value of the unknown resistance? 


Answer: 3.2 kQ. 


4.18 


The circuit in Fig. 4.64 represents an unbalanced bridge. If the galvano- 
meter has a resistance of 40 Q, find the current through the galvanometer. 


3kO 400 Q 
q 40 b 
220 V 
1kQ 600 Q 


Figure 464 — Unbalanced bridge of Example 4.18. 


Solution: 


We first need to replace the circuit by its Thevenin equivalent at termi- 
nals a and b. The Thevenin resistance is found using the circuit in Fig. 
4.65(a). Notice that the 3-kQ and 1-kQ resistors are in parallel; so are the 
400-Q and 600-Q resistors. The two parallel combinations form a series 
combination with respect to terminals a and b. Hence, 


Rt = 3000 || 1000 + 400 || 600 
__ 3000 x 1000 " 400 x 600 
~ 3000+ 1000 400 +600 
To find the Thevenin voltage, we consider the circuit in Fig. 4.65(b). 
Using the voltage division principle, 
1000 600 
= ——— (220) = 55 V, v2 = —-——_— 
1000 + 3000 600 + 400 
Applying KVL around loop ab gives 


= 750 + 240 = 990 Q 


V] (220) = 132 V 


—v, + Vy, + v2 = O Or Vin = Vy — Vo = 55 — 132 = -77 V 
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400 Q 400 Q 
220 V 


600 Q 600 2 





(a) (b) 


40 Q 
Vin 


(c) 


Fi ure t 65 For Exam le 4.18: (a) Findin R 5 (b) finding V h> (c) determining the current through the 
p & ATh I 
galvanometer. 


Having determined the Thevenin equivalent, we find the current through 
the galvanometer using Fig. 4.65(c). 


Vth —T] 


= "= ___ = -74.76 mA 
Rrm+Rm 990+ 40 


IG 


The negative sign indicates that the current flows in the direction opposite 
to the one assumed, that is, from terminal b to terminal a. 


PRACTICE PROBLE ™ (gigs 


Obtain the current through the galvanometer, having a resistance of 14 Q, 
in the Wheatstone bridge shown in Fig. 4.66. 


Answer: 64 mA. 


16V 


Figure 4 66 For Practice Prob. 4.18. 
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4.11 SUMMARY 


1. 


A linear network consists of linear elements, linear dependent 
sources, and linear independent sources. 


Network theorems are used to reduce a complex circuit to a simpler 
one, thereby making circuit analysis much simpler. 


. The superposition principle states that for a circuit having multiple 


independent sources, the voltage across (or current through) an 
element is equal to the algebraic sum of all the individual voltages 
(or currents) due to each independent source acting one at a time. 


Source transformation is a procedure for transforming a voltage 
source in series with a resistor to a current source in parallel with a 
resistor, or vice versa. 


Thevenin’s and Norton’s theorems allow us to isolate a portion of a 
network while the remaining portion of the network is replaced by an 
equivalent network. The Thevenin equivalent consists of a voltage 
source Vrp in series with a resistor Rtp, while the Norton equivalent 
consists of a current source Jy in parallel with a resistor Ry. The 
two theorems are related by source transformation. 


_ Vrn 
Rtn 
For a given Thevenin equivalent circuit, maximum power transfer 


occurs when R; = Ry, that is, when the load resistance is equal to 
the Thevenin resistance. 


Ry = Ron, In 


P§Spice can be used to verify the circuit theorems covered in this 
chapter. 


Source modeling and resistance measurement using the Wheatstone 
bridge provide applications for Thevenin’s theorem. 


REVIEW QUESTIONS 


4.1 


4.2 


4.3 


4.4 


q | 


The current through a branch in a linear network is (a) 25 Q (b) 20 Q 

2 A when the input source voltage is 10 V. If the (c) 5Q (d) 4Q 
voltage is reduced to | V and the polarity is 

reversed, the current through the branch is: 50 

(a) —2 (b) —0.2 (c) 0.2 

(d) 2 (e) 20 . 

For superposition, it is not required that only one 50 V 20 Q 
independent source be considered at a time; any i 

number of independent sources may be considered 

simultaneously. 

(a) True (b) False Figure 4.67 — For Review Questions 4.4 to 4.6. 
The superposition principle applies to power 4.5 The Thevenin voltage across terminals a and b of 
calculation. the circuit in Fig. 4.67 is: 

(a) True (b) False (a) 50 V (b) 40 V 

Refer to Fig. 4.67. The Thevenin resistance at (c) 20 V (d) 1OV 


terminals a and D 1s: 
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4.6 The Norton current at terminals a and b of the 
circuit in Fig. 4.67 is: 
(a) lJOA (b) 2.5A 
(c) 2A (d) OA 
4.7 The Norton resistance Ry is exactly equal to the 
Thevenin resistance Ryp. 
(a) True (b) False 
4.9 
4.8 Which pair of circuits in Fig. 4.68 are equivalent? 
(a) aandb (b) b andd 
(c) aandc (d) candd 
Q 
oe : 4.10 
20 V 4A 
(a) (b) 
PROBLEMS 
Section 4.2 Linearity Property 
4.1 Calculate the current 7, in the current of Fig. 4.69. 


¢ 


4.2 


4.3 


What does this current become when the input 
voltage is raised to 10 V? 


¢ 


1Q 5 Q 


Yi 


1V 3.Q 


For Prob. 4.1. 


Figure 4.69 


Find v, in the circuit of Fig. 4.70. If the source 
current is reduced to 1 wA, what is v,? 


50 40 4.4 


For Prob. 4.2. 


Figure 4.70 


(a) In the circuit in Fig. 4.71, calculate v, and i, 
when v, = 1 V. 


4A 5 Q 20 V 5 Q 


(c) (d) 
Figure 4.68 


For Review Question 4.8. 


A load is connected to a network. At the terminals 
to which the load is connected, Ry, = 10 Q and 
Vth = 40 V. The maximum power supplied to the 
load is: 

(a) 160 W 
(c) 40 W 


(b) 80 W 
(d) 1W 


The source is supplying the maximum power to the 
load when the load resistance equals the source 
resistance. 


(a) True (b) False 


Answers: 4.1b, 4.2a, 4.3b, 4.4d, 4.5b, 4.6a, 4.7a, 4.8c, 4.9c, 4.10b. 


(b) Find v, andi, when v, = 10 V. 
(c) What are v, and i, when each of the 1-2 


resistors is replaced by a 10-2 resistor and 
v, = 10V? 


Figure 4.71 


For Prob. 4.3. 


Use linearity to determine 7, in the circuit of Fig. 
4.72. 


30 2Q0 
6 Q 9A 
Figure 472 For Prob. 4.4. 
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4.5 For the circuit in Fig. 4.73, assume v, = | V, and 
use linearity to find the actual value of v,. 


12V 





22 3Q y 20 
1SV 4.Q | 
Figure 4.77 For Prob. 4.9. 
Figure 4./3 For Prob. 4.5. 4.10 Determine v, in the circuit of Fig. 4.78 using the 
superposition principle. 
Section 4.3 Superposition (> 


4.6 Apply superposition to find 7 in the circuit of Fig. 


2A 
4.74. 
{i 
20 V 5A 12V 129 19V 


Figure 4.74 — For Prob. 4.6. Figure 4./8 For Prob. 4.10. 


4.11 Apply the superposition principle to find v, in the 


4.7 Given the circuit in Fig. 4.75, calculate i, and the eR 
circuit of Fig. 4.79. 


power dissipated by the 10-Q resistor using 
superposition. 


12Q 


IV 





20V 
Figure 4.75 For Prob. 4.7. 





4.8 For the circuit in Fig. 4.76, find the terminal voltage Figure 4/9 For Prob. 4.11. 
Vp» using superposition. 


4.12 For the circuit in Fig. 4.80, use superposition to find 


i. Calculate the power delivered to the 3-Q resistor. 
3Vap 
10 Q OC 
Od 
+ 
4V ae Vab 20 V vo 
b 
2Q 16 V 
Figure 4.7/6 — For Prob. 4.8. 
4.9 Use superposition principle to find 7 in Fig. 4.77. Figure 480 — For Probs. 4.12 and 4.45. 
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4.13 Given the circuit in Fig. 4.81, use superposition to Section 4.4 Source Transformation 
Clits: ae ; 
oe 4.17 ‘Find? in Prob. 4.9 using source transformation. 
4.18 | Apply source transformation to determine v, and i, 
in the circuit in Fig. 4.85. 
io 6Q 
SP 
12V . 
12V 30s % 2A 
Figure 4.81 For Probs. 4.13 and 4.23. | 
Figure 4.85 For Prob. 4.18. 
4.14 Use superposition to obtain v, in the circuit of Fig. 
4.82. Check your result using PSpice. oe 
4.19 For the circuit in Fig. 4.86, use source 
transformation to find 7. 
30 Q 10 Q 20 Q 
toy 
5 Q 10 Q 
00 V 60 Q 6A 30 Q 40 V 
| i 
2A 4Q 20 V 
Figure 48) — For Prob. 4.14. 
4.15 Find v, in Fig. 4.83 by superposition. Figure 486 For Prob. 4.19. 
4.20 Obtain v, in the circuit of Fig. 4.87 using source 
transformation. Check your result using PSpice. 
10 V = 
90 
Figure 4.83 For Prob. 4.15. 
- a — 3A 6A 
4.16 Use superposition to solve for 7, 1n the circuit of 
2-309 
fi | 
10 V, Figure 4.87 For Prob. 4.20. 
4.21 Use source transformation to solve Prob. 4.14. 
4i,. 
4.22 Apply source transformation to find v, in the circuit 


Figure 4.84 — For Prob. 4.16. 


of Fig. 4.88. 
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10Q q 122 p 202 
A 


oi 
50 V 40 Q 8 40 V 


4.23 


4.24 


4.25 


4.26 


For Probs. 4.22 and 4.32. 


Figure 4.88 


Given the circuit in Fig. 4.81, use source 
transformation to find i,. 


Use source transformation to find v, in the circuit of 
Fig. 4.89. 


4kQ 
+ 
3mA 1kQa SV, 


Figure 4.89 


For Prob. 4.24. 


Determine v, in the circuit of Fig. 4.90 using source 
transformation. 


32 62 
2 = 
12V 8Q 2v, 


Figure 4.90 


For Prob. 4.25. 


Use source transformation to find i, in the circuit of 
Fig. 4.91. 


10 Q 


60 V 40 Q 





Figure 4.91 


For Prob. 4.26. 


Circuit Theorems [57 


Sections 4.5 and 4.6 Thevenin’s and Norton’s 
Theorems 
4.27 Determine Ry and Vyp at terminals 1-2 of each of 


4.28 


4.29 
4.30 


4.31 


the circuits in Fig. 4.92. 


10 Q 


20 V 40 Q 


(a) 


30 V 





(b) 


Figure 4.92 


For Probs. 4.27 and 4.37. 


Find the Thevenin equivalent at terminals a-b of the 
circuit in Fig. 4.93. 


3A 
Oa 
40 V 40 Q 
Ob 
Figure 4.93 For Probs. 4.28 and 4.39. 


Use Thevenin’s theorem to find v, in Prob. 4.10. 


Solve for the current 7 in the circuit of Fig. 4.94 
using Thevenin’s theorem. (Hint: Find the Thevenin 
equivalent across the 12-Q resistor.) 


109 12. 
40 Q 
50.V 30V 
Figure 4.94 — For Prob. 4.30. 


For Prob. 4.8, obtain the Thevenin equivalent at 
terminals a-b. 
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4.32 


*4.33 


4.34 


4.35 


4.36 


PART | DC Circuits 


Given the circuit in Fig. 4.88, obtain the Thevenin 
equivalent at terminals a-b and use the result to 
get v,. 


For the circuit in Fig. 4.95, find the Thevenin 
equivalent between terminals a and b. 














20 Q 
4.37 
4.38 
Figure 4.95 For Prob. 4.33. 
Find the Thevenin equivalent looking into terminals 
a-b of the circuit in Fig. 4.96 and solve for i,. 
4.39 
4.40 
Figure 4.96 — For Prob. 4.34. 
For the circuit in Fig. 4.97, obtain the Thevenin 
equivalent as seen from terminals: 
(a) a-b (b) b-c 
1Q 
Oa 4.41 
Ob 
5 Q 2A 
OC 


Figure 4.97 For Prob. 4.35. 


Find the Norton equivalent of the circuit in Fig. 4.98. 


*An asterisk indicates a challenging problem. 





€ 


6 Q 


Od 


Ob 


For Prob. 4.36. 


Obtain Ry and Jy at terminals 1 and 2 of each of the 
circuits in Fig. 4.92. 


Determine the Norton equivalent at terminals a-b 
for the circuit in Fig. 4.99. 





For Prob. 4.38. 


Find the Norton equivalent looking into terminals 
a-b of the circuit in Fig. 4.93. 


Obtain the Norton equivalent of the circuit in Fig. 
4.100 to the left of terminals a-b. Use the result to 


62 12V 


4A 


For Prob. 4.40. 


Given the circuit in Fig. 4.101, obtain the Norton 
equivalent as viewed from terminals: 


(b) c-d 





For Prob. 4.41. 
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4.42 For the transistor model in Fig. 4.102, obtain the 4.47 The network in Fig. 4.106 models a bipolar 
Thevenin equivalent at terminals a-b. transistor common-emitter amplifier connected to a 
load. Find the Thevenin resistance seen by the load. 


3 kQ 





Figure 4102 For Prob. 4.42. 


4.43 Find the Norton equivalent at terminals a-b of the Figure 4.106 For Prob. 4.47. 


circuit in Fig. 4.103. 


0.25v, 
4.48 Determine the Thevenin and Norton equivalents at 
terminals a-b of the circuit in Fig. 4.107. 


10 Q 20 Q 


SA O O 





50.2 40 Q 
Figure 4.103 For Prob. 4.43. 


Figure 4.107 — For Probs. 4.48 and 4.66. 
*4.44 Obtain the Norton equivalent at terminals a-b of the 


circuit in Fig. 4.104. 


I 
eS *4.49 ~~ For the circuit in Fig. 4.108, find the Thevenin and 


Norton equivalent circuits at terminals a-b. 





2A 


Figure 4.104 For Prob. 4.44. 


4.45 Use Norton’s theorem to find current i in the circuit 18 V 40 62 
of Fig. 4.80. Ab 


4.46 Obtain the Thevenin and Norton equivalent circuits 5Q 
at the terminals a-b for the circuit in Fig. 4.105. 


10V 
3.Q 2Q, 





-~ Figure 4.108 For Probs. 4.49 and 4.67. 
50.V 





Ob 


. *4.50 Obtain the Thevenin and Norton equivalent circuits 
Figure 4.105 For Probs. 4.46 and 4.65. at terminals a-b of the circuit in Fig. 4.109. 
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12V 


2Q 


*4.51 


4.52 


4.53 


PART | 
22 
12V 
22 
Ob 


For Prob. 4.50. 


Figure 4.109 


Find the Thevenin equivalent of the circuit in Fig. 


4.110. 


40 Q 





Figure 4.110 


For Prob. 4.51. 


Find the Norton equivalent for the circuit in Fig. 
4.111. 


10 Q 





Figure 4.1 || 


For Prob. 4.52. 


Obtain the Thevenin equivalent seen at terminals 
a-b of the circuit in Fig. 4.112. 


107 





Figure 4.112 


For Prob. 4.53. 


DC Circuits 


Section 4.8 Maximum Power Transfer 


4.54 Find the maximum power that can be delivered to 
the resistor R in the circuit in Fig. 4.113. 


20 10 V 


re) 
on 
> 


20 V 5 


Figure 4.113 


For Prob. 4.54. 
4.55 Refer to Fig. 4.114. For what value of R is the 
q power dissipated in R maximum? Calculate that power. 


4Q 6 Q 





30 V 


Figure 4.114 


For Prob. 4.55. 


*4.56 Compute the value of R that results in maximum 
power transfer to the 10-Q resistor in Fig. 4.115. 
Find the maximum power. 


8V 


Figure 4.115 


For Prob. 4.56. 


4.57 Find the maximum power transferred to resistor R 
‘> in the circuit of Fig. 4.116. 
10kQ 22 kQ 


100 V 40kQ 3v 


oO 





30 kQ R 





Figure 4.116 


For Prob. 4.57. 
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4.59 


4.60 


4.61 


CHAPTER 4 


For the circuit in Fig. 4.117, what resistor connected 
across terminals a-b will absorb maximum power 
from the circuit? What is that power? 


3 kQ 


10 kQ 





Figure 4.117 


For Prob. 4.58. 


(a) For the circuit in Fig. 4.118, obtain the Thevenin 
equivalent at terminals a-b. 


(b) Calculate the current in R; = 8 Q. 
(c) Find R; for maximum power deliverable to R_;. 
(d) Determine that maximum power. 





20 V 


For Prob. 4.59. 


Figure 4.118 


For the bridge circuit shown in Fig. 4.119, find the 
load R; for maximum power transfer and the 
maximum power absorbed by the load. 


Figure 4.119 


For Prob. 4.60. 


For the circuit in Fig. 4.120, determine the value of 
R such that the maximum power delivered to the 
load is 3 mW. 


Circuit Theorems 16 
R 
O 
1V 
Ry, 
O 
Figure 4.120 For Prob. 4.61. 
Section 4.9 Verifying Circuit Theorems with 
PSpice 
4.62 Solve Prob. 4.28 using PSpice. 


4.63 Use PSpice to solve Prob. 4.35. 

4.64 Use PSpice to solve Prob. 4.42. 

4.65 Obtain the Thevenin equivalent of the circuit in Fig. 
4.105 using PSpice. 

4.66 Use PSpice to find the Thevenin equivalent circuit at 
terminals a-b of the circuit in Fig. 4.107. 

4.67 — For the circuit in Fig. 4.108, use PSpice to find the 
Thevenin equivalent at terminals a-b. 

Section 4.10 Applications 

4.68 A battery has a short-circuit current of 20 A and an 
open-circuit voltage of 12 V. If the battery is 
connected to an electric bulb of resistance 2 (2, 
calculate the power dissipated by the bulb. 

4.69 The following results were obtained from 
measurements taken between the two terminals of a 
resistive network. 

Terminal Voltage 12V OV 
Terminal Current OV I5A 
Find the Thevenin equivalent of the network. 
4.70 A black box with a circuit in it is connected to a 


variable resistor. An ideal ammeter (with zero 
resistance) and an ideal voltmeter (with infinite 
resistance) are used to measure current and voltage 
as shown in Fig. 4.121. The results are shown in the 
table below. 


—P 
Black ZR 
box 
Figure 4.121 For Prob. 4.70. 
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(a) Findi when R = 4 Q. 
(b) Determine the maximum power from the box. 


R(t) V(V) A) 
2 3 1.5 
8 8 1.0 


14 10.5 0.75 


4.71 — A transducer is modeled with a current source /, and 
a parallel resistance R,. The current at the terminals 
of the source is measured to be 9.975 mA when an 


ammeter with an internal resistance of 20 Q is used. 


(a) If adding a 2-kQ resistor across the source 
terminals causes the ammeter reading to fall to 
9.876 mA, calculate /, and R,. 


(b) What will the ammeter reading be if the 
resistance between the source terminals is 
changed to 4 kQ2? 


The Wheatstone bridge circuit shown in Fig. 4.122 
is used to measure the resistance of a strain gauge. 
The adjustable resistor has a linear taper with a 
maximum value of 100 Q. If the resistance of the 
strain gauge is found to be 42.6 Q, what fraction of 
the full slider travel is the slider when the bridge is 
balanced? 


4.72 





Figure 4.122 


For Prob. 4.72. 


COMPREHENSIVE PROBLEMS 


4.75 The circuit in Fig. 4.125 models a common-emitter 
transistor amplifier. Find 7, using source 


transformation. 


Figure 4.125 


For Prob. 4.75. 


DC Circuits 


4.73 


*4.74 


4.76 


(a) In the Wheatstone bridge circuit of Fig. 4.123, 
select the values of R; and R3 such that the 
bridge can measure R, in the range of 0-10 Q. 


Figure 4.123 


For Prob. 4.73. 


(b) Repeat for the range of 0-100 Q. 


Consider the bridge circuit of Fig. 4.124. Is the 
bridge balanced? If the 10-kQ resistor is replaced 
by an 18-kQ resistor, what resistor connected 
between terminals a-b absorbs the maximum 
power? What is this power? 


2kQ 


220 V O O 


10 kQ 


For Prob. 4.74. 


Figure 4.124 


An attenuator is an interface circuit that reduces the 
voltage level without changing the output resistance. 
(a) By specifying R, and R, of the interface circuit 
in Fig. 4.126, design an attenuator that will meet 
the following requirements: 
Vo 
— = 0.1235, 
V. 


& 


(b) Using the interface designed in part (a), 
calculate the current through a load of 
R;, = 50 Q when V, = 12 V. 
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Attenuator R 


Figure 4.126 For Prob. 4.76. 


*4.77 Adc voltmeter with a sensitivity of 20 kQ2/V is used 
to find the Thevenin equivalent of a linear network. 
Readings on two scales are as follows: 

(a) O-10 V scale: 4 V(b) 0-50 V scale: 5 V 


Obtain the Thevenin voltage and the Thevenin 
resistance of the network. 


*4.78 A resistance array is connected to a load resistor R 


¢ 


and a 9-V battery as shown in Fig. 4.127. 
(a) Find the value of R such that V, = 1.8 V. 


(b) Calculate the value of R that will draw the 
maximum current. What is the maximum 
current? 








+ 9V - 


Figure 4.127 For Prob. 4.78. 
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4.79 


*4.80 


A common-emitter amplifier circuit is shown in Fig. 
4.128. Obtain the Thevenin equivalent to the left of 
points B and E. 


6 kQ 


4AkQ 


Figure 4.128 — For Prob. 4.79. 


For Practice Prob. 4.17, determine the current 
through the 40-Q resistor and the power dissipated 
by the resistor. 


Go to the Student OLC 
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OPERATIONAL AMPLIFIERS 


If A is success in life, then A equals X plus Y plus Z. Work is X, Y is 
play and Z is keeping your mouth shut. 
—Albert Einstein 


Enhancing Your Career 


Career in Electronic Instrumentation Engineering in- 
volves applying physical principles to design devices for 
the benefit of humanity. But physical principles cannot be 
understood without measurement. In fact, physicists often 
say that physics is the science that measures reality. Just 
as measurements are a tool for understanding the physical 
world, instruments are tools for measurement. The opera- 
tional amplifier introduced in this chapter is a building block 
of modern electronic instrumentation. Therefore, mastery 
of operational amplifier fundamentals is paramount to any 
practical application of electronic circuits. 

Electronic instruments are used in all fields of sci- 
ence and engineering. They have proliferated in science and 
technology to the extent that it would be ridiculous to have 
a scientific or technical education without exposure to elec- 
tronic instruments. For example, physicists, physiologists, 
chemists, and biologists must learn to use electronic instru- 
ments. For electrical engineering students in particular, the 
skill in operating digital and analog electronic instruments 
is crucial. Such instruments include ammeters, voltmeters, 
ohmmeters, oscilloscopes, spectrum analyzers, and signal 


Electronic Instrumentation used in medical research. 
Source: Geoff Tompkinson/Science Photo Library. 


generators. 

Beyond developing the skill for operating the instru- 
ments, some electrical engineers specialize in designing and 
constructing electronic instruments. These engineers derive 
pleasure in building their own instruments. Most of them 


invent and patent their inventions. Specialists in electronic 
instruments find employment in medical schools, hospitals, 
research laboratories, aircraft industries, and thousands of 
other industries where electronic instruments are routinely 
used. 
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5.1 INTRODUCTION 


Having learned the basic laws and theorems for circuit analysis, we are 

now ready to study an active circuit element of paramount importance: 
The term operational amplifier was introduced the operational amplifier, or op amp for short. The op amp is a versatile 
in 1947 by John Ragazzini and his colleagues, in circuit building block. 
their work on analog computers for the National 
Defense Research Council during World War Il 
The first op amps used vacuum tubes rather than The op amp is an electronic unit that behaves like a 
transistors. voltage-controlled voltage source. 





An op amp may also be regarded as a voltage 


amplifier with very high gain It can also be used in making a voltage- or current-controlled current 


source. An op amp can sum signals, amplify a signal, integrate it, or 
differentiate it. The ability of the op amp to perform these mathematical 
operations is the reason it is called an operational amplifier. It is also 
the reason for the widespread use of op amps in analog design. Op 
amps are popular in practical circuit designs because they are versatile, 
inexpensive, easy to use, and fun to work with. 

We begin by discussing the ideal op amp and later consider the 
nonideal op amp. Using nodal analysis as a tool, we consider ideal op 
amp circuits such as the inverter, voltage follower, summer, and difference 
amplifier. We will analyze op amp circuits with PSpice. Finally, we learn 
how an op amp is used in digital-to-analog converters and instrumentation 
amplifiers. 


5.2 OPERATIONAL AMPLIFIERS 


An operational amplifier is designed so that it performs some mathemat- 
ical operations when external components, such as resistors and capaci- 
tors, are connected to its terminals. Thus, 


An op amp is an active circuit element designed to perform mathematical operations 
of addition, subtraction, multiplication, division, differentiation, and integration. 





The op amp is an electronic device consisting of a complex arrange- 
ment of resistors, transistors, capacitors, and diodes. A full discussion 
of what is inside the op amp is beyond the scope of this book. It will 
Figure 5.1 A typical operational amplifier. suffice to treat the op amp as a circuit building block and simply study 

(Courtesy of Tech America.) what takes place at its terminals. 

Op amps are commercially available in integrated circuit packages 

in several forms. Figure 5.1 shows a typical op amp package. A typical 





The pin diagram in Fig. 5.2(a) corresponds to the one is the eight-pin dual in-line package (or DIP), shown in Fig. 5.2(a). 
74| general-purpose op amp made by Fairchild Pin or terminal 8 is unused, and terminals | and 5 are of little concern to 
Semiconductor. us. The five important terminals are: 


1. The inverting input, pin 2. 
2. The noninverting input, pin 3. 


3. The output, pin 6. 
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4. The positive power supply V~, pin 7. 
5. The negative power supply V ~, pin 4. 


The circuit symbol for the op amp is the triangle in Fig. 5.2(b); as shown, 
the op amp has two inputs and one output. The inputs are marked with 
minus (—) and plus (+) to specify inverting and noninverting inputs, 
respectively. An input applied to the noninverting terminal will appear 
with the same polarity at the output, while an input applied to the inverting 
terminal will appear inverted at the output. 


vr 











Balance No connection Inverting input 2 
. 6 Output 
Inverting input yt Noninverting input 3. O——— 
Noninverting input Output 
V- Balance a : 
uN 
Offset Null 





(a) (b) 
Figure 52 OA typical op amp: (a) pin configuration, (b) circuit symbol. 


As an active element, the op amp must be powered by a voltage 
supply as typically shown in Fig. 5.3. Although the power supplies are 
often ignored in op amp circuit diagrams for the sake of simplicity, the 
power supply currents must not be overlooked. By KCL, 


ig =i) tin tig +i- (5.1) 





The equivalent circuit model of an op amp is shown in Fig. 5.4. The 
output section consists of a voltage-controlled source in series with the 
output resistance R,. It is evident from Fig. 5.4 that the input resistance 
R; 1s the Thevenin equivalent resistance seen at the input terminals, while 
the output resistance R, is the Thevenin equivalent resistance seen at the 
output. The differential input voltage vg is given by 


Figure 5.3 Powering the op amp. 


Vg = U2 — Vj 2) 


where v, 1s the voltage between the inverting terminal and ground and v2 
is the voltage between the noninverting terminal and ground. The op amp 
senses the difference between the two inputs, multiplies it by the gain A, 
and causes the resulting voltage to appear at the output. Thus, the output 


Uy 1S given by 
Up = Avg = A(v2 — V1) (5.3) 


A is called the open-loop voltage gain because it 1s the gain of the op amp 





Figure 54 The equivalent circuit of the non- 
without any external feedback from output to input. Table 5.1 shows ideal op amp. 


typical values of voltage gain A, input resistance R;, output resistance 
R,, and supply voltage Vcc. 


The concept of feedback is crucial to our understanding of op amp Sometimes, voltage gain is expressed in decibels 
circuits. A negative feedback is achieved when the output is fed back to (dB), as discussed in Chapter 14. 
the inverting terminal of the op amp. As Example 5.1 shows, when there A dB = 20 logig A 
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TABLE5.| = Typical ranges for op amp 


parameters. 

Parameter Typical range [deal values 
Open-loop gain, A 10° to 10° OO 
Input resistance, R; 10° to 10° Q 00 Q 
Output resistance, R, 10 to 100 Q 0Q 


Supply voltage, V,, 5 to 24 V 


is a feedback path from output to input, the ratio of the output voltage to 
the input voltage is called the closed-loop gain. As aresult of the negative 
feedback, it can be shown that the closed-loop gain is almost insensitive 
to the open-loop gain A of the op amp. For this reason, op amps are used 
in circuits with feedback paths. 
A practical limitation of the op amp is that the magnitude of its 
output voltage cannot exceed |Vcc|. In other words, the output voltage 
V, is dependent on and is limited by the power supply voltage. Figure 5.5 
illustrates that the op amp can operate in three modes, depending on the 
differential input voltage vg: 


Positive saturation 


1. Positive saturation, v, = Vcc. 
2. Linear region, —Vcc < vy = Avg < Vcc. 
3. Negative saturation, vy, = —Vcc. 


If we attempt to increase vg beyond the linear range, the op amp becomes 
saturated and yields v, = Vcc or ve = —Vcc. Throughout this book, 
we will assume that our op amps operate in the linear mode. This means 
that the output voltage is restricted by 





Figure 5.9 Op amp output voltage v, as a =V66 = Vo= Voc (5.4) 


function of the differential input voltage vg. , 
7 il Although we shall always operate the op amp in the linear region, the 


possibility of saturation must be borne in mind when one designs with 
op amps, to avoid designing op amp circuits that will not work in the 
laboratory. 


EXAM ? | ccc 


A 741 op amp has an open-loop voltage gain of 2 x 10°, input resistance 
of 2 MQ, and output resistance of 50 (2. The op amp is used in the circuit 
of Fig. 5.6(a). Find the closed-loop gain v,/v;. Determine current i when 
Uv. =2.V. 
Solution: 


Using the op amp model in Fig. 5.4, we obtain the equivalent circuit of 
Fig. 5.6(a) as shown in Fig. 5.6(b). We now solve the circuit in Fig. 5.6(b) 
by using nodal analysis. At node 1, KCL gives 


Us — VU] UI U1 — Vo 


10x 103 = 2000 x 103 = 20 x 103 
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20 kQ 


20 kQ 





(a) (b) 


Figure 5.6 For Example 5.1: (a) original circuit, (b) the equivalent circuit. 


Multiplying through by 2000 x 10°, we obtain 
200v, = 301v; — 1000, 


or 
2V, + Uo 
20s 3; =v, —- i= > (5.1.1) 
At node O, 
Vi-— Uo Uo — Avg 
20x 103 = «50 
But vz = —v, and A = 200,000. Then 
UV} — Vo = 400(v, + 200,000, ) (5.1.2) 


Substituting v; from Eq. (5.1.1) into Eq. (5.1.2) gives 
0 ~ 26,667,067v, + 53,333,333u, —2 = —1.9999699 


Us 
This is closed-loop gain, because the 20-kQ2 feedback resistor closes the 
loop between the output and input terminals. When v, = 2 V, vp = 
—3.9999398 V. From Eq. (5.1.1), we obtain vy = 20.066667 wV. Thus, 


: U1 — Vo 
i = —— = 0.1999 mA 
20 x 10° 


It is evident that working with a nonideal op amp is tedious, as we are 
dealing with very large numbers. 


PRACTICE PROBLE M Ry 





If the same 741 op amp in Example 5.1 is used in the circuit of Fig. 5.7, 
calculate the closed-loop gain u,/v,. Find i, when v, = | V. 


Answer: 9.0041, —362 mA. 





Figure oni For Practice Prob. 5.1. 


<q | D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


170 





Figure 58 Ideal op amp model. 


The two characteristics can be exploited by 
noting that for voltage calculations the input 
port behaves as a short circuit, while for current 
calculations the input port behaves as an open 
circuit. 
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5.3 IDEAL OP AMP 


To facilitate the understanding of op amp circuits, we will assume ideal 
op amps. An op amp 1s ideal if it has the following characteristics: 


1. Infinite open-loop gain, A ~ oo. 
2. Infinite input resistance, Rj ~ oo. 


3. Zero output resistance, R, ~ 0. 


An ideal op amp is an amplifier with infinite open-loop gain, infinite input 


resistance, and zero output resistance. 





Although assuming an ideal op amp provides only an approxi- 
mate analysis, most modern amplifiers have such large gains and input 
impedances that the approximate analysis is a good one. Unless stated 
otherwise, we will assume from now on that every op amp 1s ideal. 

For circuit analysis, the ideal op amp is illustrated in Fig. 5.8, which 
is derived from the nonideal model in Fig. 5.4. Two important character- 
istics of the ideal op amp are: 


1. The currents into both input terminals are zero: 


This is due to infinite input resistance. An infinite resistance 
between the input terminals implies that an open circuit exists 
there and current cannot enter the op amp. But the output 
current is not necessarily zero according to Eq. (5.1). 


2. The voltage across the input terminals is negligibly small; 1.e., 
Vg = V2 — Vv; YO (5.6) 


Or 


Thus, an ideal op amp has zero current into its two input 
terminals and negligibly small voltage between the two input 
terminals. Equations (5.5) and (5.7) are extremely important 
and should be regarded as the key handles to analyzing op amp 
circuits. 


EXAM ? | 5 i ccc 


Rework Practice Prob. 5.1 using the ideal op amp model. 
Solution: 


We may replace the op amp in Fig. 5.7 by its equivalent model in Fig. 
5.9 as we did in Example 5.1. But we do not really need to do this. We 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 5 Operational Amplifiers 7| 


just need to keep Eqs. (5.5) and (5.7) in mind as we analyze the circuit in 
Fig. 5.7. Thus, the Fig. 5.7 circuit is presented as in Fig. 5.9. Notice that 


U2 = Us (5.2.1) 


Since i; = O, the 40-kQ and 5-kQ resistors are in series because the same 
current flows through them. v; is the voltage across the 5-kQ resistor. 
Hence, using the voltage division principle, 








5 Uo 
Y= Ug = (5.2.2) 
5 + 40 9 
According to Eq. (5.7), = 
Uo = V1 (5.2.3) Figure 5.9 For Example 5.2. 


Substituting Eqs. (5.2.1) and (5.2.2) into Eq. (5.2.3) yields the closed-loop 
gain, 

Vy Vs 

.= = — 7 e (5.2.4) 

9 Us 
which is very close to the value of 8.99955796 obtained with the nonideal 
model in Practice Prob. 5.1. This shows that negligibly small error results 
from assuming ideal op amp characteristics. 


At node O, 
ne + oe ok (5.2.5) 
— — mM 2. 
40+5 20 


From Eq. (5.2.4), when v, = 1 V, vp = 9 V. Substituting for vy, = 9 V 
in Eq. (5.2.5) produces 





lo 


ig = 0.2 + 0.45 = 0.65 mA 


This, again, is close to the value of 0.649 mA obtained in Practice Prob. 
5.1 with the nonideal model. 


PRACTICE PROBLEM PROBLEM iy 


Repeat Example 5.1 using the ideal op amp model. 
Answer: —2,0.2 mA. 


5.4 INVERTING AMPLIFIER 


In this and the following sections, we consider some useful op amp circuits 

that often serve as modules for designing more complex circuits. The first 

of such op amp circuits is the inverting amplifier shown in Fig. 5.10. In this Throughout this book, we assume that an op amp 
circuit, the noninverting input is grounded, v; is connected to the inverting operates in the linear range. Keep in mind the 
input through R,, and the feedback resistor R ¢ is connected between the voltage constraint on the op amp in this mode. 
inverting input and output. Our goal is to obtain the relationship between 


the input voltage v; and the output voltage v,. Applying KCL at node 1, A key feature of the inverting amplifier is that 


Vi—Ulp V1 — VU, both the input signal and the feedback are applied 
ry = !2 a a OF) at the inverting terminal of the op amp. 
R, Ry 
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But vj = v2 = O for an ideal op amp, since the noninverting terminal is 
grounded. Hence, 
U; Uo 
Ry Rr 
or 
(5.9) 
is the closed-loop voltage gain A,, while the op circuit in Fig. 5.10 as an inverter arises from the negative sign. Thus, 


amp itself has an open-loop voltage gain A. 


An inverting amplifier reverses the polarity of the input signal while amplifying it. 





Notice that the gain is the feedback resistance divided by the input 
resistance which means that the gain depends only on the external ele- 
ments connected to the op amp. In view of Eq. (5.9), an equivalent circuit 
for the inverting amplifier is shown in Fig. 5.11. The inverting amplifier 
is used, for example, in a current-to-voltage converter. 





Figure Sl An equivalent circuit 
for the inverter in Fig. 5.10. 





Figure 5.10 The inverting amplifier. 





48 
25 kQ Refer to the op amp in Fig. 5.12. If v; = 0.5 V, calculate: (a) the output 
voltage u,, and (b) the current in the 10 kQ2 resistor. 
10kQ ‘ 
Solution: 
+ (a) Using Eq. (5.9), 
Vv; r 
. - R 25 
- ee 
U; R, 10 
. Vo = —2.50; = —2.5(0.5) = —1.25 V 
Figure 5.12 For Example 5.3. 


(b) The current through the 10-kQ resistor is 
vjj-O 05-0 


= 
R, 10 x 103 


= 50 uA 
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PRACTICE PROBLE M Sym, 





Find the output of the op amp circuit shown in Fig. 5.13. Calculate the 15kQ 
current through the feedback resistor. 


Answer: —120 mV, 8 WA. 


5kQ 


— +0 


40 mV 


Figure 5, [3 For Practice Prob. 5.3. 


>. 4 





Determine v, in the op amp circuit shown in Fig. 5.14. 40 kQ 
Solution: 
Applying KCL at node a, 

Ug — Vp _ 6 — Vg 


40 20 








Vg — Vo = 12 — 20, —. v, = 30, — 12 





But vg = vp, = 2 V for an ideal op amp, because of the zero voltage drop 
across the input terminals of the op amp. Hence, Figure 5.14 


vl, =6-—12=-6V 


For Example 5.4. 


Notice that if vp = 0 = vz, then vg = —12, as expected from Eq. (5.9). 


PRACTICE PROBLE M 





Two kinds of current-to-voltage converters (also known as transresistance 
amplifiers) are shown in Fig. 5.15. 
(a) Show that for the converter in Fig. 5.15(a), 
Vo 
=-R 
ls 
(b) Show that for the converter in Fig. 5.15(b), 
Us R R 
~=-R (142+) 


Answer: Proof. 


~ 
wm 

| s + 
ea 

© 


= (a) = (b) 


Figure 5. [5 For Practice Prob. 5.4. 
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Figure 5.16 


The noninverting amplifier. 
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5.5 NONINVERTING AMPLIFIER 


Another important application of the op amp is the noninverting amplifier 
shown in Fig. 5.16. In this case, the input voltage v; is applied directly at 
the noninverting input terminal, and resistor R; 1s connected between the 
ground and the inverting terminal. We are interested in the output voltage 
and the voltage gain. Application of KCL at the inverting terminal gives 


O-v; VI — Uo 











1) = 19 =—=> R, = ke (5.10) 
But vy = v2 = v;. Equation (5.10) becomes 
Uj Uj — Vo 
Ri Ry 


Or 


(5.11) 





The voltage gain is A, = v,/v; = 1 + R¢/R1, which does not have a 
negative sign. Thus, the output has the same polarity as the input. 


A noninverting amplifier is an op amp circuit designed 


to provide a positive voltage gain. 





Again we notice that the gain depends only on the external resistors. 

Notice that if feedback resistor R¢ = O (short circuit) or Rj = oo 
(open circuit) or both, the gain becomes 1. Under these conditions (Rs = 
O and R; = ov), the circuit in Fig. 5.16 becomes that shown in Fig. 5.17, 
which is called a voltage follower (or unity gain amplifier) because the 
output follows the input. Thus, for a voltage follower 


Such a circuit has a very high input impedance and is therefore useful as an 
intermediate-stage (or buffer) amplifier to isolate one circuit from another, 
as portrayed in Fig. 5.18. The voltage follower minimizes interaction 
between the two stages and eliminates interstage loading. 


Second 
stage 





Figure 5.18 A voltage follower used to 
isolate two cascaded stages of a circuit. 


Figure 5.17 The voltage 
follower. 
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ia 3 





For the op amp circuit in Fig. 5.19, calculate the output voltage v,. 
Solution: 

We may solve this in two ways: using superposition and using nodal 
analysis. 


METHOD §§) Using superposition, we let 





Vo = Vol =F Vo2 


where v,; 1S due to the 6-V voltage source, and v,2 1s due to the 4-V input. Figure 5.19 
To get v,1, we set the 4-V source equal to zero. Under this condition, the 
circuit becomes an inverter. Hence Eq. (5.9) gives 


For Example 5.9. 


10 
Vol = = =-—15V 


To get Ug2, we set the 6-V source equal to zero. The circuit becomes a 
noninverting amplifier so that Eq. (5.11) applies. 


10 
v2=(1+ 7 )4=14v 


Thus, 
Up = Vo1 + Vo? = —154+14=-1V 
METHOD 4 Applying KCL at node a, 


6 — Ug Uq — Vo 


4 10 





But vz = vy = 4, and so 


6-4 4-w% 
4 10 





—> 5=4—y, 


Or Uy = —1 V, as before. 


PRACTICE PROBLE M 





Calculate v, in the circuit in Fig. 5.20. 4kQ 
Answer: 7 V. 





Figure 5.20 For Practice Prob. 5.5. 
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5.6 SUMMING AMPLIFIER 


Besides amplification, the op amp can perform addition and subtraction. 
The addition is performed by the summing amplifier covered in this sec- 
tion; the subtraction is performed by the difference amplifier covered in 
the next section. 


A summing amplifier is an op amp circuit that combines several inputs and produces 


an output that is the weighted sum of the inputs. 





The summing amplifier, shown in Fig. 5.21, is a variation of the 
inverting amplifier. It takes advantage of the fact that the inverting con- 
figuration can handle many inputs at the same time. We keep in mind that 
the current entering each op amp input is zero. Applying KCL at node a 





gives 
L=ytbt+h (5.13) 
But 
- UV] — Vg V2 — Vy 
,; 1 =—_y) > = 
Figure 5.2] The summing amplifier. R, Ro 
(5.14) 
' U3 — Va ; Va — Vo 
13 = ; l= 
R3 Ry 


(5.15) 





indicating that the output voltage is a weighted sum of the inputs. For 
this reason, the circuit in Fig. 5.21 is called a summer. Needless to say, 
the summer can have more than three inputs. 





Calculate v, and i, in the op amp circuit in Fig. 5.22. 






5kQ 10kQ 
2V b 
2kQ 


Figure 5.22 For Example 5.6. 
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Solution: 


This is a summer with two inputs. Using Eq. (5.15), 
10 2) ss a (1) (4 + 4) 8 V 
Vo = —: | —— — — a 
5 es) 


The current i, is the sum of the currents through the 10-kQ and 2-kQ 

resistors. Both of these resistors have voltage v, = —8 V across them, 

since v, = vp = 0. Hence, 
Vo -O vUo- 


w= 15 


PRACTICE PROBLE MM SR 


0 
mA = —0.8 — 0.4 = —1.2mA 











Find v, and i, in the op amp circuit shown in Fig. 5.23. 








20 kQ 8kQ 
+ 
4kQ SV, 
Figure 5.23 For Practice Prob. 5.6. 

Answer: —3.8 V, —1.425 mA. 
5.7 DIFFERENCE AMPLIFIER 
Difference (or differential) amplifiers are used in various applications The difference amplifier is also known as the sub- 
where there is need to amplify the difference between two input signals. tractor, for reasons to be shown later, 


They are first cousins of the instrumentation amplifier, the most useful 
and popular amplifier, which we will discuss in Section 5.10. 


A difference amplifier is a device that amplifies the difference between two inputs 
but rejects any signals common to the two inputs. 





Consider the op amp circuit shown in Fig. 5.24. Keep in mind that 


zero currents enter the op amp terminals. Applying KCL to node a, 
U1 a Uq Uq a Vo 


Ry Ro 
Or 


= 2 | : (5.16) 
Vo = {[— + Vg , 
: R, “Ry ; 
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Figure 5.24 Difference amplifier. 


Applying KCL to node 5, 
U2— Up — Up— 0 
R; — Rg 
or 
a (5.17 
Vp = ———-v , 
b Rs +R, 2 ) 
But vg = vp. Substituting Eq. (5.17) into Eq. (5.16) yields 
R R R 
i= (= + 1) —_* _y, — —y, 
R, R3+ Rg Ri 
or 
Ro 1+ R,/R 
os + R)/R2) ei 





=e 
R, (1 + R3/R4) 


Since a difference amplifier must reject a signal common to the two inputs, 
the amplifier must have the property that v, = 0 when v,; = v2. This 
property exists when 


RR, Rk; 
—_— = — (5.19) 
Ry Rg 
Thus, when the op amp circuit is a difference amplifier, Eq. (5.18) be- 
comes 
sey ) (5.20) 
Vo = —(v2-—v 
R 2— Vi] 


If Ro = R, and R3 = Rg, the difference amplifier becomes a subtractor, 
with the output 


Up =v —-Y, (5.21) 
Design an op amp circuit with inputs v; and v2 such that vy = —5v, +39. 
Solution: 
The circuit requires that 
Uo = 3v2 — Sv, (5.7.1) 


This circuit can be realized in two ways. 
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DESIGN | If we desire to use only one op amp, we can use the op 
amp circuit of Fig. 5.24. Comparing Eq. (5.7.1) with Eq. (5.18), 
Ry 
~~ =5 —> Ry = 5R, (5.7.2) 
Ry 
Also, 
(1+ Ri/Ro) _ _, 3 _ 3 
(1 + R3/R4) 1+ R3/Ra 5 
or 
R3 
2=1+— => R3 = Rg (5.7.3) 
R4 
If we choose R; = 10 kQ and R3 = 20 kQ, then Ro = 50 kQ and 
Ry = 20k. 
DESIGN 2 If we desire to use more than one op amp, we may cascade 
an inverting amplifier and a two-input inverting summer, as shown in Fig. 3R3 SR 
5.25. For the summer, ; 
Up = —Vqg — DV (5.7.4) 
and for the inverter, 
Ug = —3v> (5.7.5) 





Combining Eqs. (5.7.4) and (5.7.5) gives 


Figure 525 For Example 5.7. 


Uo = 32 — S5v, 


which is the desired result. In Fig. 5.25, we may select Ry = 10 kQ2 and 
Ro = 20 kQ or R, = Ro = 10 kQ. 


PRACTICE PROBLEM PROBLE M SR 


Design a difference amplifier with gain 4. 
Answer: Typical: Rj = R3 = 10 kQ, Ro = Ry = 40 kQ. 


EXAM ? | 5 ccc 


An instrumentation amplifier shown in Fig. 5.26 is an amplifier of low- 
level signals used in process control or measurement applications and 
commercially available in single-package units. Show that 


R 2R3 

Vo = — | 1+ — ] (v2 - v1) 
R, R4 

Solution: 

We recognize that the amplifier A3 1n Fig. 5.26 is a difference amplifier. 

Thus, from Eq. (5.20), 

Ro 


Lp 5.8.1 
R, Vo1) (5.8.1) 


Vo = 
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Figure 5.26 Instrumentation amplifier; for Example 5.8. 


Since the op amps A; and A> draw no current, current 7 flows through 
the three resistors as though they were in series. Hence, 





Vol — Uo2 = 1(R3 + Rg + R3) =i1(2R3 + Ry) (5.8.2) 
But 
: UVa — Ub 
L= 
R4 
and v, = Vj, Vp = V2. Therefore, 
Ui — U2 
— 5.8.3 
R, (5.8.3) 


Inserting Eqs. (5.8.2) and (5.8.3) into Eq. (5.8.1) gives 


Ko (1 4 2K) ) 
Up = — — }(v.—-—v 
R, R, 7a | 


as required. We will discuss the instrumentation amplifier in detail in 
Section 5.10. 


PRACTICE PROBLEM PROBLE ™ SRR 


Obtain i, in the instrumentation amplifier circuit of Fig. 5.27. 





8.00 V 


8.01 V 





Figure 5.2/7 Instrumentation amplifier; for Practice Prob. 5.8. 


Answer: 2 WA. 
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5.8 CASCADED OP AMP CIRCUITS 


As we know, op amp circuits are modules or building blocks for designing 
complex circuits. It is often necessary in practical applications to connect 
Op amp circuits in cascade (1.e., head to tail) to achieve a large overall 
gain. In general, two circuits are cascaded when they are connected in 
tandem, one behind another in a single file. 


A cascade connection is a head-to-tail arrangement of two or more op amp circuits 
such that the output of one is the input of the next. 





When op amp circuits are cascaded, each circuit in the string is 
called a stage; the original input signal is increased by the gain of the 
individual stage. Op amp circuits have the advantage that they can be 
cascaded without changing their input-output relationships. This is due 
to the fact that each (ideal) op amp circuit has infinite input resistance and 
zero Output resistance. Figure 5.28 displays a block diagram representa- 
tion of three op amp circuits in cascade. Since the output of one stage is 
the input to the next stage, the overall gain of the cascade connection is 
the product of the gains of the individual op amp circuits, or 


A = A,A2A3 (5.22) 


Although the cascade connection does not affect the op amp input-output 
relationships, care must be exercised in the design of an actual op amp 
circuit to ensure that the load due to the next stage in the cascade does 
not saturate the op amp. 





Figure 528 OA three-stage cascaded connection. 





Find v, and i, in the circuit in Fig. 5.29. 
Solution: 


This circuit consists of two noninverting amplifiers cascaded. At the 
output of the first op amp, 50 mv ¢ 


12 
vz = (1 + =) (20) = 100 mV 





At the output of the second op amp, 


Up = (: sf 7) v, = (1 +2.5)100 = 350 mV Figure 5.29 For Example 5.9. 
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The required current i, is the current through the 10-k{Q2 resistor. 
: Vo — Ub 
= 

10 

But v, = vz = 100 mV. Hence, 

(350 — 100) x 107° 
lo SS 
10 x 103 


mA 





= 25 uA 


PRACTICE PROBLE MM fe 





Determine v, and 7, in the op amp circuit in Fig. 5.30. 
Answer: 10 V,1mA. 





Figure 5.30 For Practice Prob. 5.9. 


If v; = 1 V and v2 = 2 V, find v, in the op amp circuit of Fig. 5.31. 





Figure 531 For Example 5.10. 


Solution: 


The circuit consists of two inverters A and B and a summer C as shown 
in Fig. 5.31. We first find the outputs of the inverters. 


Va = (w) = —3(1) = —-3 V, Up = —=(02) = —2(2)=-4V 
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These become the inputs to the summer so that the output is obtained as 


| 294, WS By 4 2 88 
Uo = 5 ‘a 15°? = 3 — 0. 


PRACTICE PROBLE M SRR) 





If vy; = 2 V and v2 = 1.5 V, find v, in the op amp circuit of Fig. 5.32. 


60 kQ 





Figure 5.32 Practice Prob. 5.10. 


Answer: 9 V. 


5.9 OP AMP CIRCUIT ANALYSIS WITH PSPICE 


PSpice for Windows does not have a model for an ideal op amp, although 
one may create one as a subcircuit using the Create Subcircuit line in the 
Tools menu. Rather than creating an ideal op amp, we will use one of the 
four nonideal, commercially available op amps supplied in the PSpice 
library eval.slb. The op amp models have the part names LF411, LM111, 
LM324, and uA471, as shown in Fig. 5.33. Each of them can be obtained 
from Draw/Get New Part/libraries - - -/eval.lib or by simply selecting 
Draw/Get New Part and typing the part name in the PartName dialog 
box, as usual. Note that each of them requires dc supplies, without which 
the op amp will not work. The dc supplies should be connected as shown 
in Fig. 5.3. 





LF 411 LM111 LM324 uA7T41 
(a) JFET-input op amp (b) Op amp subcircuit (c) Five—connection (d) Five—connection 
subcircuit op amp subcircuit op amp subcircuit 


Figure 5.33 Nonideal op amp model available in PSpice. 
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Use PSpice to solve the op amp circuit for Example 5.1. 
Solution: 


Using Schematics, we draw the circuit in Fig. 5.6(a) as shown in Fig. 
5.34. Notice that the positive terminal of the voltage source v, is con- 
nected to the inverting terminal (pin 2) via the 10-kQ resistor, while the 
noninverting terminal (pin 3) 1s grounded as required in Fig. 5.6(a). Also, 
notice how the op amp is powered; the positive power supply terminal 
V+ (pin 7) is connected to a 15-V dc voltage source, while the negative 
power supply terminal V— (pin 4) is connected to —15 V. Pins 1 and 5 are 
left floating because they are used for offset null adjustment, which does 
not concern us in this chapter. Besides adding the dc power supplies to 
the original circuit in Fig. 5.6(a), we have also added pseudocomponents 
VIEWPOINT and IPROBE to respectively measure the output voltage vu, 
at pin 6 and the required current 7 through the 20-kQ resistor. 


VS = LS 





14999 -04 





Figure 5.34 Schematic for Example 5.11. 


After saving the schematic, we simulate the circuit by selecting 
Analysis/Simulate and have the results displayed on VIEWPOINT and 
IPROBE. From the results, the closed-loop gain is 


5 3.9983 
Yo _ 73.9983 _ _ 4 99915 
Vs Z 


and i = 0.1999 mA, in agreement with the results obtained analytically 
in Example 5.1. 


PRACTICE PROBLE ™ SRE 


Rework Practice Prob. 5.1 using PSpice. 
Answer: 9.0027, 0.6502 mA. 
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15.10 APPLICATIONS 


The op amp is a fundamental building block in modern electronic instru- 
mentation. It is used extensively in many devices, along with resistors 
and other passive elements. Its numerous practical applications include 
instrumentation amplifiers, digital-to-analog converters, analog comput- 
ers, level shifters, filters, calibration circuits, inverters, summers, inte- 
grators, differentiators, subtractors, logarithmic amplifiers, comparators, 
gyrators, oscillators, rectifiers, regulators, voltage-to-current converters, 
current-to-voltage converters, and clippers. Some of these we have al- 
ready considered. We will consider two more applications here: the 
digital-to-analog converter and the instrumentation amplifier. 


5.10.1 Digital-to-Analog Converter 

The digital-to-analog converter (DAC) transforms digital signals into ana- 
logform. A typical example of a four-bit DAC is illustrated in Fig. 5.35(a). 
The four-bit DAC can be realized in many ways. A simple realization is 
the binary weighted ladder, shown in Fig. 5.35(b). The bits are weights 
according to the magnitude of their place value, by descending value of 
Ry /R, so that each lesser bit has half the weight of the next higher. This 
is obviously an inverting summing amplifier. The output is related to the 
inputs as shown in Eq. (5.15). Thus, 


R R R; R; 
ty V4 VV, 


—V,= 
° Ry R> R3 R, 


(5.23) 


Input V; is called the most significant bit (MSB), while input V4 is the 
least significant bit (LSB). Each of the four binary inputs Vj, ..., V4 can 
assume only two voltage levels: 0 or 1 V. By using the proper input 
and feedback resistor values, the DAC provides a single output that is 
proportional to the inputs. 


ee. 


In the op amp circuit of Fig. 5.35(b), let Rr = 10 kQ, Ry = 10 kQ, 
Ry = 20 kQ, R3 = 40 kQ, and Ry = 80 kQ. Obtain the analog output 
for binary inputs [OOOO], [OO01], [OO10],..., [L111]. 

Solution: 


Substituting the given values of the input and feedback resistors in Eq. 
(5.23) gives 


Phy e Sty Shy 
Ri Rp OR3 OR 


— V, + 0.5V> + 0.25V3 + 0.125 V4 


Ve = V4 


Using this equation, a digital input [Vj V2V3V4] = [O000] produces an 
analog output of —V, = 0 V; [V;V2V3V4] = [0001] gives —V, = 
0.125 V. Similarly, 


185 
Digital O 
hia . O Four-bit Analog 
ae O DAC : output 
(0000-1111) 6 P 


(a) 
V Vy V3 V4 





(b) 
Figure 9.35 


Four-bit DAC: (a) block diagram, 
(b) binary weighted ladder type. 


In practice, the voltage levels may be typically 0 
and + 9 V. 
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[V1 V2 V3 V4] = [0010] => —V, — 0.25 V 

[Vi V2 V3 V4] = [0011] = —V, = 0.25 + 0.125 = 0.375 V 

[V1 V2 V3 V4] = [0100] => —V,-—0.5V 

[Vi V2 V3 V4) = [1111] ==> —V, = 140.54 0.25 + 0.125 
= 1.875 V 


Table 5.2 summarizes the result of the digital-to-analog conversion. Note 
that we have assumed that each bit has a value of 0.125 V. Thus, in 
this system, we cannot represent a voltage between 1.000 and 1.125, 
for example. This lack of resolution is a major limitation of digital-to- 
analog conversions. For greater accuracy, a word representation with a 
greater number of bits is required. Even then a digital representation of 
an analog voltage is never exact. In spite of this inexact representation, 
digital representation has been used to accomplish remarkable things such 
as audio CDs and digital photography. 


TABLE 5.2 = Input and output values 


of the four-bit DAC. 

Binary input Output 
[Vi V2V3V4] Decimal value =V,, 
0000 0 0 

0001 1 0.125 

0010 2 0.25 
0011 3 0.375 
0100 4 0.5 
0101 > 0.625 
0110 6 0.75 
0111 7 0.875 
1000 8 1.0 
1001 9 0.125 
1010 10 0.25 
1011 11 1.375 
1011 12 jes 
1100 13 1.625 
1101 14 1.75 
1111 15 1.875 


PRACTICE PROBLE M iy 


A three-bit DAC is shown in Fig. 5.36. 
(a) Determine |V,| for [V; V2 V3] = [010]. 
(b) Find |V,| if [V; V2 V3] = [110]. 
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(c) If |V,| = 1.25 V is desired, what should be [V; V2V3] 2 hee vires 
(d) To get |V,| = 1.75 V, what should be [V; V2 V3] ? 20 kO 
Answer: 0.5 V, 1.5 V, [101], [111]. 2 v, 
40 kQ ae 
V3 7 


Figu re 5.36 Three-bit DAC; for Practice 
Prob. 5.12. 


5.10.2 Instrumentation Amplifiers 

One of the most useful and versatile op amp circuits for precision mea- 
surement and process control is the instrumentation amplifier (IA), so 
called because of its widespread use in measurement systems. Typical 
applications of IAs include isolation amplifiers, thermocouple amplifiers, 
and data acquisition systems. 

The instrumentation amplifier is an extension of the difference am- 
plifier in that it amplifies the difference between its input signals. As 
shown in Fig. 5.26 (see Example 5.8), an instrumentation amplifier typ- 
ically consists of three op amps and seven resistors. For convenience, 
the amplifier is shown again in Fig. 5.37(a), where the resistors are made 
equal except for the external gain-setting resistor Rg, connected between 
the gain set terminals. Figure 5.37(b) shows its schematic symbol. Ex- 
ample 5.8 showed that 


Vo = Ay(v2 — V1) (5.24) 
where the voltage gain is 
A,y=1I+ a 5.25) 
v= Rc (5. 


As shown in Fig. 5.38, the instrumentation amplifier amplifies small dif- 

ferential signal voltages superimposed on larger common-mode voltages. 

Since the common-mode voltages are equal, they cancel each other. 
The IA has three major characteristics: 


wee ee He Ke Ke eK Ke eK eK eK ee eK eK eK eK eK Re eK Ke ee ee eK eH KH KH KH HG 






Inverted input v 


Gain set 


Vv, Output 
Rg 


Gain set 


Noninverting input 2 


ya Sar nr tet -na i, SG in) i yc,  ya y 





(a) (b) 


Figure 5.37 (a) The instrumentation amplifier with an external resistance to adjust the gain, (b) schematic diagram. 
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Small differential signals riding on larger Instrumentation amplifier Amplified differential signal, 
common-mode signals No common-mode signal 


Figu re5.38 TheIA rejects common voltages but amplifies small signal voltages. 
(Source: T. L. Floyd, Electronic Devices, 2nd ed., Englewood Cliffs, NJ: Prentice Hall, 1996, p. 795.) 


1. The voltage gain is adjusted by one external resistor Rg. 


2. The input impedance of both inputs is very high and does not 
vary as the gain is adjusted. 


3. The output v, depends on the difference between the inputs v, 
and v2, not on the voltage common to them (common-mode 
voltage). 

Due to the widespread use of IAs, manufacturers have developed 

these amplifiers on single-package units. A typical example is the 
LH0036, developed by National Semiconductor. The gain can be var- 


ied from | to 1,000 by an external resistor whose value may vary from 
100 Q to 10 kQ. 


In Fig. 5.37, let R = 10 kQ, vy; = 2.011 V, and v2 = 2.017 V. If Rg is ad- 
justed to 500 (2, determine: (a) the voltage gain, (b) the output voltage v,. 


Solution: 


(a) The voltage gain is 


r 14 2R _ 4 2 10,000 _ 
a Rg 500 7 


41 


(b) The output voltage is 
Uo = Ay(v2 — vy) = 41(2.017 — 2.011) = 41(6) mV = 246 mV 
PRACTICE PROBLE MM RRR 


Determine the value of the external gain-setting resistor Rg required for 
the IA in Fig. 5.37 to produce a gain of 142 when R = 25 kQ. 


Answer: 354.6 Q. 


5.11 SUMMARY 


1. The op amp is a high-gain amplifier that has high input resistance 
and low output resistance. 
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2. Table 5.3 summarizes the op amp circuits considered in this 
chapter. The expression for the gain of each amplifier circuit holds 
whether the inputs are dc, ac, or time-varying in general. 


TABLE 5.3 =Summary of basic op amp circuits. 


Op amp circuit Name/output-input relationship 
R, Inverting amplifier 
Ry 
R, Vo = Uj 

R 

V; : | 

oO 
Ry Noninverting amplifier 


14% 
Vo = ~~ | Ui 
R, 


Voltage follower 











Vo = Vj 
Vi 
R, R Summer 
‘ Rr Re, Re 
Vo = — | — y+ m+ =v 
0 Ry R; 3 
R, R, Difference amplifier 
V 
= acre — v1) 
O R, 2 1 
Vo 
Ry Ry 
V2 


3. An ideal op amp has an infinite input resistance, a zero output 
resistance, and an infinite gain. 


4. For an ideal op amp, the current into each of its two input terminals 
is zero, and the voltage across its input terminals is negligibly small. 


5. In an inverting amplifier, the output voltage is a negative multiple of 
the input. 


6. In a noninverting amplifier, the output is a positive multiple of the 
input. 
7. Ina voltage follower, the output follows the input. 


8. In a summing amplifier, the output is the weighted sum of the 
inputs. 
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9. In a difference amplifier, the output is proportional to the difference 


of the two inputs. 


10. Op amp circuits may be cascaded without changing their 
input-output relationships. 


11. PSpice can be used to analyze an op amp circuit. 


12. Typical applications of the op amp considered in this chapter 
include the digital-to-analog converter and the instrumentation 


amplifier. 


REVIEW QUESTIONS 


J | 


5.2 


5.3 


5.4 


5.5 


The two input terminals of an op amp are labeled as: 
(a) high and low. 

(b) positive and negative. 

(c) inverting and noninverting. 

(d) differential and nondifferential. 


For an ideal op amp, which of the following 
statements are not true? 


(a) The differential voltage across the input 
terminals is zero. 


(b) The current into the input terminals is zero. 
(c) The current from the output terminal is zero. 
(d) The input resistance is zero. 


(e) The output resistance is zero. e 
For the circuit in Fig. 5.39, voltage vu, is: 
(a) —6V (b) —S5 V 
(c) -—1.2V (d) —0.2 V 5.7 
Le 
10kQ es 
2kQ 
+ 
1V \, 
Figure 5.39 For Reivew Questions 5.3 and 5.4. 
For the circuit in Fig. 5.39, current i, is: 
(a) 0.6A (b) OSA 
(c) O.2A (d) 1/12ZA 
5.9 
If v, = 0 in the circuit of Fig. 5.40, current i, is: 
(a) —10A (b) —2.5A 
(c) 1O/IZA (d) 10/14A 


8 kQO 


ae 
= 


jon) 


10V 


Figure 5.40 


For Review Questions 5.5 to 5.7. 


If v; = 8 V in the circuit of Fig. 5.40, the output 
voltage is: 


(a) —44V 
(c) 4V 


(b) —8 V 
(d) 7V 


Refer to Fig. 5.40. If v; = 8 V, voltage vg is: 
(a) —8V (b) OV 
(c) 10/3 V (d) 8V 


The power absorbed by the 4-kQ resistor in Fig. 
5.41 is: 





(a) 9mW (b) 4mW 

(c) 2mW (d) 1 mW 
4kQ 

+ 

V 





For Review Question 5.8. 


Figure 5.41 


Which of these amplifiers is used in a 
digital-to-analog converter? 
(a) noninverter (b) voltage follower 


(c) summer (d) difference amplifier 
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5.10 Difference amplifiers are used in: 
(a) instrumentation amplifiers 
(b) voltage followers 
(c) voltage regulators 
(d) buffers 


PROBLEMS 
Section 5.2 Operational Amplifiers 
5.1 The equivalent model of a certain op amp is shown 


in Fig. 5.42. Determine: 
(a) the input resistance 
(b) the output resistance 
(c) the voltage gain in dB. 


60 Q 
Nd 1.5 MQ 8 x 10V, 
+ 
Figure 54) For Prob. 5.1. 


5.2 The open-loop gain of an op amp is 100,000. 
Calculate the output voltage when there are inputs of 
+10 wV on the inverting terminal and + 20 wV on 
the noninverting terminal. 


5.3 Determine the output voltage when —20 wV is 
applied to the inverting terminal of an op amp and 
+30 yV to its noninverting terminal. Assume that 
the op amp has an open-loop gain of 200,000. 


5.4 The output voltage of an op amp is —4 V when the 
noninverting input is 1 mV. If the open-loop gain of 
the op amp is 2 x 10°, what is the inverting input? 


5.5 For the op amp circuit of Fig. 5.43, the op amp has 
an open-loop gain of 100,000, an input resistance of 
10 kQ2, and an output resistance of 100 Q. Find the 
voltage gain v,/v; using the nonideal model of the 
Op amp. 





Figure 5.43 


For Prob. 5.5. 


5.6 Using the same parameters for the 741 op amp in 
Example 5.1, find v, in the op amp circuit of Fig. 
5.44. 


Operational Amplifiers 19| 


(e) summing amplifiers 
(f) subtracting amplifiers 


Answers: 5.1c, 5.2c,d, 5.3b, 5.4b, 5.5a, 5.6c, 5.7d, 5.8b, 5.9c, 5.10a,f. 





1mV 


Figure 5.44 


For Prob. 5.6. 


5.7 The op amp in Fig. 5.45 has R; = 100 kQ, 
R, = 100 2, A = 100,000. Find the differential 
voltage vg and the output voltage v,. 


1mV 





Figure 9.45 


For Prob. 5.7. 


Section 5.3 Ideal Op Amp 
5.8 Obtain v, for each of the op amp circuits in Fig. 5.46. 


10 kQ 


2kQ 
2V 








+ 
1mA Vo 
(a) (b) 
Figure 5.46 For Prob. 5.8. 
5.9 Determine v, for each of the op amp circuits in Fig. 
5.47. 
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2kQ 


1mA 





Figure 5.50 For Prob. 5.12. 
O 
+ 
3V 1V \, 5.13.‘ Find v, and i, in the circuit of Fig. 5.51. 
= 10 kQ 
Figure 5.47 For Prob. 5.9. lo 
1V . 
5.10 ‘Find the gain v,/v, of the circuit in Fig. 5.48. ; 
20 kQ 
Figure 5.5! For Prob. 5.13. 
Vs 
5.14 Determine the output voltage v, in the circuit of Fig. 
D2: 
Figure 9.48 For Prob. 5.10. 
5.11 Find v, and i, in the circuit in Fig. 5.49. 
8 kQ 
2mA 
Figure 5.52 For Prob. 5.14. 
Section 5.4 Inverting Amplifier 
5.15 = (a) For the circuit shown in Fig. 5.53, show that the 
ss gain 1S 
Figure 5.49 For Prob. 5.11. Vp 1 RR 
e or Pro nn Gee ay eee 1X2 
U; R R3 
5.12. Refer to the op amp circuit in Fig. 5.50. Determine (b) Evaluate the gain when R = 10 kQ, 








the power supplied by the voltage source. 


4AkQ 


7 OV, 
1.2V 
2 kQ 
O 








R,; = 100 kQ, Ry = 50 kQ, R3 = 25 kQ. 
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2kQ 4AkQ 10 kQ 


1V 


Figure 9.56 — For Prob. 5.18. 





Figure 553 For Prob. 5.15. 


5.19 Inthe circuit in Fig. 5.57, calculate v, if v, = 0. 


5.16 Calculate the gain v,/v; when the switch in Fig. 


5.54 is in: 
(a) position! (b) position2 (c) position 3 





12 kQ 





Figure 5.57 For Prob. 5.19. 


5.20 Repeat the previous problem if v, = 3 V. 


5.21 Design an inverting amplifier with a gain of —15. 


Section 5.5 Noninverting Amplifier 





‘i 5.22 Find v, and v, in the op amp circuit of Fig. 5.58. 


2V | ’ Yo 
3V 


Figure 5.58 — For Prob. 5.22. 


Figure 9.54 — For Prob. 5.16. 


5.17. = Calculate the gain v,/v; of the op amp circuit in Fig. 
5. 


5.23. Refer to Fig. 5.59. 
(a) Determine the overall gain v,/v; of the circuit. 


(b) What value of v; will result in 
v, = 15cos 120zt? 





10 kQ 50 kQ 


20 kQ 1MQ 


Figure 9.55 For Prob. 5.17. 





5.18 Determine i, in the circuit of Fig. 5.56. Figure 5.59 For Prob. 5.23. 
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5.24 —Findi, in the op amp circuit of Fig. 5.60. 


50 kQ 


Yi 
10 kQ 20 kQ 


Figure 5.60 


For Prob. 5.24. 


5.25. —_In the circuit shown in Fig. 5.61, find 7, and the 
power absorbed by the 20-Q resistor. 


60 kQ 


fi. 


1.2V 20 kQ 


Figure 5.6| 


For Prob. 5.25. 


5.26 — For the circuit in Fig. 5.62, find i,. 


12 kQ 


4mA 


Figure 5.62 


For Prob. 5.26. 


5.27 Calculate 7, and v, in the circuit of Fig. 5.63. Find 
the power dissipated by the 60-kQ resistor. 


i 20kQ 





4 mV 


l= t 


For Prob. 5.27. 


Figure 5.63 





DC Circuits 


5.28 Refer to the op amp circuit in Fig. 5.64. Calculate 7, 
and the power dissipated by the 3-kQ resistor. 


1mA 





For Prob. 5.28. 


Figure 5.64 


5.29 Design a noninverting amplifier with a gain of 10. 


Section 5.6 Summing Amplifier 
5.30 | Determine the output of the summing amplifier in 
Fig. 5.65. 





Figure 5.65 


For Prob. 5.30. 


5.31 Calculate the output voltage due to the summing 


> amplifier shown in Fig. 5.66. 
10 mV 


25 kQ 





Figure 9.66 


For Prob. 5.31. 


5.32 An averaging amplifier is a summer that provides an 
output equal to the average of the inputs. By using 
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proper input and feedback resistor values, one can 
get 


— Vout = (vy Oy Ur 'UA) 


Using a feedback resistor of 10 kQ, design an 
averaging amplifier with four inputs. 


5.33. A four-input summing amplifier has 
R, = Ro = R3 = Rg = 12 kQ. What value of 
feedback resistor is needed to make it an averaging 


amplifier? 


5.34 
5.67 is 
(R3 + Ry) 


Vy = ————— (Rov, + Ryv 
R(Ri ER) | 2U1 1 U2) 





For Prob. 5.34. 


Figure 5.67 


5.35 Design an op amp circuit to perform the following 


Operation: 
Up = 3v, — 2» 
All resistances must be < 100 kQ. 
5.36 Using only two op amps, design a circuit to solve 
Vi— V2 | U3 
3 2 





—Vout = 


Section 5.7 
5.37 


Difference Amplifier 


Find v, and i, in the differential amplifier of Fig. 
5.68. 


2 kQ 4kQ 


3 kQ 





10 V 
+ 


V, 


oO 





5 kQ 


Figure 5.68 


For Prob. 5.37. 


* An asterisk indicates a challenging problem. 


Show that the output voltage v, of the circuit in Fig. 
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5.38 The circuit in Fig. 5.69 is a differential amplifier 


@ driven by a bridge. Find v,. 


20 kQ 


80 kQ 





Figure 5.69 


For Prob. 5.38. 


5.39 Design a difference amplifier to have a gain of 2 and 


a common mode input resistance of 10 kQ2 at each 
input. 


5.40 Design a circuit to amplify the difference between 


two inputs by 2. 
(a) Use only one op amp. 
(b) Use two op amps. 


5.41 
*5.42 


Using two op amps, design a subtractor. 


The ordinary difference amplifier for fixed-gain 
operation is shown in Fig. 5.70(a). It is simple and 
reliable unless gain is made variable. One way of 
providing gain adjustment without losing simplicity 
and accuracy is to use the circuit in Fig. 5.70(b). 
Another way is to use the circuit in Fig. 5.70(c). 
Show that: 


(a) for the circuit in Fig. 5.70(a), 





Uo _ R> 
U; 7 R, 
é (b) for the circuit in Fig. 5.70(b), 
Vo R 1 
Fg5_70b a 
U; R, ie R, 
2Rc 


(> (c) for the circuit in Fig. 5.70(c), 
Uo R> R> 


eee Ff ee 
Fg5_70c js x ( = =) 
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Figure 5.70 
Section 5.8 
5.43 


The individual gains of the stages in a multistage 


PART | 





(c) 


For Prob. 5.42. 


Cascaded Op Amp Circuits 


amplifier are shown in Fig. 5.71. 
(a) Calculate the overall voltage gain v, /v;. 


(b) Find the voltage gain that would be needed in a 
fourth stage which would make the overall gain 
to be 60 dB when added. 


Figure 5.71 





For Prob. 5.43. 


DC Circuits 


5.44 


5.45 


5.46 


In a certain electronic device, a three-stage amplifier 
is desired, whose overall voltage gain is 42 dB. The 
individual voltage gains of the first two stages are to 
be equal, while the gain of the third is to be 
one-fourth of each of the first two. Calculate the 
voltage gain of each. 


Refer to the circuit in Fig. 5.72. Calculate i, if: 
(a) vy» = 12 mV (b) v, = 10cos377t mV. 


12 kQ 12 kO 


ieee 4kQ 
1" 
Vs 
2kQ 


Figure 5.72 For Prob. 5.45. 


Calculate i, in the op amp circuit of Fig. 5.73. 


10 kQ 


Lae ti, 
0.6 V 4kQ 


5.47 


5.48 


Figure 9.73 For Prob. 5.46. 


Find the voltage gain v,/v, of the circuit in Fig. 5.74. 





Figure 5.74 For Prob. 5.47. 


Calculate the current gain i,/i, of the op amp circuit 
in Fig. 5.75. 
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4AkQ 





Figure 5.78 — For Prob. 5.51. 


Figure 9.73 For Prob. 5.48. 5.52 For the circuit in Fig. 5.79, find v,. 


5.49 Find v, in terms of v,; and v2 in the circuit in Fig. 
5.76; 





Figure 5./6 — For Prob. 5.49. eae LS? 


5.53 Obtain the output v, in the circuit of Fig. 5.80. 


5.50 Obtain the closed-loop voltage gain v,/v; of the 
circuit in Fig. 5.77. 80 ka 80 ka 


0.4V 


0.2 V 





Figure 5.7] For Prob. 5.50. Figure 580 For Prob. 5.53. 


5.54 Find v, in the circuit in Fig. 5.81, assuming that 
5.51 Determine the gain v,/v; of the circuit in Fig. 5.78. Ry = © (open circuit). 
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10 mV 1kQ 





Figure 5.81 — For Probs. 5.54 and 5.55. 


5.55 Repeat the previous problem if Ry = 10 kQ. 


5.56 Determine v, in the op amp circuit of Fig. 5.82. 








30 kQ 40 kQ 
10 kQ 
20 kQ 
OV 
1V 
= 60 kQ 
= 10k 
2V 20 kQ - 
= 10kQ 
3V 
= 10k 
4V 
Figure 9.82 For Prob. 5.56. 


5.57 Find the load voltage vz in the circuit of Fig. 5.83. 


100kQ. 250 kQ 





20 kQ 





Figure 5.83 


For Prob. 5.57. 





DC Circuits 


5.58 | Determine the load voltage v; in the circuit of Fig. 
5.84. 





Figure 5.84 For Prob. 5.58. 
5.59 Find i, in the op amp circuit of Fig. 5.85. 


100 kQ 32 kQ 


0.6V 0.4V 





Figure 9.85 


For Prob. 5.59. 


Section 5.9 Op Amp Circuit Analysis with 


PSpice 


5.60 = Rework Example 5.11 using the nonideal op amp 
LM37?4 instead of uA741. 


5.61 Solve Prob. 5.18 using PSpice and op amp uA741. 
5.62 Solve Prob. 5.38 using PSpice and op amp LM324. 
5.63. Use PSpice to obtain v, in the circuit of Fig. 5.86. 


10 kQ 20 kQ 30 kQ 40 kQ 





Figure 5.86 


For Prob. 5.63. 


5.64 Determine v, in the op amp circuit of Fig. 5.87 
using PSpice. 
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20 kQ 5.70 


10 kQ 


SV 5.71 






10 kQ 40 kQ 


O 
+ 
Vo 
L 5.72 


1V 


Figure 5.87 


Use PSpice to solve Prob. 5.56, assuming that the op 
amps are uA741. 


For Prob. 5.64. 


5.65 


5.66 | Use PSpice to verify the results in Example 5.9. 


Assume nonideal op amps LM324. 


Section 5.10 
5.67 


Applications 


A five-bit DAC covers a voltage range of 0 to 7.75 V. 


Calculate how much voltage each bit is worth. +573 


5.68 Design a six-bit digital-to-analog converter. 


(a) If |V,| = 1.1875 V is desired, what should 

[Vi V> V3 V4 Vs Vo] be? 
(b) Calculate | V,| if [V; V2 V3 Va V5 Vo] = [011011]. 
(c) What is the maximum value |V,| can assume? 


*5.69 A four-bit R-2R ladder DAC is presented in Fig. 5.88. 


IR 4R 8R. 16R 


(b) If Ry = 12 kQ and R = 10 kQ, find |V,| for 
lV V> V3 Vi] = [1011] and [V; V> V3 Vi] = [O101]. 


(a) Show that the output voltage is given by 
g Vi Ww vs OW 40 kQ 
=V Ke 


Rr 





For Prob. 5.69. 


Figure 5.88 
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If Rg = 100 Q and R = 20 kQ, calculate the 
voltage gain of the IA in Fig. 5.37. 


Assuming a gain of 200 for an IA, find its output 
voltage for: 


(a) vy; = 0.402 V and v2 = 0.386 V 
(b) v; = 1.002 V and v2 = 1.011 V. 


Figure 5.89 displays a two-op-amp instrumentation 
amplifier. Derive an expression for v, in terms of v, 
and v2. How can this amplifier be used as a 
subtractor? 





For Prob. 5.72. 


Figure 5.89 


Figure 5.90 shows an instrumentation amplifier 
driven by a bridge. Obtain the gain v,/v; of the 
amplifier. 


25kQ 500 kQ 





Figure 5.90 


For Prob. 5.73. 
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COMPREHENSIVE PROBLEMS 


5.74 


5.75 


5.76 


A gain of 6 (+ or —, it does not matter) is required 
in an audio system. Design an op amp circuit to 
provide the gain with an input resistance of 2 kQ. 


The op amp circuit in Fig. 5.91 is a current amplifier. 
Find the current gain i,/i, of the amplifier. 


20 kQ 





4AkQ 





1 2 kQ 


Figure 5.91 


For Prob. 5.75. 


A noninverting current amplifier is portrayed in Fig. 
5.92. Calculate the gain i,/i,. Take Ry = 8 kQ and 
Ry = 1k. 





For Prob. 5.76. 


Figure 5.92 


DC Circuits 


5.77 


*5.78 


Refer to the bridge amplifier shown in Fig. 5.93. 
Determine the voltage gain v,/v;. 


60 kQ 





Figure 5.93 


For Prob. 5.77. 


A voltage-to-current converter is shown in Fig. 5.94, 
which means that i; = Av; if R; Ro = R3R4. Find 
the constant term A. 





Figure 9.94 


For Prob. 5.78. 


Go to the Student OLC 
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CAPACITORS AND INDUCTORS 


The important thing about a problem is not its solution, but the strength 
we gain in finding the solution. 


—Anonymous 


Historical Profiles 


Michael Faraday (1791-1867), an English chemist and physicist, was probably the 
greatest experimentalist who ever lived. 

Born near London, Faraday realized his boyhood dream by working with the 
great chemist Sir Humphry Davy at the Royal Institution, where he worked for 54 years. 
He made several contributions in all areas of physical science and coined such words 
as electrolysis, anode, and cathode. His discovery of electromagnetic induction in 
1831 was a major breakthrough in engineering because it provided a way of generating 
electricity. The electric motor and generator operate on this principle. The unit of 
capacitance, the farad, was named in his honor. 


Joseph Henry (1797-1878), an American physicist, discovered inductance and con- 
structed an electric motor. 

Born in Albany, New York, Henry graduated from Albany Academy and taught 
philosophy at Princeton University from 1832 to 1846. He was the first secretary of the 
Smithsonian Institution. He conducted several experiments on electromagnetism and 
developed powerful electromagnets that could lift objects weighing thousands of pounds. 
Interestingly, Joseph Henry discovered electromagnetic induction before Faraday 
but failed to publish his findings. The unit of inductance, the henry, was named after him. 
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6.1 INTRODUCTION 


So far we have limited our study to resistive circuits. In this chapter, we 
shall introduce two new and important passive linear circuit elements: 
the capacitor and the inductor. Unlike resistors, which dissipate energy, 
capacitors and inductors do not dissipate but store energy, which can be 
retrieved at a later time. For this reason, capacitors and inductors are 


In contrast to a resistor, which spends or dis- called storage elements. 

sipates energy irreversibly, an inductor or ca- The application of resistive circuits is quite limited. With the in- 
pacitor stores or releases energy (i.e. has a troduction of capacitors and inductors in this chapter, we will be able to 
memory). analyze more important and practical circuits. Be assured that the circuit 


analysis techniques covered in Chapters 3 and 4 are equally applicable to 
circuits with capacitors and inductors. 
We begin by introducing capacitors and describing how to combine 
Dielectric with permittivity € them in series or in parallel. Later, we do the same for inductors. As 
typical applications, we explore how capacitors are combined with op 
amps to form integrators, differentiators, and analog computers. 


6.2 CAPACITORS 


A capacitor is a passive element designed to store energy in its electric 
field. Besides resistors, capacitors are the most common electrical com- 
ponents. Capacitors are used extensively in electronics, communications, 
computers, and power systems. For example, they are used in the tuning 
circuits of radio receivers and as dynamic memory elements in computer 


| | systems. 


d 






Metal plates, 
each with area A 





A capacitor is typically constructed as depicted in Fig. 6.1. 
Figure 61 A typical capacitor. 


A capacitor consists of two conducting plates separated 


by an insulator (or dielectric). 





In many practical applications, the plates may be aluminum foil while the 
dielectric may be air, ceramic, paper, or mica. 

When a voltage source v is connected to the capacitor, as in Fig. 
6.2, the source deposits a positive charge g on one plate and a negative 
charge —gq on the other. The capacitor is said to store the electric charge. 
The amount of charge stored, represented by gq, is directly proportional 
to the applied voltage v so that 


Figure 6.2 A capacitor (6.1) 


with applied voltage v. 





where C, the constant of proportionality, is known as the capacitance 
of the capacitor. The unit of capacitance is the farad (F), in honor of 
the English physicist Michael Faraday (1791-1867). From Eq. (6.1), we 
Alternatively, capacitance is the amount of charge may derive the following definition. 
stored per plate for a unit voltage difference in a 
capacitor. 


Capacitance is the ratio of the charge on one plate of a capacitor to the voltage 
difference between the two plates, measured in farads (F). 





Note from Eq. (6.1) that 1 farad = 1 coulomb/volt. 
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Although the capacitance C of a capacitor is the ratio of the charge 
q per plate to the applied voltage v, it does not depend on g or v. It 
depends on the physical dimensions of the capacitor. For example, for 
the parallel-plate capacitor shown in Fig. 6.1, the capacitance is given by 


EA 
(6.2) Capacitor voltage rating and capacitance are typ- 


where A is the surface area of each plate, d is the distance between the ically inversely rated due to the relationships in 
Eqs. (6.1) and (6.2). Arcing occurs if d is small 


plates, and ¢€ is the permittivity of the dielectric material between the and V is high 
plates. Although Eq. (6.2) applies to only parallel-plate capacitors, we 

may infer from it that, in general, three factors determine the value of the 

capacitance: 


C= 


1. The surface area of the plates—the larger the area, the greater 
the capacitance. 


2. The spacing between the plates—the smaller the spacing, the 
greater the capacitance. 


3. The permittivity of the material—the higher the permittivity, 
the greater the capacitance. 


Capacitors are commercially available in different values and types. 
Typically, capacitors have values in the picofarad (pF) to microfarad (wF) 
range. They are described by the dielectric material they are made of and 
by whether they are of fixed or variable type. Figure 6.3 shows the circuit i  C i C 
symbols for fixed and variable capacitors. Note that according to the o——_|(—_0 o— {Ff 
passive sign convention, current is considered to flow into the positive = =e 
terminal of the capacitor when the capacitor is being charged, and out of Figure6.3 Circuit symbols for capacitors: 
the positive terminal when the capacitor is discharging. (a) fixed capacitor, (b) variable capacitor. 
Figure 6.4 shows common types of fixed-value capacitors. Polyester 
capacitors are light in weight, stable, and their change with temperature is 
predictable. Instead of polyester, other dielectric materials such as mica 
and polystyrene may be used. Film capacitors are rolled and housed in 
metal or plastic films. Electrolytic capacitors produce very high capaci- 
tance. Figure 6.5 shows the most common types of variable capacitors. 
The capacitance of a trimmer (or padder) capacitor or a glass piston capac- 
itor is varied by turning the screw. The trimmer capacitor is often placed 
in parallel with another capacitor so that the equivalent capacitance can 
be varied slightly. The capacitance of the variable air capacitor (meshed 
plates) is varied by turning the shaft. Variable capacitors are used in radio 





Figure 64 Fixed capacitors: (a) polyester capacitor, (b) ceramic capacitor, (c) electrolytic capacitor. 
(Courtesy of Tech America. ) 
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receivers allowing one to tune to various stations. In addition, capacitors 
are used to block dc, pass ac, shift phase, store energy, start motors, and 
suppress noise. 
To obtain the current-voltage relationship of the capacitor, we take 
the derivative of both sides of Eq. (6.1). Since 
dq 


i= — 6.3 
oP (6.3) 


differentiating both sides of Eq. (6.1) gives 


(6.4) 





This is the current-voltage relationship for a capacitor, assuming the pos- 
itive sign convention. The relationship is illustrated in Fig. 6.6 for a 
capacitor whose capacitance is independent of voltage. Capacitors that 
satisfy Eq. (6.4) are said to be linear. For a nonlinear capacitor, the 
plot of the current-voltage relationship is not a straight line. Although 
some capacitors are nonlinear, most are linear. We will assume linear 





Figure 6.5 Variable capacitors: 
(a) trimmer capacitor, (b) filmtrim 
capacitor. capacitors in this book. 


(Courtesy of Johanson.) The voltage-current relation of the capacitor can be obtained by 
integrating both sides of Eq. (6.4). We get 


1 ff’ . 
According to Eq, (6.4), for a capacitor to carry ier: / a dt (6.5) 
current, its voltage must vary with time. Hence, 


or 
for constant voltage, i = 0. 


C 


1 t 
; = =| i dt + v(t) (6.6) 
10 





where v(fo) = g(to)/C is the voltage across the capacitor at time fo. 
Equation (6.6) shows that capacitor voltage depends on the past history 


=— Slope =C 
of the capacitor current. Hence, the capacitor has memory—a property 
that is often exploited. 
The instantaneous power delivered to the capacitor is 
0 dV/dt 
-_¢ dv 
Figure 6.6 Current-voltage oe ee ag Oo) 


relationship of a capacitor. 
The energy stored in the capacitor is therefore 


t t d t 1 
w=f par=cf vPa=cf vdv=5cv 


We note that v(—oo) = 0, because the capacitor was uncharged at t = 
—oo. Thus, 


t 
(6.8) 





t=—oco 





(6.9) 
Using Eq. (6.1), we may rewrite Eq. (6.9) as 
2 
q 
= 6.10 
Ww Ya (6.10) 
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Equation (6.9) or (6.10) represents the energy stored in the electric field 
that exists between the plates of the capacitor. This energy can be re- 
trieved, since an ideal capacitor cannot dissipate energy. In fact, the word 
capacitor is derived from this element’s capacity to store energy in an 
electric field. 

We should note the following important properties of a capacitor: 


1. Note from Eq. (6.4) that when the voltage across a capacitor is 
not changing with time (1.e., dc voltage), the current through 
the capacitor is zero. Thus, 


A capacitor is an open circuit to dc. 





However, if a battery (dc voltage) 1s connected across a 
capacitor, the capacitor charges. 


2. The voltage on the capacitor must be continuous. (a) (b) 


| | Figure 6.7 Voltage across a capacitor: 
The voltage on a capacitor cannot change abruptly. (a) allowed, (b) not allowable; an abrupt 
change is not possible. 


The capacitor resists an abrupt change in the voltage across it. 
According to Eq. (6.4), a discontinuous change in voltage 
requires an infinite current, which is physically impossible. 
For example, the voltage across a capacitor may take the form energy can only be done over some finite time, 
shown in Fig. 6.7(a), whereas it is not physically possible for voltage cannot change instantaneously across a 
the capacitor voltage to take the form shown in Fig. 6.7(b) capacitor 
because of the abrupt change. Conversely, the current through 

a capacitor can change instantaneously. 


An alternative way of looking at this is using Eq. 
(6.9), which indicates that energy is proportional 
to voltage squared. Since injecting or extracting 


a Leakage resistance 
3. The ideal capacitor does not dissipate energy. It takes power 


from the circuit when storing energy in its field and returns 
previously stored energy when delivering power to the circuit. 


4. A real, nonideal capacitor has a parallel-model leakage 


resistance, as shown in Fig. 6.8. The leakage resistance may be err 
as high as 100 MQ and can be neglected for most practical 

applications. For this reason, we will assume ideal capacitors Figure 6.8 — Circuit model of a 
in this book. nonideal capacitor. 


EXAM P| 5 ccc 


(a) Calculate the charge stored on a 3-pF capacitor with 20 V across it. 
(b) Find the energy stored in the capacitor. 


Solution: 
(a) Since g = Cv, 
g=3x 107 x 20 = 60 pC 


(b) The energy stored is 
a 12 
West OG x 400 = 600 pJ 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


206 PART | DC Circuits 


PRACTICE PROBLE M ig 


What is the voltage across a 3-j4F capacitor if the charge on one plate is 
0.12 mC? How much energy is stored? 


Answer: 40 V, 2.4 mJ. 


The voltage across a 5-wF capacitor is 


v(t) = 10cos 6000t V 
Calculate the current through it. 
Solution: 
By definition, the current is 
dv 


d 
i(t) =C aa 5 x 10° (10.cos 60001) 


= —5 x 10-° x 6000 x 10 sin 6000r = —0.3 sin 6000t A 
eve ie wore PROBLE M iy 


If a 10-~F capacitor is connected to a voltage source with 


v(t) = 50 sin 2000r V 
determine the current through the capacitor. 
Answer: cos 2000r A. 


EXAM P| 5 ccc 


Determine the voltage across a 2-jF capacitor if the current through it is 
i(t) = 6e 70" mA 


Assume that the initial capacitor voltage is zero. 
Solution: 


1 t 
Since v = C | i dt + v(O) and v(O) = 0, 
0 


1 


v= ——__— * Ge30001 dt-10~> 
~~ 2x 10-6 Jy 


t 
_ 3 x 10° ~30002 


_ (1 _ gy V 
—3000 ; 


Pie ie ea ela PROBLEM ae 


The current through a 100-wwF capacitor is i(t) = 50 sin 120zt mA. Cal- 
culate the voltage across it att = 1 ms andt = 5 ms. Take v(O) = 0. 
Answer: —93.137 V, —1.736 V. 
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EAM P| 5 ccc 


Determine the current through a 200-F capacitor whose voltage is shown 
in Fig. 6.9. 


Solution: 


The voltage waveform can be described mathematically as 





50t V O<t<l 
(t) = 100 — 50t V [223 
“7 =) _900+50tV 3. <t <4 
0 otherwise 
Since i = C dv/dt and C = 200 LF, we take the derivative of v to obtain Figure 6.9 For Example 6.4. 
50 O<t<l cans 
—50 Il<t<3 ioe 
bes. as 6 
i(t) = 200 x 10°” x 5) 3ected 10 
Q otherwise 


10 mA O<t<l 0 
—10mA 1<t<3 
10 mA 3<1f<4 
0 otherwise 


—10 





Thus the current waveform is as shown in Fig. 6.10. 
Figure 6.10 For Example 6.4. 


PRACTICE PROBLE ™ 





An initially uncharged 1-mF capacitor has the current shown in Fig.6.11 #4) 
across it. Calculate the voltage across it at tf = 2 ms and t = 5 ms. 100 


Answer: 100 mV, 400 mV. 


2 4 6 ¢ (ms) 


Figure 6.1! For Practice Prob. 6.4. 


Guo 








Obtain the energy stored in each capacitor in Fig. 6.12(a) under dc con- 
ditions. 


Solution: 


Under dc conditions, we replace each capacitor with an open circuit, as 
shown in Fig. 6.12(b). The current through the series combination of the 
2-kQ2 and 4-kQ2 resistors is obtained by current division as 


3 
i = ————(6mA) =2mA 
342+4 
Hence, the voltages v; and v2 across the capacitors are 


v; = 20001 = 4 V v2 = 40001 = 8 V 
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2 mF 


2 kQ 


4kO 





(a) (b) 


Figure 6.12 For Example 6.5. 


and the energies stored in them are 





1 1 

wi = 5 CY = 5(2x 10-°)(4)? = 16 mJ 
| 2_ 1 ~3\ 7Q\2 

W2 = 5 O22 = a x 10°°)(8)* = 128 mJ 

PRACTICE PROBLE M fie 
3 kQ Under dc conditions, find the energy stored in the capacitors in Fig. 6.13. 
Answer: 405 wJ, 90 wJ. 
1kQ 
10 V 6 kQ 


Figure 6. [3 For Practice Prob. 6.5. 


6.3 SERIES AND PARALLEL CAPACITORS 


We know from resistive circuits that series-parallel combination is a pow- 
erful tool for reducing circuits. This technique can be extended to series- 
parallel connections of capacitors, which are sometimes encountered. We 
desire to replace these capacitors by a single equivalent capacitor Cg. 
In order to obtain the equivalent capacitor Cg of N capacitors in 





(a) parallel, consider the circuit in Fig. 6.14(a). The equivalent circuit is in 
Fig. 6.14(b). Note that the capacitors have the same voltage v across 
F them. Applying KCL to Fig. 6.14(a), 
l Ce V ° . . . . 
: _ L=1) +lo +13 +-°::'+I1Nn (6.11) 
But i, = C;, du/dt. Hence, 

: Oe ee aa 

fo er aa can ik N= 
Figure 6.14 (a) Parallel-connected N dt dt dt dt (6.12) 


capacitors, (b) equivalent circuit for the parallel dv 


N 
du 
capacitors. = C; es ss Cog 
(3. dt dt 
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where 


Cog = C1 +02 +03 4+ + Cy (6.13) 


The equivalent capacitance of N parallel-connected capacitors is the 


sum of the individual capacitances. 





We observe that capacitors in parallel combine in the same manner as 
resistors in series. 

We now obtain C., of N capacitors connected in series by compar- 
ing the circuit in Fig. 6.15(a) with the equivalent circuit in Fig. 6.15(b). Zs C, Cy C; Cy 
Note that the same current 7 flows (and consequently the same charge) 
through the capacitors. Applying KVL to the loop in Fig. 6.15(a), Pv S Ne Ve ANS 


US Vi Ue 3 a (6.14) 





1 t 
But vy, = rai | i(t) dt + uz (to). Therefore, 
k to 





(a) 
1 f'. lL 7, a 
v= = | i(t) dt + v1 (to) + = | i(t) dt + v2(to) 
Ci to C2 10 
] ; ; 
tote f i(t) dt + un (to) ; ad 
Cyn to - 
sana - [ iar (to) + v2(to) _” 
—s (a = see 3 — l UV U 
C; Cr Cy to a — ” 
+---+ vy (fo) Figure 6.15 (a) Series-connected N 
1 t capacitors, (b) equivalent circuit for the series 
_ | i(t) dt + v(fo) capacitor. 
Ceq to 
where 
(6.16) 





The initial voltage v(fo) across Ceg is required by KVL to be the sum of 
the capacitor voltages at tg. Or according to Eq. (6.15), 


U(to) = U1 (to) + v2(to) + +++ + UN (to) 
Thus, according to Eq. (6.16), 


The equivalent capacitance of series-connected capacitors is the reciprocal of the 


sum of the reciprocals of the individual capacitances. 





Note that capacitors in series combine in the same manner as resistors in 
parallel. For NV = 2 (1.e., two capacitors in series), Eq. (6.16) becomes 


] ] ] 


=—+ 
Cg C1 Cp 





<q | D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


210 PART | DC Circuits 


Or 


(6.17) 


EAM P| 5 ccc 


Find the equivalent capacitance seen between terminals a and b of the 
circuit in Fig. 6.16. 





5 EF 60 wF 


Figure 6.16 For Example 6.6. 


Solution: 


The 20-jF and 5-F capacitors are in series; their equivalent capacitance 
1S 
20 x 5 
20+5 
This 4-jF capacitor is in parallel with the 6-wF and 20-jF capacitors; 
their combined capacitance is 


4+ 6+ 20 = 30 wF 





4 WF 


This 30-jF capacitor is in series with the 60-jwF capacitor. Hence, the 
equivalent capacitance for the entire circuit is 


30x 60 © 
“1 30+ 60 





O WF 


PRACTICE PROBLE ™ Si 





50 WF Find the equivalent capacitance seen at the terminals of the circuit in Fig. 
60 wF 6.17. 


_ Answer: 40 uF. 
C. 
—— Wr | i 


20 WE 120 WF 


Figure 6. [7 For Practice Prob. 6.6. 


EAM P| 5 ccc 


For the circuit in Fig. 6.18, find the voltage across each capacitor. 
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Solution: 
20 mF 30 mF 


+ Vy - rel 
V 


40 mF 3 20 mF 


We first find the equivalent capacitance C.,, shown in Fig. 6.19. The two 
parallel capacitors in Fig. 6.18 can be combined to get 40 + 20 = 60 mF. 
This 60-mF capacitor is in series with the 20-mF and 30-mF capacitors. 
Thus, 30V 







Ceq =F i — mF = 10 mF 
60 + 30 T 20 | 
; Figure 6.18 For Example 6.7. 
The total charge is 
q = Ceqv = 10 x 107° x 30 =0.3C 
+ 
This is the charge on the 20-mF and 30-mF capacitors, because they are 30 V q Ceq 
in series with the 30-V source. (A crude way to see this is to imagine that 7 
charge acts like current, since i = dq/dt.) Therefore, 
g 0.3 g 0.3 Figure 6.19 Equivalent 
vj = —15V V2 = —10V circuit for Fig. 6.18. 


Cc, 20x 103 CG 30x 103 
Having determined v; and v2, we now use KVL to determine v3 by 
v3 = 30-—vy —-129 = 5S V 


Alternatively, since the 40-mF and 20-mF capacitors are in parallel, 
they have the same voltage v3 and their combined capacitance is 40 + 
20 = 60 mF. This combined capacitance is in series with the 20-mF and 
30-mF capacitors and consequently has the same charge on it. Hence, 


q 0.3 


60mF 60x 10- 


U3 


PRACTICE PROBLE M Sy 





Find the voltage across each of the capacitors in Fig. 6.20. 
Answer: v,; = 30 V, v2 = 30 V, v3 = 10 V, v4 = 20 V. 


60 V 





Figure 6.20 For Practice Prob. 6.7. 


6.4 INDUCTORS 


An inductor is a passive element designed to store energy in its magnetic 
field. Inductors find numerous applications in electronic and power sys- 
tems. They are used in power supplies, transformers, radios, TVs, radars, 
and electric motors. 

Any conductor of electric current has inductive properties and may 
be regarded as an inductor. But in order to enhance the inductive effect, 
a practical inductor is usually formed into a cylindrical coil with many 
turns of conducting wire, as shown in Fig. 6.21. 
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|-— Length, / — 


Cross-sectional area, A An inductor consists of a coil of conducting wire. 





If current is allowed to pass through an inductor, it is found that the voltage 
Core material across the inductor is directly proportional to the time rate of change of 


the current. Using the passive sign convention, 
Number of turns, V 


Figure 6.2 Typical form of an inductor. (6.18) 





where L is the constant of proportionality called the inductance of the 
inductor. The unit of inductance is the henry (H), named in honor of the 
In view of Eq. (6.18), for an inductor to have American inventor Joseph Henry (1797-1878). It is clear from Eq. (6.18) 


voltage across its terminals, its current must vary that 1 henry equals 1 volt-second per ampere. 
with time. Hence, v = 0 for constant current 
through the inductor. 


Inductance is the property whereby an inductor exhibits opposition to the change 


of current flowing through it, measured in henrys (H). 





The inductance of an inductor depends on its physical dimension 
and construction. Formulas for calculating the inductance of inductors 
of different shapes are derived from electromagnetic theory and can be 
found in standard electrical engineering handbooks. For example, for the 
inductor (solenoid) shown in Fig. 6.21, 

N*yA 
ee: 
where JN is the number of turns, ¢ is the length, A is the cross-sectional 
area, and yw is the permeability of the core. We can see from Eq. (6.19) 
that inductance can be increased by increasing the number of turns of 
coil, using material with higher permeability as the core, increasing the 
cross-sectional area, or reducing the length of the coil. 

Like capacitors, commercially available inductors come in different 
values and types. Typical practical inductors have inductance values 
ranging from a few microhenrys (WH), as in communication systems, 
to tens of henrys (H) as in power systems. Inductors may be fixed or 
variable. The core may be made of iron, steel, plastic, or air. The terms 
coil and choke are also used for inductors. Common inductors are shown 
in Fig. 6.22. The circuit symbols for inductors are shown in Fig. 6.23, 
following the passive sign convention. 

Equation (6.18) is the voltage-current relationship for an inductor. 
Figure 6.24 shows this relationship graphically for an inductor whose 
inductance is independent of current. Such an inductor is known as a 
linear inductor. For a nonlinear inductor, the plot of Eq. (6.18) will not 
be a straight line because its inductance varies with current. We will 





L (6.19) 





Figure 6.22 Various types of inductors: 
(a) solenoidal wound inductor, (b) toroidal 


inductor, (c) chip inductor. assume linear inductors in this textbook unless stated otherwise. 
(Courtesy of Tech America.) The current-voltage relationship is obtained from Eq. (6.18) as 
i 
di = —v dt 
L 
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Integrating gives 


(6.20) 


Or 


(6.21) 


al v(t) dt + i(to) 


to 





where i(fo) is the total current for —oo < t < to andi(—oo) = 0. The 
idea of making i(—co) = 0 is practical and reasonable, because there 
must be a time in the past when there was no current in the inductor. 

The inductor is designed to store energy in its magnetic field. The 
energy stored can be obtained from Eqs. (6.18) and (6.20). The power 
delivered to the inductor is 


| 2 | (6.22) 
=vi=|([L—]i 
. dt 
The energy stored is 
t t di 
— dt = L— jidt 
. [? Lf ral 
(6.23) 
Lf di = <Li2() — = Li*(—00) 
= idi = ~Li — ~Li*(—oo 
_ 2 2 
Since i(—oo) = 0, 
(6.24) 





We should note the following important properties of an inductor. 


1. Note from Eq. (6.18) that the voltage across an inductor is zero 
when the current is constant. Thus, 


oe An inductor acts like a short circuit to dc. 


2. An important property of the inductor is its opposition to the 
change in current flowing through it. 


The current through an inductor cannot change instantaneously. 





According to Eq. (6.18), a discontinuous change in the current 
through an inductor requires an infinite voltage, which is not 
physically possible. Thus, an inductor opposes an abrupt 
change in the current through it. For example, the current 
through an inductor may take the form shown in Fig. 6.25(a), 
whereas the inductor current cannot take the form shown in 
Fig. 6.25(b) in real-life situations due to the discontinuities. 
However, the voltage across an inductor can change abruptly. 


213 
i i i 
+ + + 
VSL V i V L 
(a) (b) (c) 
Figure 6.23 Circuit symbols for inductors: 


(a) air-core, (b) iron-core, (c) variable 
iron-core. 


=— Slope =L 


0 di/dt 


Figure 6.24 Voltage-current 
relationship of an inductor. 


(a) (b) 


Figure 6.25 Current through an inductor: 
(a) allowed, (b) not allowable; an abrupt 
change is not possible. 
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3. Like the ideal capacitor, the ideal inductor does not dissipate 
energy. The energy stored in it can be retrieved at a later time. 
The inductor takes power from the circuit when storing energy 
and delivers power to the circuit when returning previously 
stored energy. 
Since an inductor is often made of a highly con- 4 


spesey . A practical, nonideal inductor has a significant resistive 
ducting wire, it has a very small resistance. 


component, as shown in Fig. 6.26. This is due to the fact that 
the inductor is made of a conducting material such as copper, 


w which has some resistance. This resistance is called the 
| ! winding resistance R,,, and it appears in series with the 
eeeeeee |€-------- inductance of the inductor. The presence of R,, makes it both 
Cc. an energy storage device and an energy dissipation device. 
Since R,, is usually very small, it is ignored in most cases. The 
Figure 6.26 Circuit model nonideal inductor also has a winding capacitance C,, due to 


for a practical inductor. the capacitive coupling between the conducting coils. Cy is 


very small and can be ignored in most cases, except at high 
frequencies. We will assume ideal inductors in this book. 


EXAM P| 5 ccc 


The current through a0. 1-H inductor is i(t) = 10te~> A. Find the voltage 
across the inductor and the energy stored in it. 


Solution: 
Since v = Ldi/dt and L = 0.1 H, 


d 
v= 0.1 10re™™") =e £4(5\e SF 1 = 5n) V 


The energy stored is 


1 1 
w= 5 Li = 5 (0.1) 1002°e~™ = 5t7e "J 


PRACTICE PROBLEM PROBLE ™ Gags 


If the current through a 1-mH inductor is i(t) = 20 cos 100t mA, find the 
terminal voltage and the energy stored. 


Answer: —2sin 100¢ mV, 0.2 cos’ 100f J. 


EXAM P| 5 ccc 


Find the current through a 5-H inductor if the voltage across it is 
= 3077, = t > 0 
a Vi t<0 
Also find the energy stored within 0 <t <5s. 
Solution: 
1 t 
Since i = 7 | v(t) dt +i(t)) and L = 5 H, 
10 
1 f' i 
i= al 3077 dt +0 =6x ~=2r A 
5 Jo 3 
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The power p = vi = 60f°, and the energy stored is then 


5 A 
w= | par= | 601° dt = 60— 
0 


Alternatively, we can obtain the energy stored using Eq. (6.13), by writing 


2 


= 156.25 kJ 
0 





5! as) — rie = 152 x 53)? —0 = 156.25 kJ 
wy = LPG) — 5LIO) = 5G) <a) —0= ; 


as obtained before. 


PRACTICE PROBLEM PROBLEM aR 


The terminal voltage of a 2-H inductoris v = 10(1—r) V. Find the current 
flowing through it at t = 4s and the energy stored in it within 0 < t < 
4s. Assume i1(0) = 2A. 


Answer: —18A, 320 J. 


6. | 0 


Consider the circuit in Fig. 6.27(a). Under dc conditions, find: (a) i, vc, 
and iz, (b) the energy stored in the capacitor and inductor. 


Solution: 


(a) Under dc conditions, we replace the capacitor with an open circuit 12V 
and the inductor with a short circuit, as in Fig. 6.27(b). It is evident from 
Fig. 6.27(b) that 





12 
Be ew (a) 
1+5 


The voltage uc is the same as the voltage across the 5-Q resistor. Hence, 


— e3 


Uc = 5i=—10V 
(b) The energy in the capacitor is 
a 2 
Wc = rau a 5 DUO )=50J 


and that in the inductor is 





(b) 


1 Figure 6.27 For Example 6.10. 


-2 2 
wr = SLi, = 5(2)(2")=4) 


PRACTICE PROBLE ™ RY 


Determine vc, iz, and the energy stored in the capacitor and inductor in Se 0.25H 

the circuit of Fig. 6.28 under dc conditions. 00 F 

Answer: 3 V,3 A,9J, 1.125 J. AA Vas OR 
Network Analysis Figure 6.28 For Practice Prob. 6.10. 
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6.5 SERIES AND PARALLEL INDUCTORS 


Now that the inductor has been added to our list of passive elements, it is 
necessary to extend the powerful tool of series-parallel combination. We 
need to know how to find the equivalent inductance of a series-connected 
or parallel-connected set of inductors found in practical circuits. 


a. ee Ly Consider a series connection of N inductors, as shown in Fig. 
ee ee Alls 6.29(a), with the equivalent circuit shown in Fig. 6.29(b). The inductors 
i “1 20 N3 my have the same current through them. Applying KVL to the loop, 

_ V=Vzt’v2 +34+°::+ UN (6.25) 





Substituting v, = L; di/dt results in 


(a) 
i ab aay a 
. v= — — — eee — 
Ss ' dt * dt dt N dt 
; di 
i Lec Sle lie le aie 77 (6.26) 
za 7 SL di_, di 
(b) ee at dt 


. where 
Figure 6.29 (a) A series connection of N 


inductors, (b) equivalent circuit for the ie ey ee ee ee eee oe (6.27) 
series inductors. 


The equivalent inductance of series-connected inductors is the 
sum of the individual inductances. 





Inductors in series are combined in exactly the same way as resistors in 
series. 
We now consider a parallel connection of N inductors, as shown 
i in Fig. 6.30(a), with the equivalent circuit in Fig. 6.30(b). The inductors 
have the same voltage across them. Using KCL, 


t= tin tig3+---t+in (6.28) 


1 t 
But i; = _| v dt + ix(to); hence, 
k to 








1 [ 1 t 
i= — v dt + into) + f v dt + io(to) 
a Ly to Ly to 
* eos | odie 
bare — Vv Ln (to 
v Leg Ly Jt 
O 1 1 1 . | (6.29) 
= | eb v dt + ii (to) + in(o) 
L; Ly» Ly / Jt 
(b) 
+--+ v(t) 
Figure 6.30 (a) A parallel connection of N N 1 t N l t 
inductors, (b) equivalent circuit for the parallel = >» —_ | v dt + > izx(to) = | v dt + i(to) 
inductors. k=1 L k to k=] Leg lo 
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where 


(6.30) 





The initial current 7(f9) through L.g at t = fo is expected by KCL to be 
the sum of the inductor currents at fo. Thus, according to Eq. (6.29), 


i(to) = 11 (to) + i2(fo) +--+ + in (to) 
According to Eq. (6.30), 


The equivalent inductance of parallel inductors is the reciprocal of the sum of the 


reciprocals of the individual inductances. 





Note that the inductors in parallel are combined in the same way as resis- 
tors in parallel. 
For two inductors in parallel (V = 2), Eq. (6.30) becomes 


1 1 1 L,L> 
lg 1 Ss Ly +L 
It is appropriate at this point to summarize the most important character- 


istics of the three basic circuit elements we have studied. The summary 
is given in Table 6.1. 





or (6.31) 
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TABLE 6.1 Important characteristics of the basic elements.! 
Relation Resistor (R) Capacitor (C) Inductor (L) 

1R : | j dt + v(to) ou 
U=L. v=l1 v= — 1 Uv v= L— 

Ci. : dt 
dv 1 f' 
i-v: i=v/R oo i=— | idt+i(t 
/ Ht 7 [ (to) 
ees 2 ly 
p or w: p=i ss —, v ere 
Seri Reg = Ri +R ee Leg = Ll, +L 
eries: = eq = eq = 
q 1 2 q C, x Cs q 1 2 
Parallel ck en OG i 
arallel: sac eq = eq = 
TR +ER, 1 Ey +L 

At de: Same Open circuit Short circuit 
Circuit variable 
that cannot 
change abruptly: Not applicable v i 


T Passive sign convention is assumed. 


6. | 


Find the equivalent inductance of the circuit shown in Fig. 6.31. 
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4H 20H 


8H 10H 


Figure 6.31 For Example 6.11. 


PART | DC Circuits 


Solution: 


The 10-H, 12-H, and 20-H inductors are in series; thus, combining them 
gives a 42-H inductance. This 42-H inductor is in parallel with the 7-H 
inductor so that they are combined, to give 


7x42 _ 
7T4AD 


This 6-H inductor is in series with the 4-H and 8-H inductors. Hence, 


Leg =4+6+8=18H 


6H 





PRACTICE PROBLE ™ Eg 





Figure 6.33 For Example 6.12. 


Calculate the equivalent inductance for the inductive ladder network in 
Fig. 6.32. 





Figure 6.32 For Practice Prob. 6.11. 


Answer: 25 mH. 


For the circuit in Fig. 6.33, i(t) = 4(2 — e~!™) mA. If i2(0) = —1 mA, 
find: (a) 71(O); (b) v(t), vi (t), and v2(t); (c) 4 (t) and i2(f). 


Solution: 
(a) From i(t) = 4(2 — e~'!™) mA, i(0) = 4(2 — 1) = 4 mA. Sincei = 
es ge or 
1;4(0) =71(0) — in(0) = 4— (-1) =5 mA 
(b) The equivalent inductance is 
beg =244 || 12 S2+-3=>5 0 
Thus, 


P 
v(t) = Leg = 5(4)(—1)(—10)e7'" mV = 200e7'" mV 
and 
di —10t —10t 
vi() = 2 = 2(—4)(—10)e™ mV = 80e7™ mV 
Since v = vy + vo, 


v(t) = v(t) — v1 (t) = 120e7'" mv 
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(c) The current 7; is obtained as 


1 120 /f! 
ii(t) = al v> dt +i,;(0) = =| eo! d¢+5mA 
A Jo A Jo 


— —3¢710 p +5 mA = —3e 1% 434.5 =8—3e7!! mA 


Similarly, 
ir(t) = sf dt +i2(0) = Sf dt —1mA 
=e! | -1mA=—e'!%41-1=-e'% mA 
Note that 7; (¢) + in(t) = i(f). 
PRACTICE PROBLE M Sai 


In the circuit of Fig. 6.34, i;(t) = 0.6e~~ A. If i(0) = 1.4 A, find: 
(a) i2(0); (b) i2(¢) and i(t); (c) v(t), v(t), and v2(f). 

Answer: (a) 0.8 A, (b) (—0.4 + 1.2e7*’) A, (—0.4 + 1.8e7*/) A, 
(c) —7.2e—~' V, —28.8e-*' V, —36e7~! V. 





Figure 6.34 For Practice Prob. 6.12. 


16.6 APPLICATIONS 


Circuit elements such as resistors and capacitors are commercially avail- 
able in either discrete form or integrated-circuit (IC) form. Unlike ca- 
pacitors and resistors, inductors with appreciable inductance are difficult 
to produce on IC substrates. Therefore, inductors (coils) usually come 
in discrete form and tend to be more bulky and expensive. For this rea- 
son, inductors are not as versatile as capacitors and resistors, and they 
are more limited in applications. However, there are several applications 
in which inductors have no practical substitute. They are routinely used 
in relays, delays, sensing devices, pick-up heads, telephone circuits, ra- 
dio and TV receivers, power supplies, electric motors, microphones, and 
loudspeakers, to mention a few. 

Capacitors and inductors possess the following three special prop- 
erties that make them very useful in electric circuits: 


1. The capacity to store energy makes them useful as temporary 
voltage or current sources. Thus, they can be used for 
generating a large amount of current or voltage for a short 
period of time. 


2. Capacitors oppose any abrupt change in voltage, while 
inductors oppose any abrupt change in current. This property 
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makes inductors useful for spark or arc suppression and for 
converting pulsating dc voltage into relatively smooth dc 
voltage. 


3. Capacitors and inductors are frequency sensitive. This 
property makes them useful for frequency discrimination. 


The first two properties are put to use in dc circuits, while the third 
one is taken advantage of in ac circuits. We will see how useful these 
properties are in later chapters. For now, consider three applications 
involving capacitors and op amps: integrator, differentiator, and analog 
computer. 


6.6.1 Integrator 

Important op amp circuits that use energy-storage elements include inte- 

grators and differentiators. These op amp circuits often involve resistors 

and capacitors; inductors (coils) tend to be more bulky and expensive. 
The op amp integrator is used in numerous applications, especially 

in analog computers, to be discussed in Section 6.6.3. 


An integrator is an op amp circuit whose output is proportional 


to the integral of the input signal. 





If the feedback resistor Ry in the familiar inverting amplifier of 
Fig. 6.35(a) is replaced by a capacitor, we obtain an ideal integrator, as 
shown in Fig. 6.35(b). It is interesting that we can obtain a mathematical 
representation of integration this way. At node a in Fig. 6.35(b), 











ig =ic (6.32) 
But 
; Uj dVo 
eS 
Substituting these in Eq. (6.32), we obtain 
U; AVp 
R =-C Ai (6.33a) 
1 
dvUo = ——=0; dt (6.33b) 
RC 
Integrating both sides gives 
1 t 
Uo(t) — v,(O) = -ac | v;(t) dt (6.34) 





= To ensure that v,(O) = 0, it is always necessary to discharge the integra- 


(b) tor’s capacitor prior to the application of a signal. Assuming v,(0) = 0, 


Figure 6.35 Replacing the feedback resistor 


in the inverting amplifier in (a) produces an 


integrator in (b). (6.35) 





which shows that the circuit in Fig. 6.35(b) provides an output voltage 
proportional to the integral of the input. In practice, the op amp integrator 
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requires a feedback resistor to reduce dc gain and prevent saturation. Care 
must be taken that the op amp operates within the linear range so that it 
does not saturate. 


bs 2 
If vy; = 10cos2t mV and v2 = 0.5t mV, find v, in the op amp circuit in 
Fig. 6.36. Assume that the voltage across the capacitor is initially zero. 20 2 uF 
Solution: Vy 
This is a summing integrator, and 
1 1 
Vo = ——— | v; dt —- —— | wdt Vo 
RC RoC 100 kQ 


1 t 
= seo | 10 cos 2t dt 
0 


3x 10° x 2 x 10-6 Figure 6.36 For Example 6.13. 


1 t 
— ata | O.5t dt 
100 x 10° x 2 x 107° Jo 
1 10 1 0.52? 


= ——— sin2t — — 
6 2 0.2 


PRACTICE PROBLE M RE 


— —0.833 sin 2t — 1.25t7 mV 





The integrator in Fig. 6.35 has R = 25 kQ, C = 10 wF. Determine the 
output voltage when a dc voltage of 10 mV is applied at t = 0. Assume 
that the op amp is initially nulled. 


Answer: —40t mV. 


6.6.2 Differentiator 


A differentiator is an op amp circuit whose output is proportional to 


the rate of change of the input signal. 





In Fig. 6.35(a), if the input resistor is replaced by a capacitor, the 
resulting circuit is a differentiator, shown in Fig. 6.37. Applying KCL at 
node a, 











ig =I1¢ (6.36) 
But 
‘ Vo ‘ C dv; 
irn=——, ic = 
7 R c dt - 
Substituting these in Eq. (6.36) yields Figure 6.37 An op amp differentiator. 
dv; 
Vo = —RC (6.37) 
dt 


showing that the output is the derivative of the input. Differentiator cir- 
cuits are electronically unstable because any electrical noise within the 
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0.2 wF 


hg 
< 


t (ms) 
(b) 
Figure 6.38 


For Example 6.14. 


PART | DC Circuits 


circuit is exaggerated by the differentiator. For this reason, the differen- 
tiator circuit in Fig. 6.37 is not as useful and popular as the integrator. It 
is seldom used in practice. 


Sketch the output voltage for the circuit in Fig. 6.38(a), given the input 
voltage in Fig. 6.38(b). Take v, = 0 at t = 0. 


Solution: 


This is a differentiator with 
RC =5x10°x0.2x 10° =10°"s 


For 0 < t < 4 ms, we can express the input voltage in Fig. 6.38(b) as 


a Lt 
’ 18 —2t 


This is repeated for 4 < t < 8. Using Eq. (6.37), the output is obtained 
as 


QO<t<2ms 
2<t<4ms 


Q0O<t<2ms 
2<t<4ms 





dvi {—2mV 
a 2mV 


Thus, the output is as sketched in Fig. 6.39. 


i 





Figure 6.39 Output of the circuit in Fig. 6.38(a). 


PRACTICE PROBLE ™ QS 


The differentiator in Fig. 6.37 has R = 10 kQ and C = 2 wF. Given that 
v; = 3t V, determine the output v,. 


—60 mV. 


Answer: 


6.6.3 Analog Computer 
Op amps were initially developed for electronic analog computers. Ana- 
log computers can be programmed to solve mathematical models of me- 
chanical or electrical systems. These models are usually expressed in 
terms of differential equations. 

To solve simple differential equations using the analog computer 
requires cascading three types of op amp circuits: integrator circuits, 
summing amplifiers, and inverting/noninverting amplifiers for negative/ 
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positive scaling. The best way to illustrate how an analog computer solves 
a differential equation is with an example. 
Suppose we desire the solution x(t) of the equation 
d*x 1b dx 
a ——— —— 
dt? dt 
where a, b, and c are constants, and f(t) is an arbitrary forcing function. 
The solution is obtained by first solving the highest-order derivative term. 
Solving for d*x /dt* yields 
d*x f(t) bdx c 


a ee x 6.39 
dt? a adt a 4 


To obtain dx /dt, the d*x /dt* term is integrated and inverted. Finally, to 
obtain x, the dx /dt term is integrated and inverted. The forcing function 
is injected at the proper point. Thus, the analog computer for solving Eq. 
(6.38) is implemented by connecting the necessary summers, inverters, 
and integrators. A plotter or oscilloscope may be used to view the output 
x, or dx/dt, or d*x/dt*, depending on where it is connected in the 
system. 

Although the above example is on a second-order differential equa- 
tion, any differential equation can be simulated by an analog computer 
comprising integrators, inverters, and inverting summers. But care must 
be exercised in selecting the values of the resistors and capacitors, to 
ensure that the op amps do not saturate during the solution time 
interval. 

The analog computers with vacuum tubes were built in the 1950s 
and 1960s. Recently their use has declined. They have been superseded 
by modern digital computers. However, we still study analog computers 
for two reasons. First, the availability of integrated op amps has made 
it possible to build analog computers easily and cheaply. Second, un- 
derstanding analog computers helps with the appreciation of the digital 


+cx = f(t), t>0O (6.38) 





computers. 
6.15 

Design an analog computer circuit to solve the differential equation: 

1G tay = Ge 

— +uvu, = 10sin > 

dt? dt © 
subject to u,(0) = —4, v/(0) = 1, where the prime refers to the time 
derivative. 
Solution: 


We first solve for the second derivative as 
dv, AVp 

= 10sin4t — 2 
dt? dt 


Solving this requires some mathematical operations, including summing, 
scaling, and integration. Integrating both sides of Eq. (6.15.1) gives 








—p, (6.15.1) 








tae [ 10 si ar 4.20% te +v'(0) (6.15.2) 
=e —10sin Uo U, a5. 
dt 0 dt 
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10 sin (41) 


V 


oO 


dv, 


dt 


10 sin (4f) 


Figure 6.40 





For Example 6.15. 


PART | DC Circuits 


where v/ (0) = 1. We implement Eq. (6.15.2) using the summing inte- 
grator shown in Fig. 6.40(a). The values of the resistors and capacitors 
have been chosen so that RC = 1 for the term 


1 t 
RC Jo 


Other terms in the summing integrator of Eq. (6.15.2) are implemented 
accordingly. The initial condition dv,(0O)/dt = 1 is implemented by 
connecting a 1-V battery with a switch across the capacitor as shown in 
Fig. 6.40(a). 





(b) 


ee 1MQ 
om 
dV, 
dt 


(Cc) 


The next step is to obtain v, by integrating dv,/dt and inverting 


the result, 
[ ae dt + v(0) (6.15.3 
Vo = _— — U ‘ . 
0 dt 


This is implemented with the circuit in Fig. 6.40(b) with the battery giving 
the initial condition of —4 V. We now combine the two circuits in Fig. 
6.40 (a) and (b) to obtain the complete circuit shown in Fig. 6.40(c). When 
the input signal 10 sin 4¢ is applied, we open the switches att = 0 to obtain 
the output waveform v,, which may be viewed on an oscilloscope. 
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PRACTICE PROBLE ™ SRS 


Design an analog computer circuit to solve the differential equation: 


PY ag, co Aeeioy 4x0 
— UV, = 4cos > 

dt? dt 

subject to vo(0) = 2, v,(0) = 0. 

Answer: See Fig. 6.41, where RC = 1s. 








I. 


- R 
‘ a 


cos (104) 


Figure 6,4] For Practice Prob. 6.15. 


6.7 SUMMARY 


1. The current through a capacitor is directly proportional to the time 
rate of change of the voltage across it. 


pe 
i = C— 
dt 


The current through a capacitor is zero unless the voltage is 
changing. Thus, a capacitor acts like an open circuit to a dc source. 


2. The voltage across a capacitor is directly proportional to the time 
integral of the current through it. 


1 f' 1 f' 


The voltage across a capacitor cannot change instantly. 


3. Capacitors in series and in parallel are combined in the same way as 
conductances. 
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. The voltage across an inductor is directly proportional to the time 


rate of change of the current through it. 
v= L— 
dt 


The voltage across the inductor is zero unless the current is chang- 
ing. Thus an inductor acts like a short circuit to a de source. 


. The current through an inductor is directly proportional to the time 


integral of the voltage across it. 


1 f' 1 f' 
i=p if vdeay f var+ vw 


The current through an inductor cannot change instantly. 


. Inductors in series and in parallel are combined in the same way 


resistors in series and in parallel are combined. 


. At any given time f, the energy stored in a capacitor is +C v*, while 


the energy stored in an inductor is + Li’. 


. Three application circuits, the integrator, the differentiator, and the 


analog computer, can be realized using resistors, capacitors, and op 


amps. 
REVIEW QUESTIONS 
6.1 What charge is on a 5-F capacitor when it is 6.5 
connected across a 120-V source? 
(a) 600 C (b) 300 C 
(c) 24C (d) 12C 
6.2 Capacitance is measured in: 6.6 
(a) coulombs (b) joules 
(c) henrys (d) farads 
6.3 When the total charge in a capacitor is doubled, the 
energy stored: 
(a) remains the same (b) is halved 
(c) is doubled (d) is quadrupled 
6.4 Can the voltage waveform in Fig. 6.42 be associated 
with a capacitor? 
(a) Yes (b) No 
“) 6.7 
10 
0 
6.8 





Figure 6.42 For Review Question 6.4. 


The total capacitance of two 40-mF series-connected 
capacitors in parallel with a 4-mF capacitor is: 


(a) 3.8 mF (b) 5 mF (c) 24 mF 
(d) 44 mF (ce) 84 mF 


In Fig. 6.43, if i = cos 4t and v = sin 4r, the 
element is: 


(a) aresistor (b) acapacitor (c) an inductor 


{i 


Element 


Figure 6.43 For Review Question 6.6. 


A 5-H inductor changes its current by 3 A in 0.2 s. 
The voltage produced at the terminals of the 
inductor is: 

(a) 75 V (b) 8.888 V 

(c) 3V (d) 1.2V 


If the current through a 10-mH inductor increases 
from zero to 2 A, how much energy is stored in the 
inductor? 

(a) 40 mJ (b) 20 mJ 

(c) 1O mJ (d) 5 mJ 
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Inductors in parallel can be combined just like 
resistors in parallel. 


(a) True (b) False 


For the circuit in Fig. 6.44, the voltage divider 
formula 1s: 
L4+Lh L,4+L 
(a) vy, = ———», (b) v) = ———, 
Ly Lo 
Ly Ly 


= a Ps (d) vy) = ———~ 0; 
Ly + Lo Ly + Ly 


(c) v= 


PROBLEMS 


Section 6.2 Capacitors 


6.1 


6.2 


6.3 


6.4 


6.5 


6.6 


If the voltage across a 5-F capacitor is 2te~*" V, find 
the current and the power. 


A 40-F capacitor is charged to 120 V and is then 
allowed to discharge to 80 V. How much energy is 
lost? 


In 5 s, the voltage across a 40-mF capacitor changes 
from 160 V to 220 V. Calculate the average current 
through the capacitor. 


A current of 6 sin 4t A flows through a 2-F 
capacitor. Find the voltage u(t) across the capacitor 
given that v(O) = 1 V. 


If the current waveform in Fig. 6.45 is applied to a 
20-F capacitor, find the voltage v(t) across the 
capacitor. Assume that v(O) = 0. 


i(t) 


Figure 6.45 For Prob. 6.5. 


The voltage waveform in Fig. 6.46 is applied across 
a 30-WF capacitor. Draw the current waveform 
through it. 





Figure 6.44 For Review Question 6.10. 


Answers: 6.la, 6.2d, 6.3d, 6.4b, 6.5c, 6.6b, 6.7a, 6.8b, 6.9a, 6.10d. 





Figure 6.46 — For Prob. 6.6. 


6.7 Att = 0, the voltage across a 50-mF capacitor is 
10 V. Calculate the voltage across the capacitor for 
t > 0 when current 4¢ mA flows through it. 


6.8 The current through a 0.5-F capacitor is 
6(1 — e‘) A. Determine the voltage and power at 
t = 2s. Assume v(0) = 0. 


6.9 If the voltage across a 2-F capacitor is as shown in 
Fig. 6.47, find the current through the capacitor. 


V(t) (V) 
10 


12 3 4 5 6 7 «s) 


Figure 6.47 — For Prob. 6.9. 


6.10 The current through an initially uncharged 4-WF 
capacitor is shown in Fig. 6.48. Find the voltage 
across the capacitor for 0 < t < 3. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


228 


6.11 


6.12 


Section 6.3 


6.13 


6.14 


6.15 


PART | 


i(t) (mA) 





For Prob. 6.10. 


Figure 6.48 


A voltage of 60 cos 47rt V appears across the 
terminals of a 3-mF capacitor. Calculate the current 
through the capacitor and the energy stored in it 
from t = Otot = 0.125 s. 


Find the voltage across the capacitors in the circuit 
of Fig. 6.49 under dc conditions. 


10 Q 50 Q 





Figure 6.49 


For Prob. 6.12. 


Series and Parallel Capacitors 


What is the total capacitance of four 30-mF 
Capacitors connected in: 


(a) parallel (b) series 


Two capacitors (20 wF and 30 EF) are connected to 
a 100-V source. Find the energy stored in each 
capacitor if they are connected in: 


(a) parallel (b) series 


Determine the equivalent capacitance for each of the 
circuits in Fig. 6.50. 


4F Le 5 
5 te 


(a) 


DC Circuits 


6.16 


6.17 


6.18 


6F 


ml in L,, 


(b) 


2F 


(c) 


For Prob. 6.15. 


Figure 6.50 


Find C,, for the circuit in Fig. 6.51. 


20 uF 30 WF 


o}-— 


Ceg 
40 WF 


—_— 15 wF t 5 EF t t 


Figure 6.51 


Calculate the equivalent capacitance for the circuit 
in Fig. 6.52. All capacitances are in mF. 


For Prob. 6.16. 


<A} 


Figure 6.52 


Determine the equivalent capacitance at terminals 
a-b of the circuit in Fig. 6.53. 


For Prob. 6.17. 


tt 
ee ee ee 


Figure 6.53 


For Prob. 6.18. 
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6.19 Obtain the equivalent capacitance of the circuit in 
Fig. 6.54. 


40 WF 








10 wF 10 wF 


20 WF 
ISpwF 15 uF 


Figure 6.54 


For Prob. 6.19. 


6.20 For the circuit in Fig. 6.55, determine: 
(a) the voltage across each capacitor, 
(b) the energy stored in each capacitor. 


4 pF 
120 V 6 WF 
ie 7 


3 pF 


Figure 6.95 


For Prob. 6.20. 


6.21 Repeat Prob. 6.20 for the circuit in Fig. 6.56. 


60 uF 20 wF 
90 V 30 bE L 14 pF L 80 uF 
Figure 6.56 — For Prob. 6.21. 


6.22 (a) Show that the voltage-division rule for two 
Capacitors in series as in Fig. 6.57(a) is 


Cy Ci 
Us, v2 = 2 Us 
C1 +C, Cy +Cy 





assuming that the initial conditions are zero. 


* An asterisk indicates a challenging problem. 
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(a) (b) 
Figure 6.57 


For Prob. 6.22. 


(b) For two capacitors in parallel as in Fig. 6.57(b), 
show that the current-division rule is 


Cc, , Cr, 
ls, ly = Is 
C, + C, Ci + Cz 





1) = 


assuming that the initial conditions are zero. 


6.23. Three capacitors, C; = 5 WF, Cp = 10 WK, and 
C3 = 20 WF, are connected in parallel across a 
150-V source. Determine: 


(a) the total capacitance, 
(b) the charge on each capacitor, 


(c) the total energy stored in the parallel 
combination. 


6.24 The three capacitors in the previous problem are 
placed in series with a 200-V source. Compute: 


(a) the total capacitance, 
(b) the charge on each capacitor, 
(c) the total energy stored in the series combination. 


*6.25 Obtain the equivalent capacitance of the network 
shown in Fig. 6.58. 


40 pF 30 uF 50 wF 
10 wF 7 7 20 WF 
Figure 6.58 — For Prob. 6.25. 


6.26 Determine C,, for each circuit in Fig. 6.59. 
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C 
Ceg C C 
ava \ 
C 
|____ 
(a) 
C YW @ 
‘on | | 
ee . 
(b) 


Figure 6.59 


For Prob. 6.26. 


6.27 Assuming that the capacitors are initially uncharged, 
find v,(t) in the circuit in Fig. 6.60. 


i, (mA) 
6 “EF 
60 e 
i, 7 
3 WF v,(t) 
0 = 
1 2 t(s) 
Figure 6.60 — For Prob. 6.27. 
6.28 If v(O) = 0, find v(t), 7;(t), and i2(t) in the circuit in 
Fig. 6.61. 
i, (mA) 


20 





i 6 WF 4 pF V 


For Prob. 6.28. 


Figure 6.6 


6.29 For the circuit in Fig. 6.62, let v = 10e~*’ V and 
v,(O) = 2 V. Find: 


DC Circuits 


Section 6.4 


6.30 


6.31 


6.32 


6.33 


6.34 


6.35 


6.36 


6.37 


6.38 


(a) v2(0) 
(c) i(t), 11 (¢), and 19(f) 


(b) vi (t) and v2(¢) 


i 20 uF 
— | 
t+ ogy - [pa yin 
+ 


V 30 WF | V> im 


Figure 6.62 


For Prob. 6.29. 


Inductors 


The current through a 10-mH inductor is 6e~"? A. 
Find the voltage and the power at t = 3 s. 


The current in a coil increases uniformly from 0.4 to 
1 A in2s so that the voltage across the coil is 
60 mV. Calculate the inductance of the coil. 


The current through a 0.25-mH inductor is 
12 cos 2t A. Determine the terminal voltage and the 
power. 


The current through a 12-mH inductor is 
4 sin 100t A. Find the voltage, and also the energy 
stored in the inductor for 0 < t < 2/200s. 


The current through a 40-mH inductor is 


0, t <0 
1) = 740-2 A t>0 


Find the voltage v(t). 


The voltage across a 2-H inductor is 20(1 — e~”“) V. 
If the initial current through the inductor is 0.3 A, 
find the current and the energy stored in the inductor 
att = 1's. 


If the voltage waveform in Fig. 6.63 is applied 
across the terminals of a 5-H inductor, calculate the 
current through the inductor. Assume i(0) = —1 A. 


V(t) (V) 


10 


For Prob. 6.36. 


Figure 6.63 


The current in an 80-mH inductor increases from 0 
to 60 mA. How much energy is stored in the 
inductor? 


A voltage of (4 + 10 cos 2t) V is applied to a 5-H 
inductor. Find the current i(t) through the inductor 
ifi(0) = —1A. 
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6.39 If the voltage waveform in Fig. 6.64 is applied to a 4Q La 
10-mH inductor, find the inductor current i (ft). ma 
Assume 1(0) = 0. 
=o 
30 V 
V(t) 62 
5 
Figure 6.67 — For Prob. 6.42. 
0 
Section 6.5 Series and Parallel Inductors 
5 6.43. Find the equivalent inductance for each circuit in 
Fig. 6.68. 
Figure 6.64 — For Prob. 6.39. 5H 1H 
6.40 Find vc, iz, and the energy stored in the capacitor 
and inductor in the circuit of Fig. 6.65 under dc 
conditions. 
(a) 
1H 2H 
(b) 
Figure 6.65 — For Prob. 6.40. 
6.41 For the circuit in Fig. 6.66, calculate the value of R 
that will make the energy stored in the capacitor the 
same as that stored in the inductor under dc 
conditions. (c) 
Figure 6.68 — For Prob. 6.43. 
R 
6.44 Obtain L,, for the inductive circuit of Fig. 6.69. All 
inductances are in mH. 
160 wF 
5A 20 = 4mH 
Figure 6.66 For Prob. 6.41. 
6.42 Under dc conditions, find the voltage across the 


capacitors and the current through the inductors in 
the circuit of Fig. 6.67. 





For Prob. 6.44. 


Figure 6.69 
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6.45 Determine L,, at terminals a-b of the circuit in Fig. 
6.70. 





Figure 6.73 For Prob. 6.48. 





6.49 Find L,, in the circuit in Fig. 6.74. 
Figure 6.70 For Prob. 6.45. 


6.46 Find L,, at the terminals of the circuit in Fig. 6.71. 


12 mH 





4 mH Figure 6.74 — For Prob. 6.49. 





“6.50 Determine L,, that may be used to represent the 
inductive network of Fig. 6.75 at the terminals. 


Figure 6./| — For Prob. 6.46. 


6.47 Find the equivalent inductance looking into the 
terminals of the circuit in Fig. 6.72. 





Figure 6./5 — For Prob. 6.50. 


6.51 The current waveform in Fig. 6.76 flows through a 
3-H inductor. Sketch the voltage across the inductor 
over the interval 0 < t < 6s. 





i(t) 
2 
Figure 6.72 — For Prob. 6.47. 
0 
1 2 3 4 5 6 tft 
6.48 Determine L,, in the circuit in Fig. 6.73. Figure 6./6 For Prob. 6.51. 
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6.52 (a) For two inductors in series as in Fig. 6.77(b), 
show that the current-division principle is 


L, L> 
= Us, Y= 
Ly + L) Ly ae Ly 


assuming that the initial conditions are zero. 








U1 Us 


(b) For two inductors in parallel as in Fig. 6.77(b), 
show that the current-division principle is 


In, L 
ls, 7 = 
Li +L> oo. 


assuming that the initial conditions are zero. 








Ly = ls 





(a) (b) 
Figure 6.77 


For Prob. 6.52. 


6.53 In the circuit of Fig. 6.78, let i,(t) = 6e~~” mA, 
t > Oandi,(O0) = 4 mA. Find: 
(a) 12(0), 
(b) i,(t) and i2(t), t > 0, 
(c) v(t) and v2(t), t > 0, 
(d) the energy in each inductor at t = 0.5 s. 


10 mH 


,(t) 





Figure 6.78 


For Prob. 6.53. 


6.54 The inductors in Fig. 6.79 are initially charged and 
are connected to the black box at t = 0. If 
i,(0) = 4A, i,(0) = —2 A, and v(t) = 50e7* mV, 
t > O, find: 
(a) the energy initially stored in each inductor, 
(b) the total energy delivered to the black box from 
t=O010f =o, 
(c) ii (t) and in(t), t > 0, 
(d) i(t),t > 0. 


6.55 


Section 6.6 


6.56 


6.57 


6.58 


6.59 
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Black box 





Figure 6.79 


For Prob. 6.54. 


Find i and v in the circuit of Fig. 6.80 assuming that 
i(0) = 0 = v(0). 


i 20 mH 
— 


12 sin 4t mV 





For Prob. 6.55. 


Figure 6.80 


Applications 


An op amp integrator has R = 50 kQ and 
C = 0.04 uF. If the input voltage is 
v; = 10sin50t mV, obtain the output voltage. 


A 10-V dc voltage is applied to an integrator with 

R = 50 kQ, C = 100 wF at t = 0. How long will it 
take for the op amp to saturate if the saturation 
voltages are +12 V and —12 V? Assume that the 
initial capacitor voltage was zero. 


An op amp integrator with R = 4 MQ and 
C = | uF has the input waveform shown in Fig. 
6.81. Plot the output waveform. 
v; (mV) 
20 


10 


t (ms) 


Figure 6.81 


Using a single op amp, a capacitor, and resistors of 
100 kQ2 or less, design a circuit to implement 


For Prob. 6.58. 


t 
i -s0 | v;(t) dt 
0 


Assume v, = O att = 0. 
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6.60 Show how you would use a single op amp to 
generate 
t 
a -| (v; + 4v2 + 10v3) dt 
0 
If the integrating capacitor is C = 2 WF, obtain other 
component values. 
6.61 Att = 1.5 ms, calculate v, due to the cascaded 
integrators in Fig. 6.82. Assume that the integrators 
are reset to 0 V att = 0. 
6.64 
ae 0.5 WF 
10 kQ 
20 kQ 6.65 
+ 
1V V, 
. *6.66 
Figure 6.82 — For Prob. 6.61. 
6.62 Show that the circuit in Fig. 6.83 is a noninverting 
integrator. 
Figure 6.83 For Prob. 6.62. 
6.63 The triangular waveform in Fig. 6.84(a) is applied to 
the input of the op amp differentiator in Fig. 6.84(b). 
Plot the output. 
V(t) 
10 
0 
1 2 4 t(ms) 
6.67 
—10 


(a) 


20 kQ 
0.01 WF 


sc + 


(b) 


Figure 6.84 — For Prob. 6.63. 

An op amp differentiator has R = 250 kQ and 
C = 10 wE The input voltage is a ramp 

r(t) = 12t mV. Find the output voltage. 


A voltage waveform has the following 
characteristics: a positive slope of 20 V/s for 5 ms 
followed by a negative slope of 10 V/s for 10 ms. If 
the waveform is applied to a differentiator with 

R = 50 kQ, C = 10 uF, sketch the output voltage 
waveform. 


The output v, of the op amp circuit of Fig. 6.85(a) is 
shown in Fig. 6.85(b). Let R; = Ry = 1 MQ and 

C = | wF. Determine the input voltage waveform 
and sketch it. 





t (ms) 


(b) 


Figure 6.85 


For Prob. 6.66. 


Design an analog computer to simulate 


dv, 4 ive a 10 sin 2t 
— +v, = 10sin 
dt? dt 


where up (0) = 2 and vp(0) = 0. 
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6.68 Design an analog computer to solve the differential 
equation 
waa +310) =2 t > 0 
i(t) = > 
dt 
and assume that 1(0) = 1 mA. 
6.69 Figure 6.86 presents an analog computer designed to 


solve a differential equation. Assuming f (ft) is 
known, set up the equation for f(t). 


COMPREHENSIVE PROBLEMS 


6.70 Your laboratory has available a large number of 
10-F capacitors rated at 300 V. To design a 
capacitor bank of 40-jF rated at 600 V, how many 
10-jF capacitors are needed and how would you 


connect them? 


6.71 |When acapacitor is connected to a dc source, its 
voltage rises from 20 V to 36 V in 4 us with an 
average charging current of 0.6 A. Determine the 


value of the capacitance. 


6.72 A square-wave generator produces the voltage 
waveform shown in Fig. 6.87(a). What kind of a 
circuit component is needed to convert the voltage 
waveform to the triangular current waveform shown 
in Fig. 6.87(b)? Calculate the value of the 


component, assuming that it is initially uncharged. 


6.73 


V(V) 





(a) 
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1 pF 


1 wF 


Figure 6.86 


For Prob. 6.69. 


i (A) 


0 1 2 3 4 
(b) 


t (ms) 


Figure 6.87 


For Prob. 6.72. 


In an electric power plant substation, a capacitor 
bank is made of 10 capacitor strings connected in 
parallel. Each string consists of eight 1000-WF 
capacitors connected in series, with each capacitor 
charged to 100 V. 

(a) Calculate the total capacitance of the bank. 


(b) Determine the total energy stored in the bank. 


Go to the Student OLC 
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FIRST-ORDER CIRCUITS 


I often say that when you can measure what you are speaking about, and 
express it innumbers, you know something about it; but when you cannot 
express it in numbers, your knowledge is of a meager and unsatisfactory 
kind; it may be the beginning of knowledge, but you have scarcely, in 
your thoughts, advanced to the stage of a science, whatever the matter 
may be. 


Enhancing Your Career 


Careers in Computer Engineering Electrical engineer- 
ing education has gone through drastic changes in recent 
decades. Most departments have come to be known as De- 
partment of Electrical and Computer Engineering, empha- 
sizing the rapid changes due to computers. Computers oc- 
cupy a prominent place in modern society and education. 
They have become commonplace and are helping to change 
the face of research, development, production, business, 
and entertainment. The scientist, engineer, doctor, attor- 
ney, teacher, airline pilot, businessperson—almost anyone 
benefits from a computer’s abilities to store large amounts 
of information and to process that information in very short 
periods of time. The internet, a computer communication 
network, is becoming essential in business, education, and 
library science. Computer usage is growing by leaps and 
bounds. 

Three major disciplines study computer systems: 
computer science, computer engineering, and information 
management science. Computer engineering has grown so 
fast and wide that it is divorcing itself from electrical en- 
gineering. But, in many schools of engineering, computer 
engineering is still an integral part of electrical engineering. 

An education in computer engineering should provide 
breadth in software, hardware design, and basic modeling 
techniques. It should include courses in data structures, dig- 
ital systems, computer architecture, microprocessors, inter- 
facing, software engineering, and operating systems. Elec- 
trical engineers who specialize in computer engineering find 


—Lord Kelvin 


Computer design of very large scale integrated (VLSI) circuits. 
Source: M. E. Hazen, Fundamentals of DC and AC Circuits, 
Philadelphia: Saunders, 1990, p. 20A4. 


jobs in computer industries and in numerous fields where 
computers are being used. Companies that produce soft- 
ware are growing rapidly in number and size and providing 
employment for those who are skilled in programming. An 
excellent way to advance one’s knowledge of computers is 
to join the IEEE Computer Society, which sponsors diverse 
magazines, journals, and conferences. 
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7.1 INTRODUCTION 


Now that we have considered the three passive elements (resistors, ca- 
pacitors, and inductors) and one active element (the op amp) individually, 
we are prepared to consider circuits that contain various combinations of 
two or three of the passive elements. In this chapter, we shall examine 
two types of simple circuits: a circuit comprising a resistor and capaci- 
tor and a circuit comprising a resistor and an inductor. These are called 
RC and RL circuits, respectively. As simple as these circuits are, they 
find continual applications in electronics, communications, and control 
systems, as we shall see. 

We carry out the analysis of RC and RL circuits by applying Kirch- 
hoff’s laws, as we did for resistive circuits. The only difference is that 
applying Kirchhoff’s laws to purely resistive circuits results in algebraic 
equations, while applying the laws to RC and RL circuits produces dif- 
ferential equations, which are more difficult to solve than algebraic equa- 
tions. The differential equations resulting from analyzing RC and RL 
circuits are of the first order. Hence, the circuits are collectively known 
as first-order circuits. 


A first-order circuit is characterized by a first-order differential equation. 





In addition to there being two types of first-order circuits (RC 
and RL), there are two ways to excite the circuits. The first way is by 
initial conditions of the storage elements in the circuits. In these so- 
called source-free circuits, we assume that energy is initially stored in 
the capacitive or inductive element. The energy causes current to flow in 
the circuit and is gradually dissipated in the resistors. Although source- 
free circuits are by definition free of independent sources, they may have 
dependent sources. The second way of exciting first-order circuits is by 
independent sources. In this chapter, the independent sources we will 
consider are dc sources. (In later chapters, we shall consider sinusoidal 
and exponential sources.) The two types of first-order circuits and the 
two ways of exciting them add up to the four possible situations we will 
study in this chapter. 

Finally, we consider four typical applications of RC and RL cir- 
cuits: delay and relay circuits, a photoflash unit, and an automobile igni- 

i \ : | ip tion circuit. 


C V R 7.2 THE SOURCE-FREE RC CIRCUIT Electronic Testing Tutorials 


A source-free RC circuit occurs when its dc source is suddenly discon- 
nected. The energy already stored in the capacitor is released to the 


resistors. 
Figure 7.1 A source-free Consider a series combination of a resistor and an initially charged 
RC circuit. capacitor, as shown in Fig. 7.1. (The resistor and capacitor may be the 
equivalent resistance and equivalent capacitance of combinations of re- 
A circuit response is the manner in which the sistors and capacitors.) Our objective is to determine the circuit response, 
circuit reacts to an excitation. which, for pedagogic reasons, we assume to be the voltage u(t) across 
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the capacitor. Since the capacitor is initially charged, we can assume that 
at time t = OQ, the initial voltage is 


v(0) = Yo (7.1) 
with the corresponding value of the energy stored as 
| 2 
w(0) = 5 CV5 (7.2) 
Applying KCL at the top node of the circuit in Fig. 7.1, 
ic tir =0 (7.3) 
By definition, ic = C dvu/dt andig = v/R. Thus, 
C ase + = 0 (7.4a) 
dt R- - 
or 
ale + 50 (7.4b) 
dt RC | 


This is a first-order differential equation, since only the first derivative of 
v 1s involved. To solve it, we rearrange the terms as 
dv 1 


— = ——dt 7.5 
Vv RC i) 


Integrating both sides, we get 
t 
Inv = —-—-+InA 
RC - 
where In A is the integration constant. Thus, 
In — = —— (7.6) 


Taking powers of e produces 
v(t) = Ae /RC 
But from the initial conditions, v(0) = A = Vo. Hence, 
v(t) = Voe /RE Gh 


This shows that the voltage response of the RC circuit is an exponential 
decay of the initial voltage. Since the response is due to the initial energy 
stored and the physical characteristics of the circuit and not due to some 
external voltage or current source, it is called the natural response of the 
circuit. 


The natural response of a circuit refers to the behavior (in terms of voltages and 
currents) of the circuit itself, with no external sources of excitation. 





The natural response is illustrated graphically in Fig. 7.2. Note that at The natural response depends on the nature of 


t = 0, we have the correct initial condition as in Eq. (7.1). As f increases, the circuit alone, with no external sources. In 
the voltage decreases toward zero. The rapidity with which the voltage fact, the circuit has a response only because of 
decreases is expressed in terms of the time constant, denoted by the lower the energy initially stored in the capacitor. 


case Greek letter tau, T. 
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V 
V, , atts es | 
: The time constant of a circuit is the time required for the response to decay by a 
- factor of I/e or 36.8 percent of its initial value. 
Ve 
0.368, 
This implies that at t = t, Eq. (7.7) becomes 
0 7 t 


Voe /R© = Voe |! = 0.368Vo 


In terms of the time constant, Eq. (7.7) can be written as 


With a calculator it is easy to show that the value of u(t) / Vo is as 
shown in Table 7.1. Itis evident from Table 7.1 that the voltage u(r) 1s less 
than | percent of Vo after 5t (five time constants). Thus, it is customary 
to assume that the capacitor is fully discharged (or charged) after five 
time constants. In other words, it takes 5t for the circuit to reach its final 
state or steady state when no changes take place with time. Notice that 
for every time interval of t, the voltage is reduced by 36.8 percent of its 
previous value, v(t + T) = v(t)/e = 0.368v(t), regardless of the value 
of f. 


Figure 72 The voltage response of the RC 
circuit. 


Or 


TABLE7.| = Values of 
v(t)/Vo =e, 


t v(t) / Vo 
7 0.36788 
at 0.13534 
3T 0.04979 
At 0.01832 
5ST 0.00674 
V 
V, Observe from Eq. (7.8) that the smaller the time constant, the more 
ne rapidly the voltage decreases, that is, the faster the response. This is 
illustrated in Fig. 7.4. A circuit with a small time constant gives a fast 
response in that it reaches the steady state (or final state) quickly due to 
0.75 ae beck 
quick dissipation of energy stored, whereas a circuit with a large time 
0.50 Tangent at t = 0 ————=—— 
'The time constant may be viewed from another perspective. Evaluating the derivative of 
0.37 v(t) in Eq. (7.7) at t = 0, we obtain 
0.25 d ( v Le 1 
—— —— = —-_-e ——— 
dt \Vo/ |;=0 [ ph 7 








Thus the time constant is the initial rate of decay, or the time taken for v/ Vo to decay from 
unity to zero, assuming a constant rate of decay. This initial slope interpretation of the 
time constant is often used in the laboratory to find t graphically from the response curve 
Figure i Graphical determination of the displayed on an oscilloscope. To find t from the response curve, draw the tangent to the 
time constant t from the response curve. curve, as shown in Fig. 7.3. The tangent intercepts with the time axis at t = T. 


0 a 2T 3T AT 5T t(s) 
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0 


Figure 74 Plot of v /Vo = e~'/* for various values of the time constant. 


constant gives a slow response because it takes longer to reach steady 
state. At any rate, whether the time constant is small or large, the circuit 
reaches steady state in five time constants. 

With the voltage v(t) in Eq. (7.9), we can find the current ir (t), 


u(t) = Yo o-t/t 


ir(t) = RR. R (7.10) 
The power dissipated in the resistor 1s 
V2 
p(t) = vir = ze" (7.11) 


The energy absorbed by the resistor up to time f 1s 


i t V2 
Wr(t) -| pdt -| edt 
0 0 


t (7.12) 


1 
= -CVj(1-—e *""), t= RC 
4 2 


2 
TVS en2tlt 
2R 





Notice that as t > 00, wWr(co) > +CVo. which is the same as wc (0), 
the energy initially stored in the capacitor. The energy that was initially 
stored in the capacitor is eventually dissipated in the resistor. 

In summary: 


The Key to Working with a Source-free RC Circuit is 
Finding: 


1. The initial voltage v(0) = Vo across the capacitor. The time constant is the same regardless of what 


2. The time constant T. the output is defined to be. 





When a circuit contains a single capacitor and 


With these two items, we obtain the response as the capacitor voltage several resistors and dependent sources, the 


uc(t) = v(t) = v(O)e~‘/". Once the capacitor voltage is first obtained, Thevenin equivalent can be found at the termi: 
other variables (capacitor current ic, resistor voltage vg, and resistor nals of the capacitor to form a simple RC circuit. 
current iz) can be determined. In finding the time constant tT = RC, R is Also, one can use Thevenin’s theorem when sev- 
often the Thevenin equivalent resistance at the terminals of the capacitor; eral capacitors can be combined to form a single 
that is, we take out the capacitor C and find R = Ry» at its terminals. equivalent capacitor. 
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a 
8 Q In Fig. 7.5, let vc(O) = 15 V. Find vc, v,, and i, fort > 0. 
| ly Solution: 
+ + . ae ie . 7 
50 0.1F Vo a2, We first need to make the circuit in Fig. 7.5 conform with the standard 


= RC circuit in Fig. 7.1. We find the equivalent resistance or the Thevenin 
resistance at the capacitor terminals. Our objective is always to first obtain 
capacitor voltage uc. From this, we can determine v, and i,. 

Figure 7.5 © For Example 7.1. The 8-Q2 and 12-2 resistors in series can be combined to give a 

20-Q2 resistor. This 20-Q2 resistor in parallel with the 5-Q resistor can be 

combined so that the equivalent resistance 1s 


— 20x5 _ 
ED eEsS. 


Hence, the equivalent circuit is as shown in Fig. 7.6, which is analogous 
to Fig. 7.1. The time constant is 


AQ 





tT = RegC = 4(0.1) = 0.48 
Thus, 


v= v(O)e*/* — 15¢e7 1/04 V, ve=v= 15e72% V 


Figure 16 Equivalent circuit 


pee From Fig. 7.5, we can use voltage division to get v,; so 
for the circuit in Fig. 7.5. 





12 
Vy = v = 0.6(15e-7") = 9e 7" V 
1948 
Finally, 
eee 
12 


PRACTICE PROBLE ™ i 


Refer to the circuit in Fig. 7.7. Let vc(O) = 30 V. Determine vc, v,, and 
io fort > 0. 


120 Answer: 30e~°?" V, 10e~°?"" V, —2.5e7°?! A. 





Figure 7] For Practice Prob. 7.1. 





The switch in the circuit in Fig. 7.8 has been closed for a long time, and 
itis opened at t = 0. Find v(t) for t > O. Calculate the initial energy 
+ stored in the capacitor. 
V 20 mF 





20 V 





Solution: 


For t < 0, the switch is closed; the capacitor is an open circuit to dc, as 


. represented in Fig. 7.9(a). Using voltage division 
Figure 7.8 For Example 7.2. 
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9 
t) = ——(20) = 15 V, t<O 
Uc (t) 943! ) < 


Since the voltage across a capacitor cannot change instantaneously, the 
voltage across the capacitor at t = 0" is the same at t = O, or 
vc (0) = Vo —-15V 


For t > O, the switch is opened, and we have the RC circuit shown 
in Fig. 7.9(b). [Notice that the RC circuit in Fig. 7.9(b) is source free; 
the independent source in Fig. 7.8 is needed to provide Vo or the initial 
energy in the capacitor.] The 1-Q and 9-Q resistors in series give 


Reg = 149 = 10 
The time constant is 
t = RegC = 10 x 20x 10° = 0.28 
Thus, the voltage across the capacitor for t > O is 
v(t) =ucO)e"* = 15e "9" V 
or 
v(t) = 15e-" V 


The initial energy stored in the capacitor is 


1 1 
we(0) = 5 Cv) = 5 x 20x 10° x 157 = 2.25] 


PRACTICE PROBLEM yy 


243 


20 V 





9Q V.=15V 


20 mF 


(b) 





If the switch in Fig. 7.10 opens at t = 0, find v(t) for t > 0 and wc (0). 
Answer: 8e~~ V, 5.33 J. 


1.3 THE SOURCE-FREE RL CIRCUIT 


Consider the series connection of a resistor and an inductor, as shown in 
Fig. 7.11. Our goal is to determine the circuit response, which we will 
assume to be the current 7 (t) through the inductor. We select the inductor 
current as the response in order to take advantage of the idea that the 
inductor current cannot change instantaneously. At t = 0, we assume 
that the inductor has an initial current Jo, or 


i(0) = Ip (7.13) 
with the corresponding energy stored in the inductor as 
Lg 
w(O) = 5 Eo (7.14) 


Figure 7.9 For Example 7.2: (a) t < 0, 
(b) t > 0. 
t=0 
62 
+ 
24.V -F=- V 122 340 
Figure 7.10 For Practice Prob. 7.2. 


Electronic Testing Tutorials 





Figure 7.1 | 


A source- 
free RL circuit. 
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Tangent at t = 0 


0.3681, Let 
oO 


0 i t 


Figure 7.12 The current response of the RL 
circuit. 


The smaller the time constant t of a circuit, the 
faster the rate of decay of the response. The 
larger the time constant, the slower the rate of 
decay of the response. At any rate, the response 
decays to less than | percent of its initial value 
(ie. reaches steady state) after 57. 


Figure 7.12 shows an initial slope interpretation 
may be given to T. 


PART | DC Circuits 


Applying KVL around the loop in Fig. 7.11, 
vt + UR = 0 (7.15) 
But v, = Ldi/dt and ve = iR. Thus, 


GZ + Ri =O 
dt 
or 
ld + = — (0 (7.16) 
dt i 


Rearranging terms and integrating gives 


[- di 7 [ R 
Ih i? o L 








Dae Rt |’ . Rt 
Ini = —— —>>- Ini(t) —InJb = —-— + 0 
I L | L 
0 
or 
i(t Rt 
in = —— (7.17) 

iA L 


Taking the powers of e, we have 
id) =Ibpe (7.18) 


This shows that the natural response of the RL circuit is an exponential 
decay of the initial current. The current response is shown in Fig. 7.12. 
It is evident from Eq. (7.18) that the time constant for the RL circuit is 


(7.19) 





with t again having the unit of seconds. Thus, Eq. (7.18) may be written 


as 
i(t) = Ine t/* (7.20) 


With the current in Eq. (7.20), we can find the voltage across the 
resistor as 


Ur(t) =iR = InpRe'* (7.21) 


The power dissipated in the resistor is 
—2t/T 


p = vri = [5 Re (7.22) 

The energy absorbed by the resistor is 
t t 1 t L 
Writ) -| pdt -| 15 Re" dt = —~tlj Re" , T= — 
0 0 2 0 R 

or 
I 2 —2t/Tt 

wrt) = me =<¢ ) (7.23) 


Note that as tf > 00, wr(co) > sla. which is the same as w (QO), the 
initial energy stored in the inductor as in Eq. (7.14). Again, the energy 
initially stored in the inductor is eventually dissipated in the resistor. 
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In summary: 


The Key to Working with a Source-free RL Circuit is 
to Find: 


1. The initial current 7(0) = Jp through the inductor. 





2. The time constant t of the circuit. 


When a circuit has a single inductor and several 
resistors and dependent sources, the Thevenin 
equivalent can be found at the terminals of the 
inductor to form a simple RL circuit. Also, one 


With the two items, we obtain the response as the inductor current i; (t) = 
i(t) = i(0)e~*/*. Once we determine the inductor current i,,, other vari- 


ables (inductor voltage vz, resistor voltage vr, and resistor current ip) can use Thevenin’s theorem when several induc- 
can be obtained. Note that in general, R in Eq. (7.19) is the Thevenin tors can be combined to form a single equivalent 
resistance at the terminals of the inductor. inductor. 


EXAM ? | 5 ccc 


Assuming that 7(0) = 10 A, calculate i(t) and i, (t) 1n the circuit in Fig. 
Jul: 


Solution: 


There are two ways we can solve this problem. One way is to obtain the 
equivalent resistance at the inductor terminals and then use Eq. (7.20). 
The other way is to start from scratch by using Kirchhoff’s voltage law. 





Whichever approach is taken, it is always better to first obtain the inductor Figure 7.13 For Example 7.3. 
current. 
METHOD @§ The equivalent resistance is the same as the Thevenin 


resistance at the inductor terminals. Because of the dependent source, 
we insert a voltage source with v, = 1 V at the inductor terminals a-b, 
as in Fig. 7.14(a). (We could also insert a 1-A current source at the ter- 
minals.) Applying KVL to the two loops results in 


1 
2(4j —i2) +1=0 => iy-b= 5 (7.3.1) 


5 
612 — 21, — 31, = O —=> i 6! (7.3.2) 


Substituting Eq. (7.3.2) into Eq. (7.3.1) gives 





(b) 


Figure 7.14 — Solving the circuit in Fig. 7.13. 
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Hence, 
Uo 1 
Reg = Ro = SH GF 
lo 
The time constant is 
1 
LC = L = 2 = 2 S 
R i 2 
eq 3 


Thus, the current through the inductor is 
i(t) =i(O)e"/* = 10e~ 2/9" A, t>0 


METHOD § We may directly apply KVL to the circuit as in Fig. 
7.14(b). For loop 1, 








eG a= 
~— ij —in) = 
2 dt a 
or 
diy . . 
—+4i, —4i. =0 (7.3.3) 
dt 
For loop 2, 
. . ———: 
Giz — 21; — 31; =O => = eh (7.3.4) 
Substituting Eq. (7.3.4) into Eq. (7.3.3) gives 
dij n 2. 0 
—- —1; = 
dt | 3° 
Rearranging terms, 
di pi 
set = —-dt 
Ly 3 
Since i; = 7, we may replace i, with 7 and integrate: 
iO > |! 
Ini =— =f 
i(0) 3 |p 
or 
i(t) 2 
n——=-- 
i(O) 3 


Taking the powers of e, we finally obtain 
i(t) =iO)e PP" = 10e7F" A, ot > 0 


which is the same as by Method 1. 
The voltage across the inductor is 


a 0.5(10) 4) ,-0 — 19 -aary 
dt 3 a 


Since the inductor and the 2-Q resistor are in parallel, 


oe 5 —_1667e°21 A = t 0 
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PRACTICE PROBLE ™ Rg, 





Find i and v, in the circuit in Fig. 7.15. Leti(0) =5 A. 3. 
Answer: 5e->-' A, —15e~>*" V. 





Figure ie [5 For Practice Prob. 7.3. 


i. 4 








The switch in the circuit of Fig. 7.16 has been closed for a long time. At 
t = OQ, the switch is opened. Calculate i(t) for t > 0. 


Solution: 


When t < 0, the switch is closed, and the inductor acts as a short circuit 
to dc. The 16-Q resistor is short-circuited; the resulting circuit is shown 
in Fig. 7.17(a). To get i; in Fig. 7.17(a), we combine the 4-Q and 12-Q 
resistors in parallel to get 





Figure 7.16 For Example 7.4. 


XM 











3.Q 
4+ 12 
Hence, 
= 8A 1 20 4Q 
nS 
oe == 
We obtain i(t) from 7, in Fig. 7.17(a) using current division, by writing yi 
40 V 12Q 
2, 
i(t) = i; — 6A, t<0O 

12+4 

Since the current through an inductor cannot change instantaneously, (a) 
4Q 
i(0) =1(0_)=6A 
Ji 
When ¢ > O, the switch is open and the voltage source is discon- 2 
nected. We now have the RL circuit in Fig. 7.17(b). Combining the re- eae ne o-" 
sistors, we have 
Reg = 12 + 4) || 16=8Q (b) 
The time constant is Figure TA7 Solving the circuit of Fig. 7.16: (a) 
for t < 0, (b) fort > 0. 
L 2 1 
T= SS SS SS = S 
Reg 8 4 


Thus, 


i(t) =i(O)e/' =6e "A 
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PRACTICE PROBLE ™ 





For the circuit in Fig. 7.18, find 7(t) for t > 0. 


Answer: 2e~7 A,t > 0. 





Figure 7.18 For Practice Prob. 7.4. 


EXAM P| 5 ccc 


In the circuit shown in Fig. 7.19, find i,, v,, and i for all time, assuming 
that the switch was open for a long time. 


Solution: 


Itis better to first find the inductor current i and then obtain other quantities 
from it. 
For t < 0, the switch is open. Since the inductor acts like a short 





Figure 7.19 For Example 7.5. circuit to dc, the 6-Q resistor is short-circuited, so that we have the circuit 
shown in Fig. 7.20(a). Hence, i, = 0, and 
10 
LC) = = A, t<0 
2a 


Uo(t) = 31(t) = OV, t<0 


Thus, i(O) = 2. 

For t > O, the switch is closed, so that the voltage source is short- 
circuited. We now have a source-free RL circuit as shown in Fig. 7.20(b). 
At the inductor terminals, 


Rm =—3||6=22 


so that the time constant is 
L 





.=—_— = lis 
Rtp 
Hence, 
(b) 
| i(t) =i(O)e'/* = 2e" A, t>0 
Figure 7.20 The circuit in Fig. 7.19 for: 
(a)t <0, (b)t > 0. Since the inductor is in parallel with the 6-Q and 3-Q resistors, 


Z 
£2 = -L— = —2(-2e")=4e*V, t20 


and 
2 
nC ee ee a ee 
6 3 
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Thus, for all time, 


oe p= 6V, t<0 


tol) = —ie A, t>0° ae be V, t>0 


ye oes t <0 
(= Vo-tA 4¢>0 


We notice that the inductor current is continuous at t = 0, while the 
current through the 6-Q2 resistor drops from 0 to —2/3 at t = O, and the 
voltage across the 3-Q resistor drops from 6 to 4 at t = 0. We also notice 
that the time constant is the same regardless of what the output is defined Figure 7.2| 
to be. Figure 7.21 plots 7 and ip. 





A plot of i and io. 


PRACTICE PROBLE M i 





Determine 1, i,, and v, for all ¢ in the circuit shown in Fig. 7.22. Assume 3.Q 
that the switch was closed for a long time. 


hae: P= 4A, boO ~ .. 2 A, t <0 
© = V4e7 A, t>0°? °° )-(4/3)e-" A, tt > 0° 

— 4V, t <0 

o~)_(8/3)e" V, t>0 





Figure 722 For Practice Prob. 7.5. 


1.4 SINGULARITY FUNCTIONS 


Before going on with the second half of this chapter, we need to digress 
and consider some mathematical concepts that will aid our understanding 
of transient analysis. A basic understanding of singularity functions will 
help us make sense of the response of first-order circuits to a sudden 
application of an independent dc voltage or current source. 

Singularity functions (also called switching functions) are very use- 
fulin circuit analysis. They serve as good approximations to the switching 
signals that arise in circuits with switching operations. They are helpful in 
the neat, compact description of some circuit phenomena, especially the 
step response of RC or RL circuits to be discussed in the next sections. 
By definition, 


Singularity functions are functions that either are discontinuous or have 


discontinuous derivatives. 





The three most widely used singularity functions in circuit analysis 
are the unit step, the unit impulse, and the unit ramp functions. 
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u(t) The unit step function u(t) is 0 for negative values of t and | for positive values of t. 





In mathematical terms, 


(7.24) 





0 : : : ‘ 
The unit step function is undefined at t = O, where it changes abruptly 


Figure 7.23 The unit step from 0 to 1. Itis dimensionless, like other mathematical functions such as 
function. sine and cosine. Figure 7.23 depicts the unit step function. If the abrupt 
change occurs at tf = tg (where fg > OQ) instead of t = O, the unit step 

u(t — t,) function becomes 


0, t<to 


u(t —to) = . — (7.25) 


which is the same as saying that u(t) is delayed by fg seconds, as shown in 
Fig. 7.24(a). To get Eq. (7.25) from Eq. (7.24), we simply replace every 


t by t — to. If the change is at t = —%, the unit step function becomes 
0, t<—-to 
f+ito) = 7.26 
u(t + to) Z — (7.26) 


meaning that u(t) is advanced by fo seconds, as shown in Fig. 7.24(b). 

We use the step function to represent an abrupt change in voltage 
or current, like the changes that occur in the circuits of control systems 
and digital computers. For example, the voltage 





0, t < flo 
v(t) = dad. 
(7) (Vs, t > to ( ) 
may be expressed in terms of the unit step function as 
| v(t) = Vou(t — to) (7.28) 
Figure 724 (a) The unit step a 
function delayed by fg, (b) the unit If we let ft) = O, then v(t) is simply the step voltage Vou(t). A voltage 
step advanced by to. source of Vou(t) is shown in Fig. 7.25(a); its equivalent circuit is shown 


in Fig. 7.25(b). It is evident in Fig. 7.25(b) that terminals a-b are short- 
circuited (v = Q) for t < O and that v = Vo appears at the terminals 
for t > 0. Similarly, a current source of Jpu(t) is shown in Fig. 7.26(a), 
Alternatively, we may derive Eqs. (7.25) and (7.26) while its equivalent circuit is in Fig. 7.26(b). Notice that for t < O, there 


from Eq, (7.24) by writing ulf(t)] = |, f(t) > 0, is an open circuit (i = 0), and that i = Jp flows for t > 0. 
where f(t) may be t — ty ort + to. 


t=0 


Vi u(t) — Vp 


(a) (b) 


Figure 7.25 (a) Voltage source of Vou(t), (b) its equivalent circuit. 
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j= 0 7 
a O——_O da 
L,u(t) ——  F; 
b b 
(a) (b) 


Figure 7.26 (a) Current source of Jgu(t), (b) its equivalent circuit. 


The derivative of the unit step function u(t) is the unit impulse 
function 6(t), which we write as 


F 0, t <0 
b(t) = Pre = 4 Undefined, t =O (7.29) 


0, t>0O 





The unit impulse function—also known as the delta function—is shown 
in Fig. 7.27. d(f) 4 C1) 


dar 
The unit impulse function 6(t) is zero everywhere except at t = 0, where 
it is undefined. 0 t 


. . ead Figure 7.27 = The unit 
Impulsive currents and voltages occur in electric circuits as a result of impulse function. 


switching operations or impulsive sources. Although the unit impulse 
function is not physically realizable (just like ideal sources, ideal resistors, 
etc.), itis a very useful mathematical tool. 

The unit impulse may be regarded as an applied or resulting shock. 
It may be visualized as a very short duration pulse of unit area. This may 
be expressed mathematically as 


ot 
| d(t)dt =1 (7.30) 
where t = 0” denotes the time just before t = 0 and t = O° is the time 
just after + = Q. For this reason, it is customary to write | (denoting 
unit area) beside the arrow that is used to symbolize the unit impulse 
function, as in Fig. 7.27. The unit area is known as the strength of the 
impulse function. When an impulse function has a strength other than 
unity, the area of the impulse is equal to its strength. For example, an 108(1) 
impulse function 106(t) has an area of 10. Figure 7.28 shows the impulse 
functions 56(t + 2), 106(t), and —46(t — 3). 

To illustrate how the impulse function affects other functions, let 
us evaluate the integral 


58(t + 2) 





b 
| f(t)d(t — to) dt (7.31) _45(t — 3) 


where a < tf) < b. Since 5(t — t) = 0 except at t = fo, the integrand is Figure 7.28 Three impulse functions. 
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zero except at fo. Thus, 


b b 
| f(t)d(t — to) dt -| Ff (to)d(t — to) dt 


b 
= Fito) | d(t — to) dt = f (to) 


Or 


b 
| f(t)d(t — to) dt = f (to) (7.32) 





This shows that when a function is integrated with the impulse function, 
we obtain the value of the function at the point where the impulse occurs. 
This is a highly useful property of the impulse function known as the 
sampling or sifting property. The special case of Eq. (7.31) is for to = 0. 
Then Eq. (7.32) becomes 

Ot 


f(t)d(t) dt = f(0) (733) 
. 


Integrating the unit step function u(t) results in the unit ramp func- 
tion r(t); we write 


r(t) -| u(t) dt = tu(t) (7.34) 





Or 


Figu re7.29 = The unit ramp 
function. 


(7.35) 





Ki=T,) 


I paoeeraanee tence ) 






The unit ramp function is zero for negative values of t and has a unit slope for 


positive values of t. 





Figure 7.29 shows the unit ramp function. In general, a ramp is a function 
that changes at a constant rate. 








0 t, Lal 
oes The unit ramp function may be delayed or advanced as shown in 
(a) Fig. 7.30. For the delayed unit ramp function, 
r(t + t,) _ {0, t<%% 
r(t —to) = 7a (7.36) 
and for the advanced unit ramp function, 
1 0, [< —lo 
r(t+to) = . =, f=n (7.37) 
We should keep in mind that the three singularity functions (im- 
pulse, step, and ramp) are related by differentiation as 
1 0 Ce Ce (7.38) 
lo =, + = ’ u = : 
dt dt 
(b) or by integration as 
Figure 7.30 | | 
loure /. The unit ramp = _ 
ats (a) delayed by fg, u(t) [. b(t) at, r(t) [. ees ee) 


(b) advanced by fo. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 7 First-Order Circuits 


Although there are many more singularity functions, we are only inter- 
ested in these three (the impulse function, the unit step function, and the 
ramp function) at this point. 
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EXAM ? | 5 ccc 


Express the voltage pulse in Fig. 7.31 in terms of the unit step. Calculate 
its derivative and sketch it. 


Solution: 


The type of pulse in Fig. 7.31 is called the gate function. It may be re- 
garded as a step function that switches on at one value of t and switches 
off at another value of t. The gate function shown in Fig. 7.31 switches 
on at t = 2 s and switches off att = 5 s. It consists of the sum of two 
unit step functions as shown in Fig. 7.32(a). From the figure, it 1s evident 
that 


v(t) = 10u(t — 2) — 10u(t — 5) = 10[u(t — 2) — uct — 5)] 


Taking the derivative of this gives 


a = 10[6(t — 2) —d(t —5)] 
dt 


which is shown in Fig. 7.32(b). We can obtain Fig. 7.32(b) directly from 
Fig. 7.31 by simply observing that there 1s a sudden increase by 10 V at 
t = 2s leading to 106(t — 2). Att = 5s, there is a sudden decrease by 
10 V leading to —10 V d(t —5). 

10u(t — 2) —10u(t — 5) 


10 10 


—10 


(a) 





(b) 


Gate functions are used along with switches to 
pass or block another signal. 


V(t) 


10 


0 1 2 3 4 5 ' 


Figure 731 For Example 7.6. 





Figure 7.32 (a) Decomposition of the pulse in Fig. 7.31, (b) derivative of the pulse in Fig. 7.31. 


<q =| » | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


254 PART | DC Circuits 


PRACTICE PROBLE ™ gi 





Express the current pulse in Fig. 7.33 in terms of the unit step. Find its 
integral and sketch it. 


Answer: 10[u(t)—2u(t—2)+u(t—4)], 10[r(t) —2r(t —2)+r(t—4)]. 


See Fig. 7.34. 
i(t) lidt 
10 20 
0 
10 0) 2 4 t 





Figure /.34 — Integral of i(t) in Fig. 7.33. 
Figure 7,33 For Practice Prob. 7.6. 





V(t) Express the sawtooth function shown in Fig. 7.35 in terms of singularity 


functions. 
10 : 
Solution: 


There are three ways of solving this problem. The first method is by mere 
observation of the given function, while the other methods involve some 
graphical manipulations of the function. 


0 a) f METHOD @f By looking at the sketch of v(t) in Fig. 7.35, it is not 
hard to notice that the given function v(t) is a combination of singularity 
Figure 735 For Example 7.7. functions. So we let 


v(t) = uv, (t) + uv2(t) + - (7.7.1) 


The function v;(t) 1s the ramp function of slope 5, shown in Fig. 7.36(a); 
that 1s, 


vi (t) = 5r(t) (7.7.2) 


V, (2) Vi + V5 
10 - 10 


V(t) 


on) 
N 
~ 

N 
~ 
in) 
N 
~ 


(a) (c) 
~10 
(b) 


Figure 736 Partial decomposition of u(t) in Fig. 7.35. 
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Since v1 (ft) goes to infinity, we need another function at tf = 2 s in order 
to get v(t). We let this function be v2, which is a ramp function of slope 
—5, as shown in Fig. 7.36(b); that is, 


v2(t) = —S5r(t — 2) (7.7.3) 


Adding v; and v2 gives us the signal in Fig. 7.36(c). Obviously, this is 
not the same as v(f) in Fig. 7.35. But the difference is simply a constant 
10 units for tf > 2s. By adding a third signal v3, where 


v3 = —10u(t — 2) (7.7.4) 


we get u(t), as shown in Fig. 7.37. Substituting Eqs. (7.7.2) through 
(7.7.4) into Eq. (7.7.1) gives 


v(t) = 5r(t) — 5r(t — 2) — 10u(t — 2) 


Vy +V V(t) 
10 F 10 
+ = 
0 
0 2 t 2 t 0 2 t 
—10 = 


(a) (b) (c) 


Figure 737 Complete decomposition of v(t) in Fig. 7.35. 


METHOD WA A close observation of Fig. 7.35 reveals that v(t) is a mul- 
tiplication of two functions: a ramp function and a gate function. Thus, 


v(t) = S5t[u(t) — u(t — 2)] 
= 5tu(t) — 5tu(t — 2) 
= 5r(t) —S5(t —2 + 2)u(t — 2) 
= 5r(t) — 5(t — 2)u(t — 2) — 10u(t — 2) 
= 5r(t) — 5r(t — 2) — 10u(t — 2) 
the same as before. 
METHOD Ei This method is similar to Method 2. We observe from 


Fig. 7.35 that v(t) is a multiplication of a ramp function and a unit step 
function, as shown in Fig. 7.38. Thus, 


v(t) = Sr(t)u(—t + 2) 


If we replace u(—t) by 1 — u(t), then we can replace u(—t + 2) by 
1 — u(t — 2). Hence, 


v(t) = 5r(t)[1 — u(t — 2)] 


which can be simplified as in Method 2 to get the same result. 
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5r(t) 






At ny, | u(—t + 2) 


0 Z t 0 2 t 


Figure 7,38 Decomposition of v(t) in Fig. 7.35. 


PRACTICE PROBLE M iy 





i(t) (A) Refer to Fig. 7.39. Express i(t) in terms of singularity functions. 
) Answer: 2u(t) — 2r(t) + 4r(t — 2) — 2r(t — 3). 
0 
1 3 t(s) 
=) 


Figure 7.39 For Practice Prob. 7.7. 





Given the signal 


3, t <0 
g(t) = { -2, O<t<l 
2t—4, t>1 


express g(t) in terms of step and ramp functions. 
Solution: 


The signal g(t) may be regarded as the sum of three functions specified 
within the three intervals t < 0,0 < t < 1, andt > 1. 

For t < 0, g(t) may be regarded as 3 multiplied by u(—t), where 
u(—t) = 1 fort < OandOfort > 0. Within the time interval 0 < ¢ < 1, 
the function may be considered as —2 multiplied by a gated function 
[u(t) — u(t — 1)]. Fort > 1, the function may be regarded as 2t — 4 
multiplied by the unit step function u(t — 1). Thus, 


g(t) = 3u(—t) — 2[u(t) — u(t — 1)] + Qt — 4)uct — 1) 
= 3u(—-t) — 2u(t) + Qt —44+ 2)u(t — 1) 
= 3u(—t) — 2u(t) + 2(t — 1)u(t — 1) 
= 3u(—t) — 2u(t) + 2r(t — 1) 


One may avoid the trouble of using u(—t) by replacing it with 1 — u(t). 
Then 
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g(t) = 3[1 —u(t)] — 2u(t) + 2r(t — 1) = 3 — Sut) + 2r(t — 1) 


Alternatively, we may plot g(t) and apply Method 1 from Example 7.7. 


IPR AUG Del Crew hak CoB MoE i PROBLE SAR 


If 
0, t <0 
A. O<t<2 
ae 6—t, 2<t<6 
0 t>6 


wy 


express /i(t) in terms of the singularity functions. 
Answer: 4u(t) —r(t —2)+r(t — 6). 


EXAM ? | 5 i ccc 


Evaluate the following integrals involving the impulse function: 


(17 + 4t — 2)8(t — 2) dt 
0 


| (S(t —l)e ‘cost + d(t + l)e™ sint)dt 


Solution: 


For the first integral, we apply the sifting property in Eq. (7.32). 
10 
| (t? + 4¢ — 2)6(t —2)dt = (t? + 4t — 2) [p29 = 4+8-—2= 10 
0 
Similarly, for the second integral, 
CO 
| (S(t — l)e ‘cost + b(t + l)e“ sint)dt 
—0o 


=e 'cost|,-; te’ sint|,—_1 


= e~'cos1 +e! sin(—1) = 0.1988 — 2.2873 = —2.0885 


ee ee PROBLE ™ SR 


Evaluate the following integrals: 


CO 10 
| (t? +527 + 10)d(t + 3) dt, | 5(t — 1) cos 3t dt 
—0O 0 


Answer: 28, —1. 


7.5 STEP RESPONSE OF AN RC CIRCUIT 


When the dc source of an RC circuit is suddenly applied, the voltage 
or current source can be modeled as a step function, and the response is 
known as a Step response. 
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oN 





Viu(t) Cc V 


(b) 


Figure 740 An RC circuit with 
voltage step input. 
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The step response ofa circuit is its behavior when the excitation is the step 


function, which may be a voltage or a current source. 





The step response is the response of the circuit due to a sudden application 
of a de voltage or current source. 

Consider the RC circuit in Fig. 7.40(a) which can be replaced by the 
circuit in Fig. 7.40(b), where V, is a constant, dc voltage source. Again, 
we select the capacitor voltage as the circuit response to be determined. 
We assume an initial voltage Vo on the capacitor, although this is not 
necessary for the step response. Since the voltage of a capacitor cannot 
change instantaneously, 


v(0-) = v(0T) = VW (7.40) 


where u(0 ) is the voltage across the capacitor just before switching and 
v(0*) is its voltage immediately after switching. Applying KCL, we have 
ee in v — Vyu(t) _ 
dt R 7 
or 


du v Os 
dt RC RC 
where v is the voltage across the capacitor. Fort > 0, Eq. (7.41) becomes 


aD vs a, 
dt RC RC a 





u(t) (7.41) 





Rearranging terms gives 




















dv _ u-Vs 
dt RC 
or 
dv dt 
= = (7.43) 
v — V, RC 
Integrating both sides and introducing the initial conditions, 
v(t) , t 
In(v — V,) = —— 
Vo RC |9 
t 
In(u(t) — V;) — In(Vo — V;) = —-—~ + 0 
n(v(t) ) — In(Vo ) Rot 
or 
v — V, t 
In See (7.44) 
Vo — Vs RC 
Taking the exponential of both sides 
= V; 
~ =e U". t= RC 
Yo > Vs 
v —V, = (Vo — Vso" 
or 
v(t) =Vet(Vo-—Vy)e"", t>0 (7.45) 
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Thus, 


Vo, t <0 
(7.46) 


v(t) = ¥ a (Vo _ Vi jet? , t> 0 





This is known as the complete response of the RC circuit to a sudden 
application of a dc voltage source, assuming the capacitor is initially 
charged. The reason for the term “complete” will become evident a little 
later. Assuming that V, > Vo, a plot of v(t) is shown in Fig. 7.41. 

If we assume that the capacitor is uncharged initially, we set Vo = O 
in Eq. (7.46) so that 





(t)= °, _: 7.47 
= Iv de), t>0 ae 
which can be written alternatively as 
v(t) =V,(1 — ee!" u(t) (7.48) 
This is the complete step response of the RC circuit when the capacitor 0 t 
is initially uncharged. The current through the capacitor is obtained from Fiore 74I 
; = Igure /, Response of an 
pa a) US) eu ergo RC circuit with initially charged 
dv C capacitor. 
i(tt)=C— =—V,e"/", t=RC, t>0 
dt T 
or 
. Vs =e 
i(t) = Rp! u(t) (7.49) 


Figure 7.42 shows the plots of capacitor voltage v(t) and capacitor current 
i(t). 

Rather than going through the derivations above, there is a sys- 
tematic approach—or rather, a short-cut method—for finding the step 
response of an RC or RL circuit. Let us reexamine Eq. (7.45), which is 
more general than Eq. (7.48). It is evident that v(t) has two components. 
Thus, we may write 





V= UVF + Up (7.50) (a) 
where i(t) 
vp = Vs (7.51) V, 
R 
and 
Un = (Yo — Ve? (7.52) 
We know that v, is the natural response of the circuit, as discussed in 
Section 7.2. Since this part of the response will decay to almost zero 
after five time constants, it is also called the transient response because it : 
t 


is a temporary response that will die out with time. Now, v+ is known as 

the forced response because it is produced by the circuit when an external (b) 

“force” is applied (a voltage source in this case). It represents what the Fiore 74) 

circuit is forced to do by the input excitation. It is also known as the Bete. <p ie sponse Ora) 
: ; . . be RC circuit with initially uncharged 

steady-state response, because it remains a long time after the circuit is capacitor: (a) voltage response, 

excited. (b) current response. 
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The natural response or transient response is the circuit's temporary response 


that will die out with time. 





The forced response or steady-state response is the behavior of the circuit 
a long time after an external excitation is applied. 





The complete response of the circuit is the sum of the natural response 
This is the same as saying that the complete re- and the forced response. Therefore, we may write Eq. (7.45) as 


sponse is the sum of the transient response and 
the steady-state response. v(t) = v(co) + [v(0) — v(co) Je" (7.53) 


where v(0) is the initial voltage at t = O* and v(oc) is the final or steady- 
state value. Thus, to find the step response of an RC circuit requires three 
things: 


1. The initial capacitor voltage v(Q). 


2. The final capacitor voltage v(oc). 


3. The time constant T. 





Once we know x(0), x(00), and T, almost all the 
circuit problems in this chapter can be solved 
using the formula We obtain item | from the given circuit for t < 0 and items 2 and 3 from 
x(t) = x(oo)+ [x(0) — x(oo)] e@” the circuit for tf > 0. Once these items are determined, we obtain the 
response using Eq. (7.53). This technique equally applies to RL circuits, 
as we shall see in the next section. 

Note that if the switch changes position at time tf = fp instead of at 

t = Q, there is a time delay in the response so that Eq. (7.53) becomes 


v(t) = v(oo) + [u(to) — v(co)Je7*/" (7.54) 


where v(fo) is the initial value at tf = i . Keep in mind that Eq. (7.53) or 
(7.54) applies only to step responses, that is, when the input excitation is 
constant. 


The switch in Fig. 7.43 has been in position A for a long time. At t = 0, 
the switch moves to B. Determine v(t) for t > O and calculate its value 
att = 1sand4s. 


3 kQ A Bp. 4kQ 


24V 30 V 





Figure 7.43 For Example 7.10. 
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Solution: 


For t < 0, the switch is at position A. Since v is the same as the voltage 
across the 5-kQ resistor, the voltage across the capacitor just before t = 0 
is obtained by voltage division as 


_ 5 
v(0') = 5n30 =15V 


Using the fact that the capacitor voltage cannot change instantaneously, 
v(0) = v(0-) = v0T) = 15 V 


Fort > O, the switch is in position B. The Thevenin resistance connected 
to the capacitor is Ry, = 4 kQ, and the time constant is 


t=RnC=4x10°x0.5x 10° =28 


Since the capacitor acts like an open circuit to dc at steady state, v(oo) = 
30 V. Thus, 


u(t) = v(co) + [v(0) — v(co) Je!" 
= 30+ (15 — 30)e** = (30 — 15e° *) V 
Att =1, 
v(1) = 30 — 15e~° = 20.902 V 
Att =4, 
v(4) = 30 — 15e-* = 27.97 V 


PRACTICE PROBLE ™ aRgY 





Find v(t) fort > O1in the circuit in Fig. 7.44. Assume the switch has been t=0 
open for a long time and is closed at t = 0. Calculate v(t) at t = 0.5. 


Answer: —5 + 15e~~’ V, 0.5182 V. 


10V + F 50V 





Figure 7.44 — For Practice Prob. 7.10. 


Fad | 


In Fig. 7.45, the switch has been closed for a long time and is opened at 
t = 0. Find? and v for all time. 


Wa 1 
30u(t) V 20 Q +)10V 


Figure 745° For Example 7.11. 
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a _! 
Or 
20.2 V 10V 
be 
(a) 
10Q _' 
+ 
30V 20.2 V > GF 
(b) 
Figure /.46 — Solution of Example 7.11: 


(a) for t < O, (b) fort > 0. 
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Solution: 


The resistor current 7 can be discontinuous at t = 0, while the capacitor 
voltage v cannot. Hence, it is always better to find v and then obtain i 
from v. 

By definition of the unit step function, 


0, t<QO 
s0u(t) = {9 t>0 


For t < 0, the switch is closed and 30u(t) = O, so that the 30u(t) 
voltage source is replaced by a short circuit and should be regarded as 
contributing nothing to v. Since the switch has been closed for a long 
time, the capacitor voltage has reached steady state and the capacitor acts 
like an open circuit. Hence, the circuit becomes that shown in Fig. 7.46(a) 
for t < QO. From this circuit we obtain 


v= 10V, Sa == LA 


Since the capacitor voltage cannot change instantaneously, 
v(0) = v0) = 10 V 


For t > O, the switch is opened and the 10-V voltage source is 
disconnected from the circuit. The 30u(t) voltage source 1s now opera- 
tive, so the circuit becomes that shown in Fig. 7.46(b). After a long time, 
the circuit reaches steady state and the capacitor acts like an open circuit 
again. We obtain v(oo) by using voltage division, writing 





v(oo) = (30) = 20 V 


20 + 10 
The Thevenin resistance at the capacitor terminals is 


10x 20 = 20 
== {2 
30 3 





Rr, = 10 || 20 = 


and the time constant is 
RC 20 1 
tL — —_— — . — 
- 3 4° «3 


Thus, 
v(t) = v(oo) + [v(0) — v(oo) Je“ 
= 20 + (10 — 20)e~8/>" = (20 — 10e-°-") V 
To obtain 7, we notice from Fig. 7.46(b) that 7 is the sum of the currents 
through the 20-Q resistor and the capacitor; that 1s, 
UV n od 
= — — 
20 dt 
= 1—0.5e~°" + 0.25(—0.6)(—10)e'* = (1 +e") A 
Notice from Fig. 7.46(b) that v + 107 = 30 1s satisfied, as expected. 
Hence, 


_ f10V, t <0 
"= ) (20 — 10e-°"') V, 4+>0 
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. J-LA, t <0 
’= Vite) A, t>0 


Notice that the capacitor voltage is continuous while the resistor current 
is not. 


PRACTICE PROBLE M 


The switch in Fig. 7.47 is closed at t = 0. Find i(t) and v(t) for all time. 
Note that u(—t) = 1 fort < O and O fort > 0. Also, u(—t) = 1 — u(t). 


20u(—1) V 3A 
Figure 7.47 For Practice Prob. 7.11. 


0, t <0 

Answer: i(t) = — pelSty A 450) 
— 20 V, t <0 

~ 1100 +e!) Vv, t>0 
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7.6 STEP RESPONSE OF AN RL CIRCUIT 


Consider the RL circuit in Fig. 7.48(a), which may be replaced by the 
circuit in Fig. 7.48(b). Again, our goal is to find the inductor current i as 
the circuit response. Rather than apply Kirchhoff’s laws, we will use the 
simple technique in Eqs. (7.50) through (7.53). Let the response be the 
sum of the natural current and the forced current, 





i=in tis (7.55) 


We know that the natural response is always a decaying exponential, that 
1S, 
ji. = Ae, t= 2 (7.56) 
R 
Vout) 
where A is a constant to be determined. 
The forced response is the value of the current a long time after 
the switch in Fig. 7.48(a) is closed. We know that the natural response 
essentially dies out after five time constants. At that time, the inductor (b) 
becomes a short circuit, and the voltage across itis zero. The entire source 
voltage V, appears across R. Thus, the forced response is 





Figure 748 An RL circuit with a 
step input voltage. 


i; = — (7.57) 
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Substituting Eqs. (7.56) and (7.57) into Eq. (7.55) gives 

= Ae-tie 4 Vs 

i = Ae —— R (7.58) 
We now determine the constant A from the initial value of i. Let Jp be 
the initial current through the inductor, which may come from a source 
other than V;. Since the current through the inductor cannot change 
instantaneously, 


i(0*) =i(0.) =p (7.59) 
Thus at t = 0, Eq. (7.58) becomes 
Ib =A+ = 
R 
From this, we obtain A as 
Vs 


|e es 
OR 


Substituting for A in Eq. (7.58), we get 
Vs Vs \ 
i(t) = a ae (1 - =) gr (7.60) 


This is the complete response of the RL circuit. It is illustrated in Fig. 
7.49. The response in Eq. (7.60) may be written as 


i(t) = i(co) + [i(0) — i(co) Je" (7.61) 


where i(0) and i(oo) are the initial and final values of i. Thus, to find the 
step response of an RL circuit requires three things: 





0 t 
1. The initial inductor current i(0) at t = O°. 


Figure 749 Total response 2. The final inductor current i (oo). 
of the RL circuit with initial 
inductor current Jo. 





3. The time constant T. 


We obtain item | from the given circuit for t < O and items 2 and 3 from 
the circuit for tf > O. Once these items are determined, we obtain the 
response using Eq. (7.61). Keep in mind that this technique applies only 
for step responses. 

Again, if the switching takes place at time t = fo instead of t = 0, 
Eq. (7.61) becomes 


i(t) =i (00) + [i(to) — i(co)Je %"”" (7.62) 
If Jo = O, then 
0, t <0 

itt) = ua oi), 40 (7.63a) 

R 9 

or 

; Vs t/t 

i(t) = ra —e ' )u(t) (7.63b) 


This is the step response of the RL circuit. The voltage across the inductor 
is obtained from Eq. (7.63) using v = L di/dt. We get 
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(t) i V, A ott e t>0 
Vv =— — = V,;-——e ; C=] —y > 
dt TR R 
Or 
u(t) = V,e/" u(t) (7.64) 


Figure 7.50 shows the step responses in Eqs. (7.63) and (7.64). 


i(t) 





(b) 


Figure 750 Step responses of an RL circuit with no initial 
inductor current: (a) current response, (b) voltage response. 


fed 


Find 7(t) in the circuit in Fig. 7.51 for t > 0. Assume that the switch has t=0 

been closed for a long time. 

Solution: 10 

When t < OQ, the 3-Q resistor is short-circuited, and the inductor acts {i 
like a short circuit. The current through the inductor at t = O7 (..e., just 
before t = 0) is 


S 
< 
=. 


ee 10 
i(O = oe 


Since the inductor current cannot change instantaneously, 


i(0) =i(0T) =i(0.)=5A 


Figure 75| For Example 7.12. 


When t > 0, the switch is open. The 2-Q and 3-Q resistors are in series, 
so that 
10 
i(oo) = ——-~ =2A 
2+3 


The Thevenin resistance across the inductor terminals is 
Rr =2+3=52 


For the time constant, 


=. 
| 
S 
Wn [wie 
— 
(Nn 


Thus, 


i(t) = i(co) + [i(0) — i (co) Je7*/* 
=24+(5—2)e)%¥ =243e MA, t>0 
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Check: In Fig. 7.51, for t > 0, KVL must be satisfied; that is, 


di 


10=Si+L 
a dt 


di 1 
ee Le — [10+ 15e7!*] + ois | — 10 
This confirms the result. 


PRACTICE PROBLE M iy 


i 15H The switch in Fig. 7.52 has been closed for a long time. It opens at t = 0. 
rm Find i(t) for t > 0. 
Answer: (2+e7!") A,t > 0. 
5 Q r=0 10 Q 3A 


Figure 752 For Practice Prob. 7.12. 


izae: 


At t = 0, switch 1 in Fig. 7.53 1s closed, and switch 2 is closed 4 s later. 
Find i(t) for t > 0. Calculate i fort =2sandt=5s. 


40 V 





Figure 753° For Example 7.13. 


Solution: 


We need to consider the three time intervals t < 0, 0<t<4,andt > 4 
separately. For t < 0, switches $; and S» are open so that i = 0. Since 
the inductor current cannot change instantly, 


i(0-) =i(0) =i(0T) =0 


For 0 < t < 4, S; is closed so that the 4-Q and 6-Q resistors are in 
series. Hence, assuming for now that Sj is closed forever, 


40 


L 5 1 


SS. Ss = S§ 


T= — 
Rtn 10 
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Thus, 
i(t) = i(oo) + [i(0) —i(co)Je~*/" 
—-44+(0-4Ne =4(1-—e) A, 0<t<4 


For t > 4, Sz is closed; the 10-V voltage source is connected, and 
the circuit changes. This sudden change does not affect the inductor 
current because the current cannot change abruptly. Thus, the initial 
current 1s 


i(4)=i(44-)=401-e*)~4A 
To find i(oo), let v be the voltage at node P in Fig. 7.53. Using KCL, 











aE ee = _ 180 
4 2 6 est 
UV 30 
i(oo) = = = — =2.727 A 
6 11 
The Thevenin resistance at the inductor terminals is 
hte ee= ee 
“= «6 3 
and 
L 5 15 
z = A = 


a a 22 22 
Hence, 
i(t) = i(oo) + [i(4) —i(co)Je"""", fa 


We need (t — 4) in the exponential because of the time delay. Thus, 


~(t—4 I5 
i(t) = 2.727 + (4—2.727)e", T= > 
S222 t>4 
Putting all this together, 
0, t <0 
i(t) = 441 —e™), O<1t<4 
2.727 + 1.273e 148%), ot > 
Att = 2, 
i(2) = 4(1 —e-*) =3.93A 
Att =5, 


i(5) = 2.727 + 1.273e 146°? = 3.02 A 


PRACTICE PROBLE M ga 


Switch S; in Fig. 7.54 is closed at t = 0, and switch S) is closed at t = 
2s. Calculate i(t) for all t. Find 7(1) and (3). 
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t=2 Answer: 


0, 
iO = 100 =e"). 


i(1) = 1.9997 A, i(3) = 3.589 A. 





Figure 7.54 For Practice Prob. 7.13. 


@ 


3.6 — 1.6e°¢, 


t <0 
O0O<t<2 
cS 2 


eur issnelsis 7.7 FIRST-ORDER OP AMP CIRCUITS 


An op amp circuit containing a storage element will exhibit first-order 
behavior. Differentiators and integrators treated in Section 6.6 are exam- 
ples of first-order op amp circuits. Again, for practical reasons, inductors 
are hardly ever used in op amp circuits; therefore, the op amp circuits we 


consider here are of the RC type. 


As usual, we analyze op amp circuits using nodal analysis. Some- 
times, the Thevenin equivalent circuit is used to reduce the op amp circuit 
to one that we can easily handle. The following three examples illustrate 
the concepts. The first one deals with a source-free op amp circuit, while 
the other two involve step responses. The three examples have been care- 
fully selected to cover all possible RC types of op amp circuits, depending 
on the location of the capacitor with respect to the op amp; that is, the 
capacitor can be located in the input, the output, or the feedback loop. 


For the op amp circuit in Fig. 7.55(a) , find v, fort > O, given that v(O) = 
3 V. Let Re = 80 kQ, Ry = 20 kQ, and C = 5 pF. 


80 kQ 


Oy = + 
20 kQ 
20 kQ v, (0*) 





(a) (b) 


Figure 755 For Example 7.14. 


80 kQ 


os + 


(c) 
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Solution: 


This problem can be solved in two ways: 


METHOD @§ Consider the circuit in Fig. 7.55(a). Let us derive the 
appropriate differential equation using nodal analysis. If v; is the voltage 
at node 1, at that node, KCL gives 


aes = gual (7.14.1) 
R, dt 
Since nodes 2 and 3 must be at the same potential, the potential at node 
2 1s zero. Thus, vy — 0 = v or vy = v and Eq. (7.14.1) becomes 
dv v 
at’ CR 
This is similar to Eq. (7.4b) so that the solution is obtained the same way 
as in Section 7.2, Le., 





(7.14.2) 


v(t) = Voe“/", tT=RC (7.14.3) 


where Vo is the initial voltage across the capacitor. But v(0) = 3 = Vo 
and t = 20 x 10° x 5 x 10°©° = 0.1. Hence, 


v(t) = 3e 1% (7.14.4) 


Applying KCL at node 2 gives 





dv O-v, 
“a 
Or 
Vo = ee (7.14.5) 
dt 


Now we can find vo as 
Vo = —80 x 10° x 5 x 107°(—30e7!") = 12e7'™ V, t>0 
| METHOD 4 Let us now apply the short-cut method from Eq. (7.53). 


We need to find v,(0*), v,(oo), and t. Since v(0*) = v(0-) = 3 V, we 
apply KCL at node 2 in the circuit of Fig. 7.55(b) to obtain 


3 O-—v (OT) _ 
20,000 80,000 


or v,(OT) = 12 V. Since the circuit is source free, v(oo) = 0 V. To find r, 
we need the equivalent resistance Reg across the capacitor terminals. If 
we remove the capacitor and replace it by a 1-A current source, we have 
the circuit shown in Fig. 7.55(c). Applying KVL to the input loop yields 


20,000(1) — v = O => v = 20 kV 
Then 
Req = , = 20k 
andt = R.gC = 0.1. Thus, 
Uo (t) = U,(00) + [v_(0) — v,(00) Je" 
= 0+ (12 —O)e7!% = 12e7'!" V, t>0O 


as before. 
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PRACTICE PROBLE ™ aS 


For the op amp circuit in Fig. 7.56, find uv, fort > Oif v(O) = 4 V. Assume 
that R¢ = 50 kQ, Ry = 10 kQ, and C = 10 wF. 


Answer: —4e-~% V,t > 0. 





Figure 7.56 For Practice Prob. 7.14. 


Determine v(t) and v,(t) in the circuit of Fig. 7.57. 
Solution: 


This problem can be solved in two ways, just like the previous example. 
However, we will apply only the second method. Since what we are 
looking for is the step response, we can apply Eq. (7.53) and write 


v(t) = v(co) + [v(0) — v(co) Je"*,” t>0 (7.15.1) 


where we need only find the time constant T, the initial value v(O), and 
the final value v(co). Notice that this applies strictly to the capacitor 
voltage due a step input. Since no current enters the input terminals of 
the op amp, the elements on the feedback loop of the op amp constitute 
an RC circuit, with 





Figure 757 For Example 7.15. 


t = RC =50~x 10° x 10°° = 0.05 (7.15.2) 


For t < 0, the switch is open and there is no voltage across the capacitor. 
Hence, v(O) = O. For t > 0, we obtain the voltage at node 1 by voltage 
division as 

20 


v) = —— 3 = 2V (7.15.3) 
20 + 10 


Since there is no storage element in the input loop, v; remains constant 
for all t. At steady state, the capacitor acts like an open circuit so that the 
op amp circuit is a noninverting amplifier. Thus, 


50 
U(co) = (1 + = iH 35% 2S 7 V (7.15.4) 


But 


Vj —Uo =U (7.15.5) 
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so that 
vio) = 2-—-7=-5V 
Substituting tT, v(O), and v(oo) into Eq. (7.15.1) gives 
v(t) = —5+[0-(-S)le™" = S(O - IV, ot > 0 7.15.6) 
From Eqs. (7.15.3), (7.15.5), and (7.15.6), we obtain 


v,(t) = v(t) — v(t) =7—5e°" 'V, t>0 (7.15.7) 


PRACTICE PROBLE ™ aS 


Find v(t) and v,(t) in the op amp circuit of Fig. 7.58. 
Answer: 40(1 — e7!") mV, 40(e7!™ — 1) mV. 


4mvV 





Figure 7.58 For Practice Prob. 7.15. 


Pale: 


Find the step response v,(t) for t > 0 in the op amp circuit of Fig. 7.59. 
Let v; = 2u(t) V, Ry = 20 kQ., Ry — 50 kQ, Ro = R3 = 10 kQ, 
C2 pF. 

Solution: 


Notice that the capacitor in Example 7.14 is located in the input loop, 
while the capacitor in Example 7.15 is located in the feedback loop. In y 
this example, the capacitor is located in the output of the op amp. Again, 
we can solve this problem directly using nodal analysis. However, using 
the Thevenin equivalent circuit may simplify the problem. 

We temporarily remove the capacitor and find the Thevenin equiv- 
alent at its terminals. To obtain Vy,, consider the circuit in Fig. 7.60(a). Figure 759 
Since the circuit is an inverting amplifier, 





For Example 7.16. 
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5 kQ 


~2.5u(t) 2 aE 


Fi gure 76| — Thevenin equivalent circuit of 
the circuit in Fig. 7.59. 
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(a) (b) 
Figure 7.60 Obtaining Vr, and Rp across the capacitor in Fig. 7.59. 
To obtain Ry, consider the circuit in Fig. 7.60(b), where R, is the 


output resistance of the op amp. Since we are assuming an ideal op amp, 
R, = 0, and 


fn= Biles 
Th = AQ 3 = Ro +R; 
Substituting the given numerical values, 
R3 Ry 10 50 
Ven = —-————— — 07; = —- —— = 2u(t) = —2.5u(t) 
R,+ R3 R 20 20 
RR 
Rt = ——— = 5k 
Ry + R3 


The Thevenin equivalent circuit is shown in Fig. 7.61, which is similar 
to Fig. 7.40. Hence, the solution is similar to that in Eq. (7.48); that is, 


vo(t) = —2.5(1 — e*/") u(t) 


where tT = Rtp»C = 5 x 10° x 2 x 10-° = 0.01. Thus, the step response 
fort > Ois 


Uo(t) = 2.5(e 1" — 1) u(t) V 


PRACTICE PROBLE M 





Figure 7.62 For Practice Prob. 7.16. 


Obtain the step response v,(t) for the circuit of Fig. 7.62. Let vj; = 2u(t) 
V, R, = 20 kQ2, Rr = 40 kQ, R> = R3 = 10 kQ, C= 2 LF. 


Answer: 6(1 — e>>)u(t) V. 
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1.8 TRANSIENT ANALYSIS WITH PSPICE 


As we discussed in Section 7.5, the transient response is the tem- 


porary response of the circuit that soon disappears. PSpice can be used PSpice uses “transient” to mean “function of 
to obtain the transient response of a circuit with storage elements. Sec- time.” Therefore, the transient response in 
tion D.4 in Appendix D provides a review of transient analysis using PSpice may not actually die out as expected. 


P§Spice for Windows. It is recommended that you read Section D.4 before 
continuing with this section. 
If necessary, dc PSpice analysis is first carried out to determine the 
initial conditions. Then the initial conditions are used in the transient ol 
P§Spice analysis to obtain the transient responses. It is recommended 
but not necessary that during this dc analysis, all capacitors should be 
open-circuited while all inductors should be short-circuited. 


Lad oF 





Use PSpice to find the response i(t) for t > O in the circuit of Fig. 7.63. 
Solution: 

Solving this problem by hand gives i(0) = 0, i1(0c0) = 2A, Rrp = 6, T = 
3/6 = 0.5 s, so that 


i(t) = i(co) + [i(0) —i(c)Je"/* = 2(1 — e~*), t>0O 





To use PSpice, we first draw the schematic as shown in Fig. 7.64. Figure 7.63 
We recall from Appendix D that the part name for a close switch is 
Sw_tclose. We do not need to specify the initial condition of the in- 
ductor because PSpice will determine that from the circuit. By select- tClose = 0 25 
ing Analysis/Setup/Transient, we set Print Step to 25 ms and Final 
Step to 5t = 2.5 s. After saving the circuit, we simulate by selecting 
Analysis/Simulate. In the Probe menu, we select Trace/Add and 
display —I(L1) as the current through the inductor. Figure 7.65 shows the 
plot of i(t), which agrees with that obtained by hand calculation. 


For Example 7.17. 





Figure 7.64 The schematic of the circuit in 
Fig. 7.63. 





Time 


Figure 765 For Example 7.17; the response 
of the circuit in Fig. 7.63. 
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Note that the negative sign on I(L1) is needed because the current 
enters through the upper terminal of the inductor, which happens to be the 
negative terminal after one counterclockwise rotation. A way to avoid 
the negative sign is to ensure that current enters pin | of the inductor. To 
obtain this desired direction of positive current flow, the initially horizon- 
tal inductor symbol should be rotated counterclockwise 270° and placed 
in the desired location. 


PRACTICE PROBLE ™ Ry 


For the circuit in Fig. 7.66, use PSpice to find v(t) fort > 0. 


Answer: v(t) = 8(1 —e“‘) V,t > 0. The response is similar in shape 
to that in Fig. 7.65. 
12V 





Figure 7.66 For Practice Prob. 7.17. 


In the circuit in Fig. 7.67, determine the response v(f). 





Figure 167 For Example 7.18. 


Solution: 


There are two ways of solving this problem using PSpice. 


METHOD §§ One way is to first do the de PSpice analysis to determine 
the initial capacitor voltage. The schematic of the revelant circuit is in 
Fig. 7.68(a). Two pseudocomponent VIEWPOINTS are inserted to mea- 
sure the voltages at nodes | and 2. When the circuit is simulated, we 
obtain the displayed values in Fig. 7.68(a) as V; = O V and V2 = 8 V. 
Thus the initial capacitor voltage is v(O) = V; — V2 = —8 V. The PSpice 
transient analysis uses this value along with the schematic in Fig. 7.68(b). 
Once the circuit in Fig. 7.68(b) is drawn, we insert the capacitor initial 
voltage as IC = —8. We select Analysis/Setup/Transient and set Print 
Step to 0.1 s and Final Step to4t = 4s. After saving the circuit, we select 
Analysis/Simulate to simulate the circuit. In the Probe menu, we select 
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Trace/Add and display V(R2:2) - V(R3:2) or V(C1:1) - V(C1:2) as the 
capacitor voltage u(t). The plot of v(t) is shown in Fig. 7.69. This agrees 
with the result obtained by hand calculation, v(t) = 10 — 18e~‘. 


0.0000 C1 8.0000 10 
VA YY 2 





-10 V! 
Os 1.0 s 24.0 Ss 3.0 Ss 4.058 
Go V(RZ2) = ViRSr2Z) 
Time 


Figure 7.69 Response v(t) for the circuit in Fig. 7.67. 





(b) 


Figure 7.68 (a) Schematic for dc analysis to get v(0), 
(b) schematic for transient analysis used in getting the 
response v(f). 


METHOD W4 We can simulate the circuit in Fig. 7.67 directly, since 
P§Spice can handle the open and close switches and determine the initial 
conditions automatically. Using this approach, the schematic is drawn 
as shown in Fig. 7.70. After drawing the circuit, we select Analysis/ 
Setup/Transient and set Print Step to 0.1 s and Final Step to 4t = 4s. 
We save the circuit, then select Analysis/Simulate to simulate the circuit. 
In the Probe menu, we select Trace/Add and display V(R2:2) - V(R3:2) 
as the capacitor voltage u(t). The plot of v(t) is the same as that shown 
in Fig. 7.69. 





Figure 7./0 For Example 7.18. 
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PRACTICE PROBLE ™ gS 


IZA 


Figure 7.71 


5 Q 


For Practice Prob. 7.18. 


, i(t) 


2H 


The switch in Fig. 7.71 was open for a long time but closed at t = 0. If 
i(O) = 10 A, find i(t) for t > O by hand and also by PSpice. 


Answer: i(t) = 6+ 4e-* A. The plot of i(t) obtained by PSpice 
analysis is shown in Fig. 7.72. 





Figure Tit For Practice Prob. 7.18. 


7.9 APPLICATIONS 


The various devices in which RC and RE circuits find applications in- 
clude filtering in dc power supplies, smoothing circuits in digital com- 
munications, differentiators, integrators, delay circuits, and relay circuits. 
Some of these applications take advantage of the short or long time con- 
stants of the RC or RL circuits. We will consider four simple applications 
here. The first two are RC circuits, the last two are RL circuits. 


7.9.1 Delay Circuits 

An RC circuit can be used to provide various time delays. Figure 7.73 
shows such a circuit. It basically consists of an RC circuit with the 
capacitor connected in parallel with a neon lamp. The voltage source can 
provide enough voltage to fire the lamp. When the switch is closed, the 
capacitor voltage increases gradually toward 110 V at a rate determined 


70 V 
Neon 
lamp 





Figure 7.73 An RC delay circuit. 


<q =| D> | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 7 First-Order Circuits 


by the circuit’s time constant, (R; + R2)C. The lamp will act as an open 
circuit and not emit light until the voltage across it exceeds a particular 
level, say 70 V. When the voltage level is reached, the lamp fires (goes 
on), and the capacitor discharges through it. Due to the low resistance of 
the lamp when on, the capacitor voltage drops fast and the lamp turns off. 
The lamp acts again as an open circuit and the capacitor recharges. By 
adjusting R2, we can introduce either short or long time delays into the 
circuit and make the lamp fire, recharge, and fire repeatedly every time 
constant T = (R; + R2)C, because it takes a time period Tt to get the 
capacitor voltage high enough to fire or low enough to turn off. 

The warning blinkers commonly found on road construction sites 
are one example of the usefulness of such an RC delay circuit. 


Waly 


Consider the circuit in Fig. 7.73, and assume that Ry = 1.5MQ,0 < R < 
2.5 MQ. (a) Calculate the extreme limits of the time constant of the cir- 
cuit. (b) How long does it take for the lamp to glow for the first time after 
the switch is closed? Let Rz assume its largest value. 

Solution: 

(a) The smallest value for R2 is O Q2, and the corresponding time constant 
for the circuit 1s 


t=(R, + R)C = (1.5 x 10° + 0) x 0.1 x 10°° = 0.15 


The largest value for R2 1s 2.5 MQ, and the corresponding time constant 
for the circuit 1s 


tT=(R,+R)C = (1.5 +2.5) x 10° x 0.1 x 10°° = 0.45 


Thus, by proper circuit design, the time constant can be adjusted to in- 
troduce a proper time delay in the circuit. 

(b) Assuming that the capacitor is initially uncharged, vc (0) = 0, while 
vc(oo) = 110. But 


uc(t) = vc (co) + [vc (0) — ve (oo)Je™"/* = 110[1 — e7/7] 


where t = 0.4 s, as calculated in part (a). The lamp glows when vc = 
70 V. If vc(t) = 70 V at t = fo, then 


q 
70 = 110[1 — e~*/7] — ao 1 — evto/t 
or 
4 11 
—to/T coe Ss to /T 7 
e€ 11 => e 


Taking the natural logarithm of both sides gives 


11 
t) =TIn a = 0.41n 2.75 = 0.4046 s 


A more general formula for finding fo is 
v(O) — v(oo) 


to = tT ln ———___ 
u(to) — v(oo) 
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The lamp will fire repeatedly every t seconds if and only if t9 < t. In 
this example, that condition is not satisfied. 


PRACTICE PROBLE ™ Ry 


10kQ 9% Messe The RC circuit in Fig. 7.74 is designed to operate an alarm which acti- 
‘yates when the current through it exceeds 120 wA. If0 < R < 6kQ, find 
the range of the time delay that the circuit can cause. 





4k; Answer: Between 47.23 ms and 124 ms. 


ee | 


Figure 7.14 For Practice Prob. 7.19. 


7.9.2 Photoflash Unit 


An electronic flash unit provides a common example of an RC circuit. 
This application exploits the ability of the capacitor to oppose any abrupt 
change in voltage. Figure 7.75 shows a simplified circuit. It consists 
essentially of a high-voltage dc supply, a current-limiting large resistor 
R,, and a capacitor C in parallel with the flashlamp of low resistance R>. 


ae When the switch is in position 1, the capacitor charges slowly due to the 
de supply large time constant (t; = R,C). As shown in Fig. 7.76, the capacitor 


voltage rises gradually from zero to V,, while its current decreases grad- 
ually from J; = V;/R, to zero. The charging time is approximately five 
times the time constant, 





Figure 7.7/5 Circuit for a flash unit providing 
slow charge in position | and fast discharge in 


position 2. tcharge = IRC (7.65) 


With the switch in position 2, the capacitor voltage is discharged. The low 
resistance R» of the photolamp permits a high discharge current with peak 
I, = V,/R> in a short duration, as depicted in Fig. 7.76(b). Discharging 
takes place in approximately five times the time constant, 





(a) (b) 


Figure 7/6 (a) Capacitor voltage showing slow charge and fast discharge, 
(b) capacitor current showing low charging current /; = V;/R, and high discharge 
current J7 = V,/Ro. 
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ldischarge = SR2C (7.66) 


Thus, the simple RC circuit of Fig. 7.75 provides a short-duration, high- 
current pulse. Such a circuit also finds applications in electric spot weld- 
ing and the radar transmitter tube. 


1.20 





An electronic flashgun has a current-limiting 6-kQ resistor and 2000-WF 
electrolytic capacitor charged to 240 V. If the lamp resistance is 12 Q, 
find: (a) the peak charging current, (b) the time required for the capaci- 
tor to fully charge, (c) the peak discharging current, (d) the total energy 
stored in the capacitor, and (e) the average power dissipated by the lamp. 
Solution: 

(a) The peak charging current is 

V; 240 


T Se SS 
' R, 6x 103 


= 40 mA 


(b) From Eq. (7.65), 

tcharee = SRiC = 5 x 6 x 10° x 2000 x 10-° = 60s = 1 minute 
(c) The peak discharging current is 
V; — 240 


— =20A 


‘oe 
7 RR, 12 


(d) The energy stored is 


I pi I —6 2 
W = 5CV. = = x 2000 x 10° x 240° = 57.6 


(e) The energy stored in the capacitor is dissipated across the lamp during 
the discharging period. From Eq. (7.66), 


discharge = 5R2C = 5 x 12 x 2000 x 10°° = 0.128 


Thus, the average power dissipated is 


W 57.6 
p= = _—_ = 480 W 
1 discharge 0.12 


PRACTICE PROBLEM awe meme / . 2 0 


The flash unit of a camera has a 2-mF capacitor charged to 80 V. 





(a) How much charge is on the capacitor? 
(b) What is the energy stored in the capacitor? 


(c) If the flash fires in 0.8 ms, what is the average current through the 
flashtube? 


(d) How much power is delivered to the flashtube? 


(e) After a picture has been taken, the capacitor needs to be recharged by 
a power unit which supplies a maximum of 5 mA. How much time does 
it take to charge the capacitor? 


Answer: (a) 0.16 C, (b) 6.4 J, (c) 200 A, (d) 8 kW, (e) 32 s. 
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7.9.3 Relay Circuits 
A magnetically controlled switch is calledarelay. A relay is essentially an 
electromagnetic device used to open or close a switch that controls another 
circuit. Figure 7.77(a) shows a typical relay circuit. The coil circuit is an 
RL circuit like that in Fig. 7.77(b), where R and L are the resistance and 
inductance of the coil. When switch Sj in Fig. 7.77(a) is closed, the coil 
circuit is energized. The coil current gradually increases and produces 
a magnetic field. Eventually the magnetic field is sufficiently strong to 
pull the movable contact in the other circuit and close switch $2. At this 
point, the relay is said to be pulled in. The time interval tg between the 
closure of switches S; and S> is called the relay delay time. 

Relays were used in the earliest digital circuits and are still used 
for switching high-power circuits. 


_— Coil 


as 





(a) (b) 


Figure l/l A relay circuit. 


The coil of a certain relay is operated by a 12-V battery. If the coil has a 
resistance of 150 Q and an inductance of 30 mH and the current needed 
to pull in is 50 mA, calculate the relay delay time. 


Solution: 


The current through the coil is given by 
i(t) = i(00) + [i() — i(oo)]e" 


where 
(0) = 0 1 (OO) = 80 mA 
— VU, QO) SSS = m 
150 
L 30 x 10-3 
T= — = ——_ = 20.2 ms 
R 150 
Thus, 


i(t) = 80[1 —e/"] mA 
If i(t7) = 50 mA, then 


: 
50 = 80[1 — e"#/"] — 5 = l-e we 
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or 
3 8 
=e a ty/T __ 
° : 3 
By taking the natural logarithm of both sides, we get 


8 8 
i = = ues ms = 0.1962 ms 


PRACTICE PROBLEM PROBLE M al 


A relay has a resistance of 200 Q2 and an inductance of 500 mH. The relay 
contacts close when the current through the coil reaches 350 mA. What 
time elapses between the application of 110 V to the coil and contact 
closure? 


Answer: 2.529 ms. 


7.9.4 Automobile Ignition Circuit 

The ability of inductors to oppose rapid change in current makes them 
useful for arc or spark generation. An automobile ignition system takes 
advantage of this feature. 

The gasoline engine of an automobile requires that the fuel-air 
mixture in each cylinder be ignited at proper times. This is achieved 
by means of a spark plug (Fig. 7.78), which essentially consists of a 
pair of electrodes separated by an air gap. By creating a large voltage 
(thousands of volts) between the electrodes, a spark is formed across the 


Spark 
air gap, thereby igniting the fuel. But how can such a large voltage be plug 
obtained from the car battery, which supplies only 12 V? This is achieved 

=— Air gap 


by means of an inductor (the spark coil) L. Since the voltage across the 
inductor is v = Ldi/dt, we can make di/dt large by creating a large 
change in current in a very short time. When the ignition switch in Fig. 
7.78 is closed, the current through the inductor increases gradually and 
reaches the final value of i = V;/R, where V, = 12 V. Again, the time 
taken for the inductor to charge is five times the time constant of the 
circuit (t = L/R), 





Figure 7.78 — Circuit for an automobile ignition 
system. 


L 
(charge = F (7.67) 


Since at steady state, i is constant, di/dt = O and the inductor voltage 
v = 0. When the switch suddenly opens, a large voltage is developed 
across the inductor (due to the rapidly collapsing field) causing a spark 
or arc in the air gap. The spark continues until the energy stored in the 
inductor is dissipated in the spark discharge. In laboratories, when one 
is working with inductive circuits, this same effect causes a very nasty 
shock, and one must exercise caution. 


Ze 


A solenoid with resistance 4 (2 and inductance 6 mH is used in an auto- 
mobile ignition circuit similar to that in Fig. 7.78. If the battery supplies 
12 V, determine: the final current through the solenoid when the switch 
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is closed, the energy stored in the coil, and the voltage across the air gap, 
assuming that the switch takes | js to open. 
Solution: 
The final current through the coil is 
l= Ms = = =3A 
R 4 


The energy stored in the coil is 


d 2 | =3 2 
W = 5LP = 5x6x 10° x3 =27 mI 


The voltage across the gap is 


Al _ 3 
V = L— =6x 10° x ————_— = 18 kV 
At 1 x 10-6 


PRACTICE PROBLEM PROBLEM pay 


The spark coil of an automobile ignition system has a 20-mH inductance 
and a 5-Q2 resistance. With a supply voltage of 12 V, calculate: the time 
needed for the coil to fully charge, the energy stored in the coil, and the 
voltage developed at the spark gap if the switch opens in 2 js. 


Answer: 20 ms, 57.6 mJ, and 24 kV. 


7.10 SUMMARY 


1. The analysis in this chapter is applicable to any circuit that can be 
reduced to an equivalent circuit comprising a resistor and a single 
energy-storage element (inductor or capacitor). Such a circuit 1s 
first-order because its behavior is described by a first-order differen- 
tial equation. When analyzing RC and RL circuits, one must always 
keep in mind that the capacitor is an open circuit to steady-state dc 
conditions while the inductor is a short circuit to steady-state dc 
conditions. 


2. The natural response is obtained when no independent source is 
present. It has the general form 


x(t) =x(O)e"/" 


where x represents current through (or voltage across) a resistor, a 
capacitor, or an inductor, and x(Q) is the initial value of x. The 
natural response 1s also called the transient response because it is the 
temporary response that vanishes with time. 


3. The time constant T is the time required for a response to decay to 
1/e of its initial value. For RC circuits, t = RC and for RL circuits, 
t=—L7/ kK. 

4. The singularity functions include the unit step, the unit ramp func- 
tion, and the unit impulse functions. The unit step function u(t) is 


0, ¢t <0 
1, t>0 


u(t) = | 
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The unit impulse function is 


0, t <0 
d(t) = { Undefined, t =O 
0, t>0 


The unit ramp function is 


0, t<0O 
t, t>0 


ats .— | 


5. The forced (or steady-state) response is the behavior of the circuit 
after an independent source has been applied for a long time. 


6. The total or complete response consists of the natural response and 
the forced response. 


7. The step response is the response of the circuit to a sudden applica- 
tion of a dc current or voltage. Finding the step response of a first- 
order circuit requires the initial value x(0*), the final value x (00), 
and the time constant t. With these three items, we obtain the step 
response as 


x(t) = x(00) + [x(0*) — x(co) Je" 
A more general form of this equation is 
x(t) = x(oo) + [x(t¢) — x(co) Je" 9" 
Or we may write it as 
Instantaneous value = Final + [Initial — Final]Je~“~/* 


8. PSpice is very useful for obtaining the transient response of a circuit. 


9. Four practical applications of RC and RL circuits are: a delay 
circuit, a photoflash unit, a relay circuit, and an automobile ignition 
circuit. 


REVIEW QUESTIONS 


7.1 An RC circuit has R = 2 Q2 and C = 4 F. The time of its steady-state value is: 
constant is: (a) 0.5 (b) 1s (c) 2s 
(a) 0.5 s (b) 2s (c) 4s (d) 4s (e) none of the above 
(d) 8s (e) 15s 


7.5 In the circuit of Fig. 7.79, the capacitor voltage just 


7.2 The time constant for an RL circuit with R = 2 Q hefore¢ = 046 


eae (a) 10 V (b) 7V (c) 6V 
(a) 0.58 (b) 2s (c) 4s (d) 4V (e) OV 
(d) 8s (e) 15s 


7.3 A capacitor in an RC circuit with R = 2 Q and 
C = 4 Fis being charged. The time required for the 
capacitor voltage to reach 63.2 percent of its 
steady-state value is: 10V 
(a) 2s (b) 4s (c) 8s 
(d) 16s (e) none of the above 





7.4 An RL circuit has R = 2 Q and L = 4 H. The time . 
needed for the inductor current to reach 40 percent Figure 7.19 For Review Questions 7.5 and 7.6. 
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7.6 In the circuit of Fig. 7.79, v(oo) is: 7.8 
(a) 1OV (b) 7V (c) 6V 
(d) 4V (ce) OV 
7.7 For the circuit of Fig. 7.80, the inductor current just 79 
before t = 0 is: ; 
(a) 8A (b) 6A (c) 4A 
(d) 2A (ce) OA 
{ i(t) 
35H 7.10 
10A 
5&2 
Figure 780 For Review Questions 7.7 and 7.8. 
PROBLEMS 
Section 7.2 The Source-Free RC Circuit 
7.1 Show that Eq. (7.9) can be obtained by working with 
the current 7 in the RC circuit rather than working 
with the voltage v. 
Ta Find the time constant for the RC circuit in Fig. 
7.81. 
120 Q 12Q 75 
50 V 80 Q 0.5 mF 
Figure 7.81 — For Prob. 7.2. 
12 Determine the time constant of the circuit in Fig. 
TS2: 
7.6 
1 pF 
a 3 WF 
12kQS 4kQ e 
5 kQ 
Figure 7.82 — For Prob. 7.3. 
74 Obtain the time constant of the circuit in Fig. 7.83. 


In the circuit of Fig. 7.80, 7(0o) is: 
(a) 8A (b) 6A 
(d) 2A (ec) OA 


(c) 4A 


If v, changes from 2 V to 4 V att = 0, we may 
EXPFess UV, as: 


(a) 6(t) V 
(c) 2u(—t) + 4u(t) V 
(e) 4u(t) —2V 


(b) 2u(t) V 
(d) 2+ 2u(t) V 


The pulse in Fig. 7.110(a) can be expressed in terms 
of singularity functions as: 


(a) 2u(t) + 2u(t—1) V (b) 2u(t) — 2u(t— 1) V 
(c) 2u(t) —4u(t — 1) V (dd) 2u(t) + 4u(t— 1) V 


Answers: 7.1d, 7.2b, 7.3c, 7.4b, 7.5d, 7.6a, 7.7c, 7.8e, 7.9c,d, 7.10b. 


R, C 
Vs 
Cy 
Figure 7.83 For Prob. 7.4. 


The switch in Fig. 7.84 has been in position a for a 
long time, until t = 4s when it is moved to position 
b and left there. Determine v(t) at t = 10s. 


80 Q t=4 


24V 





Figure 7.84 


If v(O) = 20 V in the circuit in Fig. 7.85, obtain v(t) 
fort > 0. 


For Prob. 7.5. 


8O 
0.5V 10.Q 0.1F ==V 
Figure 7.85 For Prob. 7.6. 
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7.7 For the circuit in Fig. 7.86, if 7.11 The switch in the circuit in Fig. 7.89 has been closed 
7 ‘iy for a long time. At t = 0, the switch is opened. 
v= 10e" V and i=0.2e" A, t>0 Calculate i(t) for t > 0. 
(a) Find R and C. 


(b) Determine the time constant. t=0 
(c) Calculate the initial energy in the capacitor. 


(d) Obtain the time it takes to dissipate 50 percent 


of the initial energy. DV 





<i —_—_— 
Figure 7.89 For Prob. 7.11. 
+ 
R Cc V ; . ; : : 
- 7.12 For the circuit shown in Fig. 7.90, calculate the time 
constant. 
Figure 7.86 — For Prob. 7.7. oS ies 
7.8 In the circuit of Fig. 7.87, v(O) = 20 V. Find v(¢) for 20 V 30 Q 20 Q 
t > 0. 
22 . 
Figure 7.90 — For Prob. 7.12. 
8 QO 8 QO 
ul 7.13 | What is the time constant of the circuit in Fig. 7.91? 
0.25 F V 
- 6.2 3.0 


30 kQ 3 10 mH 
Figure 7.87 For Prob. 7.8. 


20 mH 10 kQ 





79 Given that (0) = 3 A, find i(t) for t > 0 in the 
circuit in Fig. 7.88. 


Figure 7.91 For Prob. 7.13. 





15 Q 7.14 Determine the time constant for each of the circuits 
in Fig. 7.92. 
7, 102 
10 mF 4Q 
R, R; 
Figure 7.88 — For Prob. 7.9. 
(a) (b) 

Section 7.3 The Source-Free RL Circuit Figure 19) Bor Pech. 714. 
7.10 Derive Eq. (7.20) by working with voltage v across 

the inductor of the RL circuit instead of working 7.15 Consider the circuit of Fig. 7.93. Find v,(t) if 

with the current i. i(0) = 2 A and v(t) = 0. 
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1Q 1 
v() V0) 
Figure /.96 — For Prob. 7.18. 
F 793 7.19 Inthe circuit in Fig. 7.97, find the value of R for 
igure /. For Prob. 7.15. which energy stored in the inductor will be 1 J. 
40 Q R 
7.16 — For the circuit in Fig. 7.94, determine v,(t) when 
i(O) = 1 A and v(t) = 0. 
60V 3 2H 
Figure 7.97 For Prob. 7.19. 
7.20 Findi(t) and v(t) fort > O in the circuit of Fig. 
7.98 if 1(0) = 10 A. 
V(t) 
Figure 7.94 — For Prob. 7.16. 
7.17 Inthe circuit of Fig. 7.95, find i(t) fort > 0 if F 799 
i(0) =2A. lgure /. For Prob. 7.20. 
7.21 Consider the circuit in Fig. 7.99. Given that 
; v,(O) = 2 V, find v, and v, fort > 0. 
6H 
) 2 9 
3.Q 
10Q 0.57 40 Q 
+ + 
Vy 3 20 sy, 
Figure 7.95 — For Prob. 7.17. 
Figure 7.99 For Prob. 7.21. 
7.18 For the circuit in Fig. 7.96, Section 7.4 Singularity Functions 
v= 120e° V 7.22 Express the following signals in terms of singularity 
and functions. 
—— —50t 0, t<0O 
i = 30e A, t>0O (a) v(t) = : 
(a) Find L and R. a a 
(b) Determine the time constant. 0, t<l 
(c) Calculate the initial energy in the inductor. (b) i(t) = —10, I<t<3 
(d) What fraction of the initial energy is dissipated _ ; 7 : me 


in 10 ms? 
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t—l1l, 1l<t<2 os 
1 ee ee (b) | At“ cos 27 td(t — 0.5) dt 
(AG) = 4—t, 3<t<4 ee 
0, Otherwise 7.27 Evaluate the following integrals: 
— (a) | e4 5 (t — 2) dt 
(d) y(t) = 4-5, O<t<1 = 
0, t>1 oe - 
(b) [Sd(t) +e S(t) + cos 27td(t)|dt 
7.23. Express the signals in Fig. 7.100 in terms of ~e 
singularity functions. 7.28 The voltage across a 10-mH inductor is 
206(t — 2) mV. Find the inductor current, assuming 
that the inductor is initially uncharged. 
Vv, (t) V(t) 
7.29 Find the solution of the following first-order 
2 differential equations subject to the specified initial 
conditions. 
(a) Sdu/dt + 3v = 0, v(O) = —2 
0 2 4 ft (b) 4du/dt — 6v = 0, v(O) = 5 
(b) 7.30 Solve for v in the following differential equations, 
subject to the stated initial condition. 
(a) (a) dv/dt +v= u(t), v(0O) = 0 
(b) 2dvu/dt — v = 3u(t), v(0) = —6 
V3(t) 
4 Section 7.5 Step Response of an RC Circuit 
7.31 Calculate the capacitor voltage for t < O andt > 0 
9 for each of the circuits in Fig. 7.101. 
V4(t) 
4Q 
0 
0 2 4 6 ft 2 @ 
(c) ; 19 
7 20 V 
t=0 
= 
(d) (a) 
Figure 7.100 — For Prob. 7.23. 
7.24 Sketch the waveform that is represented by 
12V 
v(t) = u(t) + u(t — 1) — 3u(t — 2) + 2u(t — 3) 
7.25 Sketch the waveform represented by 
i(t) =r(t)+r(t —1) —u(t — 2) —r¢t —2) 
+ r(t —3)+ u(t — 4) (b) 
7.26 Evaluate the following integrals involving the Figure 7.101 For Prob. 7.31. 
impulse functions: 
7.32 Find the capacitor voltage for t < 0 andt > O for 


(a) [ At?5(t — 1) dt 


each of the circuits in Fig. 7.102. 
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12V 


7.36 





(b) 


For Prob. 7.32. 


Figure 7.102 


7.33 For the circuit in Fig. 7.103, find v(t) for t > 0. 


6 Q 
+ 
12V 1F V 


Figure 7.103 


7.37 


For Prob. 7.33. 


7.34 (a) If the switch in Fig. 7.104 has been open for a 


long time and is closed at t = 0, find v, (fr). 


(b) Suppose that the switch has been closed for a 


long time and is opened at ¢t = QO. Find v,(f). 7.38 


Figure 7.104 


For Prob. 7.34. 


7.35 Consider the circuit in Fig. 7.105. Find i(t) for 


t <QOandt > 0. 7.39 


t=0 
40 Q 30.2 
/N 
\ i 
80 V 3F 0.5i 50.2 


Figure 7.105 


For Prob. 7.35. 


The switch in Fig. 7.106 has been in position a for a 
long time. At t = 0, it moves to position D. 
Calculate i(t) for all t > 0. 


a. t=0 
e 





30 V 


For Prob. 7.36. 


Figure 7.106 


Find the step responses v(t) and i(t) to 
vy = 5u(t) V in the circuit of Fig. 7.107. 


12Q 7Q 
\ i(t) 
ie 
V, 4Q 0.5F V(t) 


Figure 7.107 


For Prob. 7.37. 


Determine v(t) for t > O in the circuit in Fig. 7.108 
if v(O) = 0. 


a a 
0.1 F 
3u(t—1)A 22 8 Q 3u(t) A 


Figure 7.108 


For Prob. 7.38. 


Find v(t) and 7(t) in the circuit of Fig. 7.109. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 








CHAPTER 7 First-Order Circuits 289 
202 Section 7.6 Step Response of an RL Circuit 
| i 7.42 Rather than applying the short-cut technique used in 
+ Section 7.6, use KVL to obtain Eq. (7.60). 
a ee ae a 7.43 For the circuit in Fig. 7.112, find i(r) for t > 0. 
Figure 7.109 — For Prob. 7.39. en 
| i 
7.40 — If the waveform in Fig. 7.110(a) is applied to the 20 V 254 
circuit of Fig. 7.110(b), find v(t). Assume v(O) = 0. 40 Q r 
i, (A) 
Figure 7.112 For Prob. 7.43. 
2 
7.44 Determine the inductor current i(t) for both t < 0 
and t > O for each of the circuits in Fig. 7.113. 
0 1 t (S) 
(a) 
3.Q 20 
6Q 
| i 
+ <= 
i, 4Q 0.5F == V 25.V 3 4H 
(b) (a) 
Figure 7.110 For Prob. 7.40 and Review Question 7.10. Se 
| i 
*7.41 Inthe circuit in Fig. 7.111, findi, fort > 0. Let 
> ee 6A 33H 
t=0 
2 
(b) 
30 mA Figure 7.113 For Prob. 7.44. 
7.45 Obtain the inductor current for both t < 0 andt > 0 
Figure 7.111 = For Prob. 7.41. in each of the circuits in Fig. 7.114. 


* An asterisk indicates a challenging problem. 
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| i 
4Q 
2A 4Q 
3 3.5H 
(a) 
| i 
10V 32H 7.49 
7.50 
22 3.Q 
(b) 
Figure 7.114 For Prob. 7.45. 
7.46 Find v(t) fort < Oandt > 0 in the circuit in Fig. 
7.115. 
lo 0.5H 
7.51 
3.Q 
24V 
Figure 7.115 For Prob. 7.46. 
7.47 For the network shown in Fig. 7.116, find u(t) for 
t > 0. 7.5) 
20 V 
Figure 7.116 For Prob. 7.47. 
*7.48 Find i,(t) and i2(t) fort > 0 1in the circuit of Fig. 7.53 


7.117. 





Figure 7.117 


For Prob. 7.48. 


Rework Prob. 7.15 if 7(0) = 10 A and 
v(t) = 20u(t) V. 


Determine the step response v,(t) to v; = 18u(t) in 
the circuit of Fig. 7.118. 





Figure 7.118 


For Prob. 7.50. 


Find v(t) for t > O in the circuit of Fig. 7.119 if the 
initial current in the inductor is zero. 


Au(t) 5 Q 200s V 


00 
as 


Figure 7.119 


For Prob. 7.51. 


In the circuit in Fig. 7.120, i, changes from 5 A to 
10 A at t = O; that 1s, i, = 5u(—t) + 10u(t). Find v 
and 1. 





Figure 7.120 


For Prob. 7.52. 


For the circuit in Fig. 7.121, calculate i(t) if 
i(O) = 0. 
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10kQ 
2 WF 
u(t—1)V u(t) V 
t+V- 
: l 
Figure 7.12] — For Prob. 7.53. ik 
20 kQ 10 kQ 


7.54 Obtain v(t) and i(t) in the circuit of Fig. 7.122. 


Figure 7.125 For Prob. 7.57. 


10u(-t) V 





7.58  Ifv(O) =5 V, find v,(t) for t > 0 in the op amp 
circuit in Fig. 7.126. Let R = 10 kQ and C = 1 WE. 


Figure 7.122 For Prob. 7.54. 


7.55 Find v,(t) for t > 0 in the circuit of Fig. 7.123. R 


+ 


Figure 7.126 For Prob. 7.58. 





Figure 7.123 For Prob. 7.55. 7.59 Obtain v, fort > 0 in the circuit of Fig. 7.127. 


7.56 — If the input pulse in Fig. 7.124(a) is applied to the 
circuit in Fig. 7.124(b), determine the response i(f). 


t=0 
vs (V) 50 
PT |. 
2 _r 10kQ 25 BF ANN 
Vv, 2002 32H : 
0 1 t(s) = 
(a) (b) 
Cc Figure 7.127 For Prob. 7.59. 
Figure 7.124 — For Prob. 7.56. 
Section 7.7 First-order Op Amp Circuits 7.60 For the op amp circuit in Fig. 7.128, find v,(t) for 


7.57 Find the output current 7, for tf > 0 in the op amp aw 


circuit of Fig. 7.125. Let v(Q) = —4 V. 
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oe | ic 


3u(t) R 





Figure 7.131 For Prob. 7.63. 





7.64 For the op amp circuit of Fig. 7.132, let Rj = 10 kQ, 


Figure 7.128 — For Prob. 7.60. Ry = 20k, C = 20 uF, and v(0) = 1 V. Find vp. 


7.61 Determine v, for t > 0 when v, = 20 mV in the op 
amp circuit of Fig. 7.129. 





4u(t) 
t=0 
V, ? 
Figure 7.132 For Prob. 7.64. 
Vs 5 pF 7.65 Determine v,(t) for t > 0 in the circuit of Fig. 


7.133. Let i; = 10u(t) wA and assume that the 


20 kQ capacitor is initially uncharged. 


2 uF 10 kQ 





Figure 7.129 For Prob. 7.61. 


7.62 For the op amp circuit in Fig. 7.130, findi, fort > 2. 


Figure 7.133 For Prob. 7.65. 


7. é : the circuit of Fig. 7.134, find v, and i,, given that 
= 4u(t) V and v(O) = 1 V. 


Figure 7.130 For Prob. 7.62. {fet 


7.63 Find 7, in the op amp circuit in Fig. 7.131. Assume 
that v(0) = —2 V, R = 10kQ, and C = 10 wE Figure /.134 — For Prob. 7.66. 
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Section 7.8 Transient Analysis with PSpice (b) What is the time interval between light flashes? 

7.67 Repeat Prob. 7.40 using PSpice. 

7.68 The switch in Fig. 7.135 opens at t = 0. Use PSpice seve 

to determine v(t) for tf > 0. rn 
120 V 6 WE Neon lamp 
sey +V- 50 = | 
100 mF 

Figure 7.137 For Prob. 7.72. 

5A 4Q 20 Q 30 V 


7.73 Figure 7.138 shows a circuit for setting the length of 
time voltage is applied to the electrodes of a welding 
machine. The time is taken as how long it takes the 

Figure 7.135 — For Prob. 7.68. capacitor to charge from 0 to 8 V. What is the time 
range covered by the variable resistor? 


7.69 The switch in Fig. 7.136 moves from position a to b 
at tf = 0. Use PSpice to find i(t) for t > 0. 100 kQ to 1 MQ 


Welding 


12 V control 
unit 





| i(t) 


2H 


Electrode 


108 V 
Figure 7.138 For Prob. 7.73. 





7.74 A 120-V dc generator energizes a motor whose coil 
Fisure 7.136 For Prob. 7.69. has an inductance of 50 H and a resistance of 100 Q. 
8 aia A field discharge resistor of 400 Q is connected in 
parallel with the motor to avoid damage to the 


7.70 Repeat Prob. 7.56 using PSpice. motor, as shown in Fig. 7.139. The system is at 
steady state. Find the current through the discharge 

Section 7.9 Applications resistor 100 ms after the breaker is tripped. 
7.71 In designing a signal-switching circuit, it was found 

that a 100-F capacitor was needed for a time Circuit breaker 

constant of 3 ms. What value resistor is necessary 

for the circuit? 
7.72 A simple relaxation oscillator circuit is shown in oe yee 

Fig. 7.137. The neon lamp fires when its voltage 

reaches 75 V and turns off when its voltage drops to 

30 V. Its resistance is 120 Q when on and infinitely ; 

hish wy henort Figure 7.139 For Prob. 7.74. 


(a) For how long is the lamp on each time the 
capacitor discharges? 


COMPREHENSIVE PROBLEMS 


7.75 The circuit in Fig. 7.140(a) can be designed as an differentiator if t << T, say t < 0.17, or an 
approximate differentiator or an integrator, integrator if T >> T, say t > 1OT. 
depending on whether the output is taken across the (a) What is the minimum pulse width that will allow 
resistor or the capacitor, and also on the time a differentiator output to appear across the 
constant tT = RC of the circuit and the width T of capacitor? 


the input pulse in Fig. 7.140(b). The circuit is a 
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(b) If the output is to be an integrated form of the 7.78 
input, what is the maximum value the pulse 


width can assume? 


300 kQ V 


200 pF 


(a) (b) 
Figure 7.140 


For Prob. 7.75. 


An RL circuit may be used as a differentiator if the 
output is taken across the inductor and t < T (say 
t < 0.17), where T is the width of the input pulse. 
If R is fixed at 200 kQ2, determine the maximum 
value of LZ required to differentiate a pulse with 

T = 10 us. 


7.79 


An attenuator probe employed with oscilloscopes 
was designed to reduce the magnitude of the input 
voltage vu; by a factor of 10. As shown in Fig. 7.141, 
the oscilloscope has internal resistance R, and 
capacitance C’,, while the probe has an internal 
resistance R,,. If R, is fixed at 6 MQ, find R, and 
C, for the circuit to have a time constant of 15 ys. 


Probe 


Scope 








For Prob. 7.77. 


Figure 7.141 


The circuit in Fig. 7.142 is used by a biology student 
to study “frog kick.” She noticed that the frog 
kicked a little when the switch was closed but 
kicked violently for 5 s when the switch was 
opened. Model the frog as a resistor and calculate 
its resistance. Assume that it takes 10 mA for the 
frog to kick violently. 





Switch 
50.Q 
+ 
12V 2H 
Figure 7.142 For Prob. 7.78. 


To move a spot of a cathode-ray tube across the 
screen requires a linear increase in the voltage 
across the deflection plates, as shown in Fig. 7.143. 
Given that the capacitance of the plates is 4 nF, 
sketch the current flowing through the plates. 


Vv (V) 


10 





—_=- t 
Rise time = 2 os Drop time = 5 pus 


(not to scale) 


For Prob. 7.79. 


Figure 7.143 


Go to the Student OLC 
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SECOND-ORDER CIRCUITS 


“Engineering is not only a learned profession, it is also a learning pro- 
fession, one whose practitioners first become and then remain students 
throughout their active careers.” 


Enhancing Your Career 


To increase your engineering career opportunities after grad- 
uation, develop a strong fundamental understanding in a 
broad set of engineering areas. When possible, this might 
best be accomplished by working toward a graduate degree 
immediately upon receiving your undergraduate degree. 

Each degree in engineering represents certain skills 
the students acquire. At the Bachelor degree level, you learn 
the language of engineering and the fundamentals of engi- 
neering and design. At the Master’s level, you acquire the 
ability to do advanced engineering projects and to commu- 
nicate your work effectively both orally and in writing. The 
Ph.D. represents a thorough understanding of the fundamen- 
tals of electrical engineering and a mastery of the skills nec- 
essary both for working at the frontiers of an engineering 
area and for communicating one’s effort to others. 

If you have no idea what career you should pursue af- 
ter graduation, a graduate degree program will enhance your 
ability to explore career options. Since your undergraduate 
degree will only provide you with the fundamentals of en- 
gineering, a Master’s degree in engineering supplemented 
by business courses benefits more engineering students than 
does getting a Master’s of Business Administration (MBA). 
The best time to get your MBA is after you have been a prac- 
ticing engineer for some years and decide your career path 
would be enhanced by strengthening your business skills. 

Engineers should constantly educate themselves, 
formally and informally, taking advantage of all means of 
education. Perhaps there is no better way to enhance your 
career than to join a professional society such as IEEE and 
be an active member. 


—William L. Everitt 


potentials 


the magazine 
for up-and-coming engineers 


Networking 
worldwide 


Career resources 


Professional organization 


IEE 
Networking 
the World™ 


Technical information 


Key career plot points 


Enhancing your career involves understanding your goals, 
adapting to changes, anticipating opportunities, and planning 
your own niche. (Courtesy of IEEE.) 
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(d) 


Figure 8,| Typical examples of 
second-order circuits: (a) series 
RLC circuit, (b) parallel RDC 
circuit, (c) RL circuit, (d) RC 
circuit. 
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8.1 INTRODUCTION 


In the previous chapter we considered circuits with a single storage ele- 
ment (a capacitor or an inductor). Such circuits are first-order because 
the differential equations describing them are first-order. In this chap- 
ter we will consider circuits containing two storage elements. These are 
known as second-order circuits because their responses are described by 
differential equations that contain second derivatives. 

Typical examples of second-order circuits are RLC circuits, in 
which the three kinds of passive elements are present. Examples of such 
circuits are shown in Fig. 8.1(a) and (b). Other examples are RC and RL 
circuits, as shown in Fig. 8.1(c) and (d). It is apparent from Fig. 8.1 that 
a second-order circuit may have two storage elements of different type or 
the same type (provided elements of the same type cannot be represented 
by an equivalent single element). An op amp circuit with two storage 
elements may also be a second-order circuit. As with first-order circuits, 
a second-order circuit may contain several resistors and dependent and 
independent sources. 


A second-order circuit is characterized by a second-order differential equation. It 


consists of resistors and the equivalent of two energy storage elements. 





Our analysis of second-order circuits will be similar to that used for 
first-order. We will first consider circuits that are excited by the initial 
conditions of the storage elements. Although these circuits may contain 
dependent sources, they are free of independent sources. These source- 
free circuits will give natural responses as expected. Later we will con- 
sider circuits that are excited by independent sources. These circuits will 
give both the natural response and the forced response. We consider 
only dc independent sources in this chapter. The case of sinusoidal and 
exponential sources 1s deferred to later chapters. 

We begin by learning how to obtain the initial conditions for the cir- 
cuit variables and their derivatives, as this is crucial to analyzing second- 
order circuits. Then we consider series and parallel RLC circuits such as 
shown in Fig. 8.1 for the two cases of excitation: by initial conditions of 
the energy storage elements and by step inputs. Later we examine other 
types of second-order circuits, including op amp circuits. We will con- 
sider PSpice analysis of second-order circuits. Finally, we will consider 
the automobile ignition system and smoothing circuits as typical appli- 
cations of the circuits treated in this chapter. Other applications such as 
resonant circuits and filters will be covered in Chapter 14. 


8.2. FINDING INITIAL AND FINAL VALUES 


Perhaps the major problem students face in handling second-order circuits 
is finding the initial and final conditions on circuit variables. Students are 
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usually comfortable getting the initial and final values of v and i but often 
have difficulty finding the initial values of their derivatives: du/dt and 
di/dt. For this reason, this section is explicitly devoted to the subtleties 
of getting v(O), 1(0), dv(O)/dt, di(O)/dt, i(oo), and v(oo). Unless 
otherwise stated in this chapter, v denotes capacitor voltage, while i is 
the inductor current. 

There are two key points to keep in mind in determining the initial 
conditions. 

First—as always in circuit analysis—we must carefully handle the 
polarity of voltage v(t) across the capacitor and the direction of the cur- 
rent i(t) through the inductor. Keep in mind that v and i are defined 
strictly according to the passive sign convention (see Figs. 6.3 and 6.23). 
One should carefully observe how these are defined and apply them ac- 
cordingly. 

Second, keep in mind that the capacitor voltage is always continu- 
ous so that 


v(0T) = v(0 ) (8.1a) 
and the inductor current is always continuous so that 
i(0T) =i(0) (8.1b) 


where t = 07 denotes the time just before a switching event and t = 0* is 
the time just after the switching event, assuming that the switching event 
takes place at t = 0. 

Thus, in finding initial conditions, we first focus on those variables 
that cannot change abruptly, capacitor voltage and inductor current, by 
applying Eq. (8.1). The following examples illustrate these ideas. 





8. | 
The switch in Fig. 8.2 has been closed for a long time. It is open at t = 0. 4Q i 025H 
Find: (a) i(0T), v(O7), (b) di(OT)dt, dv(0*) /dt, (c) i(co), v(oo). v0 
Solution: 
(a) If the switch 1s closed a long time before t = 0, it means that the circuit aed ne 
has reached dc steady state at t = 0. At dc steady state, the inductor acts 
like a short circuit, while the capacitor acts like an open circuit, so we 
have the circuit in Fig. 8.3(a) att = O-. Thus, Figure 8) For Beampiee4 
4Q ay 0.25 H 4Q ee 
a Vp + 
+ 
12V 0.1 F V 12V V 





(a) (b) (c) 


Figure 8.3. Equivalent circuit of that in Fig. 8.2 for: (a) t = 07, (b) t = 0*, (c) t > 0. 
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i(0.) = oS ee v(O.) = 2100) =4V 


As the inductor current and the capacitor voltage cannot change abruptly, 
i(0T) =i(0-) =2A, v(0t) = v(0-) =4 V 


(b) Att = 0°, the switch is open; the equivalent circuit is as shown in Fig. 
8.3(b). The same current flows through both the inductor and capacitor. 
Hence, 


ic(0T) =i(0T) =2A 
Since C dvu/dt = ic, dv/dt = i¢c/C, and 
dv(0*) _ ic(OT) _ 2 


~* _Vv/ 
dt C 0.1 : 


Similarly, since L di/dt = v,, di/dt = v,/L. We now obtain uv; by 
applying KVL to the loop in Fig. 8.3(b). The result is 








—12+ 4i(0T) + v,(0*) + v(OT) = 0 
or 
vi (OT) = 12-8-4=0 
Thus, 
di (OT vp (OF 0 
ae 


(c) Fort > O, the circuit undergoes transience. But as t > oo, the circuit 
reaches steady state again. The inductor acts like a short circuit and the 
capacitor like an open circuit, so that the circuit becomes that shown in 
Fig. 8.3(c), from which we have 








i(oo) =0A, = v(oo) = 12 V 
PRACTICE PROBLEM iim 


The switch in Fig. 8.4 was open for a long time but closed at t = 0. De- 
termine: (a) i(0*), v(O~), (b) di(0*)dt, dv(0*)/dt, (c) i(co), v(oo). 


24V 





Figure 84 For Practice Prob. 8.1. 


Answer: (a) 2A, 4 V, (b) 50 A/s, 0 V/s, (c) 12 A, 24 V. 


<q =| D> | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 8 Second-Order Circuits 299 


EAM ? | 5 ccc 


In the circuit of Fig. 8.5, calculate: (a) i2,(07), vc(0*), ver(0*), 
(b) di, (0*)dt, duc (0*)/dt, dup(0*)/dt, (c) i, (0), Uc (0), UR (OC). 


3u(t) A 





Figure 8.5 For Example 8.2. 


Solution: 
(a) Fort < 0, 3u(t) = 0. Att =O, since the circuit has reached steady 
state, the inductor can be replaced by a short circuit, while the capacitor 
is replaced by an open circuit as shown in Fig. 8.6(a). From this figure 
we obtain 


ii,(0 ) =0, vr(O_) = 0, vc (O°) = —20V (8.2.1) 


Although the derivatives of these quantities at t = O~ are not required, it 
is evident that they are all zero, since the circuit has reached steady state 
and nothing changes. 


3A 





(a) (b) 


Figure 8.6 The circuit in Fig. 8.5 for: (a) t = 07, (b) t = OF. 


For t > 0, 3u(t) = 3, so that the circuit is now equivalent to that 
in Fig. 8.6(b). Since the inductor current and capacitor voltage cannot 
change abruptly, 


i,(0T) =i,(0-) =0, vc (0T) = vce(0-) = —20 V_ (8.2.2) 


Although the voltage across the 4-Q resistor is not required, we will use 
it to apply KVL and KCL; let it be called v,. Applying KCL at node a 
in Fig. 8.6(b) gives 
vR(OT v,(0T 
R(O") = (O°) 
2 4 


a= (8.2.3) 
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Applying KVL to the middle mesh in Fig. 8.6(b) yields 
—vpr(0T) + v,(07) + vc (OT) + 20 = 0 (8.2.4) 
Since vc (0+) = —20 V from Eq. (8.2.2), Eq. (8.2.4) implies that 
vr(OT) = v,(07T) (8.2.5) 
From Eqs. (8.2.3) and (8.2.5), we obtain 
ve(0O') = v,(0°) =4V (8.2.6) 
(b) Since L di, /dt = v,, 


di,(0") _ vz (0") 
| as 2 
But applying KVL to the right mesh in Fig. 8.6(b) gives 








vp. (OT) = vc (0T) + 20 = 0 
Hence, 
di, (0) _o 
dt 
Similarly, since C duc /dt = ic, then dvc/dt = ic /C. We apply KCL 
at node b in Fig. 8.6(b) to get ic: 
Uo (OT) 
4 
Since v,(0T) = 4 andi,(0T) = 0, ic(07) = 4/4 = 1 A. Then 
duc (OT ic (OT 1 
le 1 eg (8.2.9) 
dt C 0.5 


To get dug(0*)/dt, we apply KCL to node a and obtain 





(8.2.7) 


= ic(0*) +i, (0") (8.2.8) 





UR Vo 
3=—+— 
2 ss 4 
Taking the derivative of each term and setting t = 0* gives 
dur(0") — du,(0") 
dt dt 


We also apply KVL to the middle mesh in Fig. 8.6(b) and obtain 


= 2 








(8.2.10) 


—vUr tc + 204+ v, = 0 

Again, taking the derivative of each term and setting t = 07 yields 
dur(0")  duc(OT) | du,(0T) _ 0 
dt dt dt 

Substituting for duc (0*)/dt = 2 gives 

dur (OT dv, (OT 

va(O*) _ 4 , dvo(0") 
dt dt 

From Eqs. (8.2.10) and (8.2.11), we get 

















(8.2.11) 
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dup(OT 2 
ee ) = — V/s 
dt 3 


We can find dig(0*)/dt although it is not required. Since vr = Sip, 


dip(OT) 1 dur(0*) b2 2 A/ 
—— oe S 
dt 5 dt 53 15 


(c) As t + o, the circuit reaches steady state. We have the equivalent 
circuit in Fig. 8.6(a) except that the 3-A current source is now operative. 
By current division principle, 





2 
(8.2.12) 


4 
Ur(CO) = jg vc (co) = —20 V 


PRACTICE PROBLEM PROBLEM ay 


For the circuit in Fig. 8.7, find: (a) i,(0°), vc(0*), vpe(O*), 
(b) di, (0*)/dt, dvc(0*)/dt, dvr (0*)/dt, (c) i, (00), Vc (X), UR(CO). 


i V 
t= 


2u(t) A 3A 





Figure 8,/ For Practice Prob. 8.2. 


Answer: (a) —3 A, 0, 0, (b) 0, 10 V/s, 0, (c) —1 A, 10 V, 10 V. 


8.3 THE SOURCE-FREE SERIES RLC CIRCUIT 


An understanding of the natural response of the series RLC circuit is a 
necessary background for future studies in filter design and communica- 
tions networks. 

Consider the series RLC circuit shown in Fig. 8.8. The circuit is 
being excited by the energy initially stored in the capacitor and inductor. 
The energy is represented by the initial capacitor voltage Vo and initial 
inductor current Jp. Thus, at t = 0, 


Electronic Testing Tutorials 





1 0 
v(O) = =| i dt = Vo (8.2a) 


—OO 


i(0) = Ip (8.2b) 


Figure 8.8 A source-free series 
RLC circuit. 


Applying KVL around the loop in Fig. 8.8, 


Rite ee f 1 dt =O (8.3) 
i —— — 1 = . 
O° © Ja 
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To eliminate the integral, we differentiate with respect to ¢ and rearrange 
terms. We get 

di n Rdi n i 

dt? Ldt LC 
This is a second-order differential equation and is the reason for calling 
the RLC circuits in this chapter second-order circuits. Our goal is to solve 
Eq. (8.4). To solve such a second-order differential equation requires that 
we have two initial conditions, such as the initial value of 7 and its first 
derivative or initial values of some i and v. The initial value of 7 1s given 


in Eq. (8.2b). We get the initial value of the derivative of i from Eqs. 
(8.2a) and (8.3); that is, 


= () (8.4) 





di(O 
Rid) + 4 =0 
dt 
or 
a LeRI + Vo) (8.5) 
ye cE 


With the two initial conditions in Eqs. (8.2b) and (8.5), we can now 
solve Eq. (8.4). Our experience in the preceding chapter on first-order 
circuits suggests that the solution is of exponential form. So we let 


i = Ae” (8.6) 


where A and s are constants to be determined. Substituting Eq. (8.6) into 
Eq. (8.4) and carrying out the necessary differentiations, we obtain 


AR A 
Asze%! St st_g 
—= t + Te 


Or 


Ae” Pa — (0 8.7 
L LC) | ow 


Since i = Ae” is the assumed solution we are trying to find, only the 
expression in parentheses can be zero: 
1 


Paar — (0 (8.8) 
L LC | 


This quadratic equation is known as the characteristic equation of the 
differential Eq. (8.4), since the roots of the equation dictate the character 


See Appendix C.I for the formula to find the of 7. The two roots of Eq. (8.8) are 


roots of a quadratic equation. 5 
= . a . 8.9 
~— EL 2L) ~ LC ve 


R R\* 1 
8s =-—-—,/(—] -— (8.9b) 
OL OL LC 


A more compact way of expressing the roots is 


(8.10) 
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where 


(8.11) 





The roots s; and sz are called natural frequencies, measured in 
nepers per second (Np/s), because they are associated with the natural 
response of the circuit; wo is known as the resonant frequency or strictly as 
the undamped natural frequency, expressed in radians per second (rad/s); 
and a is the neper frequency or the damping factor, expressed in nepers The neper (Np) is a dimensionless unit named 
per second. In terms of a and wo, Eq. (8.8) can be written as after John Napier (1550-1617), a Scottish math- 


s? +2as + 05 — (0) (8.8a) ematician. 


The variables s and @ are important quantities we will be discussing 
throughout the rest of the text. 

The two values of s in Eq. (8.10) indicate that there are two possible 
solutions for 1, each of which is of the form of the assumed solution in 
Eq. (8.6); that is, 


The ratio o/dp is known as the damping ratio ¢. 


— A,e*"" 1) = Are! (8.12) 


Since Eq. (8.4) is a linear equation, any linear combination of the two 
distinct solutions i; and 7 is also a solution of Eq. (8.4). A complete or 
total solution of Eq. (8.4) would therefore require a linear combination 
of 7; and 72. Thus, the natural response of the series RLC circuit is 


i(t) = Aje*'' + Are? (8.13) 


where the constants A; and A> are determined from the initial values 7 (0) 
and di(O)/dt in Eqs. (8.2b) and (8.5). 
From Eq. (8.10), we can infer that there are three types of solutions: 
1. Ifa@ > wo, we have the overdamped case. The response is overdamped when the roots of 
2. If a = wp, we have the critically damped case. the circuit's characteristic equation are unequal 
and real, critically damped when the roots are 


equal and real, and underdamped when the roots 
We will consider each of these cases separately. are complex. 


3. Ifa < wo, we have the underdamped case. 


Overdamped Case (a > wo) 


From Eqs. (8.9) and (8.10), @ > wp when C > 4L/R*. When this hap- 
pens, both roots s; and sz are negative and real. The response is 


i(t) = Aje™"’ + Are™ (8.14) 


which decays and approaches zero as ¢ increases. Figure 8.9(a) illustrates 
a typical overdamped response. 


Critically Damped Case (a = wo) 
When a = wo, C = 4L/R? and 


R 


Sj = 8 = -a = -— 
1 2 1 


(8.15) 


For this case, Eq. (8.13) yields 
(it) = Age + Ave ™ = Aze ™ 
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where A3 = A; + A>. This cannot be the solution, because the two 
initial conditions cannot be satisfied with the single constant A3. What 
then could be wrong? Our assumption of an exponential solution is 
incorrect for the special case of critical damping. Let us go back to Eq. 
(8.4). When a = wo = R/2L, Eq. (8.4) becomes 


it + ras +a7i = 0 
dt? dt 
or 
d (di di 
a (> + ai +a (a + ai = 0 (8.16) 
If we let 
= 2 + ai (8.17) 
dt 
then Eq. (8.16) becomes 
df 
aH +af=0 


which is a first-order differential equation with solution f = A,e, 
where A, is a constant. Equation (8.17) then becomes 


di 


7 +qi=A,e™ 
or 
ene +e“ai = A, (8.18) 
This can be written as 
“(ei = A, (8.19) 


Integrating both sides yields 





ei = Ait + A> 


(C) 


Or 


Figure 8.9 (a) Overdamped response 
; 
(b) critically damped response, i = (Ajit + An)e" (8.20) 


c) underdamped response. ‘ 3 
©) . where A> is another constant. Hence, the natural response of the critically 


damped circuit is a sum of two terms: a negative exponential and a 
negative exponential multiplied by a linear term, or 


i(t) = (Ao + AyHe ™ (8.21) 


A typical critically damped response is shown in Fig. 8.9(b). In fact, Fig. 
8.9(b) is a sketch of i(t) = te~®’, which reaches a maximum value of 
e~'/a att = 1/a, one time constant, and then decays all the way to zero. 


Underdamped Case (a < wo) 


For a < wo, C < 4L/R*. The roots may be written as 


8) = -—a+4/ —(w% —a*)=—a+ jog (8.22a) 
Sy = —-a—,/ —(w% —a*) = —a — jag (8.22b) 
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where j = J/—I and a7 = Va — a’, which is called the damping 
frequency. Both wo and wg are natural frequencies because they help 
determine the natural response; while wo is often called the undamped 
natural frequency, wg 1s called the damped natural frequency. The natural 
response 1s 


i(t) = Aye) @ seat ae Are At seayt 


— e-4t( A, elit 4 Aye- eit) (8.23) 
Using Euler’s identities, 
e/” = cos@ + j sing, e/° = cos — jsin@ (8.24) 
we get 
i(t) =e ™ [Aj (cos @gt + j sin@gt) + Ar(cos wygt — j sinwgt)] — 


=e“ [(A; + Ar) coswgt + f(A; — A2) sinwgt] 
Replacing constants (A; + Az) and j(A; — Az) with constants B, and 


B>, we write 
i(t) =e“ (B, cos @gt + Bo sina,t) (8.26) 


With the presence of sine and cosine functions, it is clear that the natural 
response for this case is exponentially damped and oscillatory in nature. 
The response has a time constant of 1/a@ and a period of T = 27 /wg. Fig- 
ure 8.9(c) depicts a typical underdamped response. [Figure 8.9 assumes 
for each case that 1(0) = 0.] 

Once the inductor current i (t) is found for the RLC series circuit as 
shown above, other circuit quantities such as individual element voltages 
can easily be found. For example, the resistor voltage is uz = Ri, and the 
inductor voltage is vy, = L di/dt. The inductor current i(f) 1s selected 
as the key variable to be determined first in order to take advantage of Eq. 
(8.1b). 

We conclude this section by noting the following interesting, pe- 
culiar properties of an RLC network: 


1. The behavior of such a network is captured by the idea of 
damping, which is the gradual loss of the initial stored energy, 
as evidenced by the continuous decrease in the amplitude of 
the response. The damping effect is due to the presence of 
resistance R. The damping factor a determines the rate at 
which the response is damped. If R = 0, then a = 0, and we 
have an LC circuit with 1/./LC as the undamped natural 
frequency. Since aw < wo in this case, the response is not only 
undamped but also oscillatory. The circuit is said to be loss- Examples 8.5 and 8,7 demonstrate the effect of 
less, because the dissipating or damping element (R) is absent. varying R. 

By adjusting the value of R, the response may be made 
undamped, overdamped, critically damped, or underdamped. 


R = 0 produces a perfectly sinusoidal response. 
This response cannot be practically accomplished 
with L and C because of the inherent losses in 
them. See Figs. 6.8 and 6.26, An electronic de- 
vice called an oscillator can produce a perfectly 
sinusoidal response. 


2. Oscillatory response is possible due to the presence of the two The response of a second-order circuit with two 
types of storage elements. Having both L and C allows the storage elements of the same type, as in Fig. 
flow of energy back and forth between the two. The damped 8.1(c) and (d), cannot be oscillatory. 
oscillation exhibited by the underdamped response is known as 
ringing. It stems from the ability of the storage elements L and 
C to transfer energy back and forth between them. 
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3. Observe from Fig. 8.9 that the waveforms of the responses 
differ. In general, it is difficult to tell from the waveforms the 
difference between the overdamped and critically damped 
responses. The critically damped case is the borderline 
between the underdamped and overdamped cases and it decays 
the fastest. With the same initial conditions, the overdamped 
case has the longest settling time, because it takes the longest 


What this means in most practical circuits is that time to dissipate the initial stored energy. If we desire the 
we seek an overdamped circuit that is as close as fastest response without oscillation or ringing, the critically 
possible to a critically damped circuit. damped circuit is the right choice. 


EXAM P| 5 ccc 


In Fig. 8.8, R = 40 Q, L = 4H, and C = 1/4 F Calculate the char- 
acteristic roots of the circuit. Is the natural response overdamped, under- 
damped, or critically damped”? 


Solution: 
We first calculate 
R 40 1 1 1 
QoS =e OSes ; On =- Zz: De —-—_—_——_=_ = 
IL 2(4) "EC dgee th 


The roots are 


si2 =—at,/a? a =—-S54V25-1 


Sy, = —0.101, S22 = —9_.899 


Since @ > wo, we conclude that the response is overdamped. This is also 
evident from the fact that the roots are real and negative. 


PRACTICE PROBLEM PROBLEM Sa 


If R= 10 Q, L = 5H, and C = 2 mF in Fig. 8.8, find a, wo, s;, and sp. 
What type of natural response will the circuit have? 


Answer: 1, 10, —1 + j9.95, underdamped. 


EAN P| 5 ccc 


t=0 Find i(t) in the circuit in Fig. 8.10. Assume that the circuit has reached 


Or 





ie steady state att =O. 

Solution: 

10 V For t < 0, the switch is closed. The capacitor acts like an open circuit 
while the inductor acts like a shunted circuit. The equivalent circuit is 
shown in Fig. 8.11(a). Thus, at t = 0, 

10 
. i(0) = —— = 1A, v(0O) = 61(0) = 6 V 
Figure 8.10 For Example 8.4. a0 


where i (Q) is the initial current through the inductor and v(Q) 1s the initial 
voltage across the capacitor. 


q | » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 8 Second-Order Circuits 


. —— 
4Q a 
Fi 99 
i 0.02 F == V 
10V vs 6 : z 
7 0.5H 
(a) (b) 


Figure 8.1! The circuit in Fig. 8.10: (a) for ¢ < 0, (b) for t > 0. 


For t > O, the switch is opened and the voltage source is dis- 
connected. The equivalent circuit is shown in Fig. 8.11(b), which is a 
source-free series RLC circuit. Notice that the 3-Q and 6-Q resistors, 
which are in series in Fig. 8.10 when the switch is opened, have been 
combined to give R = 9 Q in Fig. 8.11(b). The roots are calculated as 


follows: 
R 9 9 1 1 10 
oS SS es SS ; On = LL = —_==_—__ = 
2b 2(4) GE ial 
2 * 50 
sig =—a +,/a? —w = —9 + /81 — 100 
or 
S1.2= —9+ J 4.359 
Hence, the response is underdamped (a < @); that is, 
i(t) =e *(A, cos 4.359t + Az sin 4.3592) (8.4.1) 


We now obtain A, and Ap using the initial conditions. At t = 0, 
i(0) =1= A, (8.4.2) 
From Eq. (8.5), 


di 


= + FRI) +. v0] = -2[9) —6] = 6 AS. 6.43) 
dt |, L 


Note that v(0) = Vo = —6 V is used, because the polarity of v in Fig. 
8.11(b) is opposite that in Fig. 8.8. Taking the derivative of i(t) in Eq. 
(8.4.1), 


5 = —9e~"' (A; cos 4.359t + Ap sin 4.3591) 
+ e~* (4.359)(—Aj sin 4.359t + A> cos 4.3591) 
Imposing the condition in Eq. (8.4.3) at t = O gives 
—6 = —9(A; + 0) + 4.359(—0 + Az) 
But A; = 1 from Eq. (8.4.2). Then 


—6 = —9+ 4.359A> => Az = 0.6882 
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Substituting the values of A; and Az in Eq. (8.4.1) yields the com- 
plete solution as 


i(t) =e” (cos 4.359t + 0.6882 sin 4.3591) A 


PRACTICE PROBLEM PROBLE ™ (Ry 


+ F The circuit in Fig. 8.12 has reached steady state att = O-. If the make- 
oO before-break switch moves to position b att = O, calculate i(t) fort > 0. 
t=0 


Answer: e 77>! (5cos 1.6583t — 7.5378 sin 1.65834) A. 


10Q2 4, 





50 V 5 Q 


Figure 8.12 For Practice Prob. 8.4. 


8.4 THE SOURCE-FREE PARALLEL RLC CIRCUIT 


Parallel RLC circuits find many practical applications, notably in com- 
munications networks and filter designs. 
. Consider the parallel RLC circuit shown in Fig. 8.13. Assume 
initial inductor current /p and initial capacitor voltage Vo, 


Electronic Testing Tutorials 








1 0 

R i(0)=Ih= al v(t) dt (8.27a) 
L Joo 

v(0) = Vo (8.27b) 

-t Since the three elements are in parallel, they have the same voltage v 

across them. According to passive sign convention, the current is entering 

e Figure 8.13 A source-free parallel RLC each element; that is, the current through each element is leaving the top 

| circuit. node. Thus, applying KCL at the top node gives 
v i f' dv 
=o vdt +C— =0 8.28 
R J L [. dt — 


Taking the derivative with respect to t and dividing by C results in 


fg De 2 (8.29) 
——= y= : 
dt? RCdt LC 


We obtain the characteristic equation by replacing the first derivative by 
s and the second derivative by s*. By following the same reasoning 
used in establishing Eqs. (8.4) through (8.8), the characteristic equation 
is obtained as 


1 
s“ + —s + — =0 (8.30) 


The roots of the characteristic equation are 
1 1\* 1 
(oS = haa 
2RC 2RC LC 
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Or 


S12 =—a+,/a? — a (8.31) 


where 


(8.32) 





The names of these terms remain the same as in the preceding section, 
as they play the same role in the solution. Again, there are three possible 
solutions, depending on whether a > wo, @ = Wo, OF A < Wo. Let us 
consider these cases separately. 


Overdamped Case (a > wo) 


From Eq. (8.32), a@ > wo when L > 4R?C. The roots of the characteristic 
equation are real and negative. The response is 


v(t) = A,e*"’ + Ade" (8.33) 


Critically Damped Case (a = wo) 


For a = w, L = 4R°C. The roots are real and equal so that the response 
1S 


v(t) = (A, + Aot)e ™ (8.34) 


Underdamped Case (a < wo) 
When a < wo, L < 4R°C. In this case the roots are complex and may 
be expressed as 


S12 =-@ = Ja (8.35) 


Wq = \/ @ — & (8.36) 
The response is 
v(t) = e (A, cos Wgt + A? sin wt) (8.37) 


The constants A; and A> in each case can be determined from the 
initial conditions. We need v(O) and dv(O)/dt. The first term is known 
from Eq. (8.27b). We find the second term by combining Eqs. (8.27) and 
(8.28), as 


where 





Vo dv(0) 
ase oy ee Og. — 
R a a 10 Seal PP 


0 


or 
dv) (Vo + Rho) 
dt RC 


The voltage waveforms are similar to those shown in Fig. 8.9 and will 
depend on whether the circuit is overdamped, underdamped, or critically 
damped. 


(8.38) 
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Having found the capacitor voltage u(t) for the parallel RLC circuit 
as shown above, we can readily obtain other circuit quantities such as 
individual element currents. For example, the resistor current is ir = 
v/R and the capacitor voltage is uc = Cdv/dt. We have selected 
the capacitor voltage u(t) as the key variable to be determined first in 
order to take advantage of Eq. (8.la). Notice that we first found the 
inductor current i(t) for the RLC series circuit, whereas we first found 
the capacitor voltage u(t) for the parallel RLC circuit. 


EXAM ? | 5 ccc 


In the parallel circuit of Fig. 8.13, find v(t) fort > O, assuming v(0) = 
5 V, 1(0) = 0, L = 1H, and C = 10 mE Consider these cases: 
R = 1.923 Q, R=5 Q, and R = 6.25 Q. 


Solution: 
[CASEMD wr = 1.923 Q, 
I 1 
2RC 2 x 1.923 x 10 x 1073 
] 1 


oo = —=_ = 


—_________ = 10 
VLC V1 x 10x 103 


Since @ > @o in this case, the response is overdamped. The roots of the 
characteristic equation are 


S12 =—a +,/a? — 0% = —2, —50 


and the corresponding response 1s 
v(t) = Aye + Ave" (8.5.1) 


We now apply the initial conditions to get A; and Ap. 





v(0) =5= A,+A2 (8.5.2) 
dv(0) v0) + Ri(0) | 5+0 86) 
dt RC 1.923 x 10x 10-3 ~~ 
But differentiating Eq. (8.5.1), 
d 
OY = 2A je — 50 A907" 
dt 
Att = 0, 
260 = —2A, — 50A> (8.5.3) 


From Eggs. (8.5.2) and (8.5.3), we obtain Ay = 10.625 and Ay = —5.625. 
Substituting A; and A> in Eq. (8.5.1) yields 


v(t) = 10.625e~7* — 5.625e >" (8.5.4) 


CASE W When R =5 <2. 


] ] 


ee ere 5 ( 
2RC 2x5x10x 10° 
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while @) = 10 remains the same. Since w@ = wo = 10, the response is 
critically damped. Hence, s; = sz = —10, and 


v(t) = (A, + Aotye (8.5.5) 


To get A; and Az, we apply the initial conditions 





v(0) =5= A, (8.5.6) 
dvu(0) _ _ v0) + Ri) __ 5+0 — 100 
dt RC 5x 10 x 107-3 
But differentiating Eq. (8.5.5), 
dv —10t 
via (—10A, — 10Apt + Az)e 


Att =0, 
100 = —10A,; + Ao (8.5.7) 
From Eqs. (8.5.6) and (8.5.7), Ay = 5 and Az = 150. Thus, 
v(t) = (5+ 150r)e7 1% V (8.5.8) 
CASE Rj When R = 6.25 Q, 


1 1 
ORC 2x625x10x 10-3 


while @) = 10 remains the same. As a < wp in this case, the response 
is underdamped. The roots of the characteristic equation are 


S329 =—a+,/a* —a =—8+ j6 


v(t) = (A; cos 6t + A> sin6t)e™ (8.5.9) 


Hence, 


We now obtain A, and A>, as 





v(0) =5= A, (8.5.10) 
dv(0) ——-v(0) + Ri(O) | 5+0 =, 
dt RC ~—  6.25x 10x 10-3 
But differentiating Eq. (8.5.9), 
d 
_ = (—8A, cos 6t — 8A> sin6t — 6A, sin6t + 6A> cos 6t)e * 
Att = 0, 


80 = —8A, + 6A> (8.5.11) 
From Eqs. (8.5.10) and (8.5.11), Ay = 5 and Az = 20. Thus, 


v(t) = (5cos6t + 20sin 6t)e™ (8.5.12) 


Notice that by increasing the value of R, the degree of damping 
decreases and the responses differ. Figure 8.14 plots the three cases. 
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v(t) V 
10 







Overdamped 


a 


Critically damped 


Oo wo BP a WB HN CO 


r ; ; t (Ss) 


Figure 8.14. For Example 8.5: responses for three degrees of damping. 


PRACTICE PROBLE M Ri 





In Fig. 8.13, let R = 2 Q, L = 0.4 H, C = 25 mF, v(0) = 0, 7(0) = 
3 A. Find v(t) for t > 0. 


Answer: —120te7!" V. 





Find v(t) for t > O1in the RLC circuit of Fig. 8.15. 


302 0.4H I 
<—_—— 


) 0 0 


40 V 50.2 20 pF == V 


Figure 8.15 For Example 8.6. 


Solution: 


When t < 0, the switch is open; the inductor acts like a short circuit while 
the capacitor behaves like an open circuit. The initial voltage across the 
capacitor is the same as the voltage across the 50-2 resistor; that is, 


50 5 
(40) = ~ x 40=25 V (8.6.1) 


0) = 
) = 39450 8 





The initial current through the inductor is 
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40 


=—0.5A 
30 + 50 





i(O) = — 


The direction of 7 is as indicated in Fig. 8.15 to conform with the direction 
of Jp in Fig. 8.13, which is in agreement with the convention that current 
flows into the positive terminal of an inductor (see Fig. 6.23). We need 
to express this in terms of du/dt, since we are looking for v. 


dv(0) v0) + Ri) 25-50 x 0.5 
dt RC 50x 20 x 10-6 





= 0 (8.6.2) 


When ¢ > 0, the switch is closed. The voltage source along with 
the 30-Q resistor is separated from the rest of the circuit. The parallel 
RLC circuit acts independently of the voltage source, as illustrated in 
Fig. 8.16. Next, we determine that the roots of the characteristic equation 


are 
1 1 
og ee 
IRC 2x50x 20x 10-6 
; : 354 
QQ S= ese sss ————S SS 
"JEG J04x20 x 10-6 
si2 =—-at,/a?-—a@% 
— —500 + 250,000 — 124,997.6 = —500 + 354 
or 


5S, = —854, So = —146 
Since @ > Wo, we have the overdamped response 
(nS Ae OLA (8.6.3) 
At t = 0, we impose the condition in Eq. (8.6.1), 
v(0) = 25 = A, + Ad => Ao = 25—-— A, (8.6.4) 
Taking the derivative of u(t) in Eq. (8.6.3), 


d 
— — 854A, 67° _ 164A re! 


Imposing the condition in Eq. (8.6.2), 


30 Q 0.4H 


40 V 20 WF 


Figure 8.16 The circuit in Fig. 8.15 when t > 0. The 
parallel RLC circuit on the left-hand side acts inde- 
pendently of the circuit on the right-hand side of the 
junction. 
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dv(0) _ 
dt 





0 = —854A, — 164A, 
or 
O = 854A, + 164A. (8.6.5) 
Solving Eqs. (8.6.4) and (8.6.5) gives 
A; = —5.16, Az = 30.16 
Thus, the complete solution in Eq. (8.6.3) becomes 
v(t) = —5.16e7-" + 30.1627!" V 








Figure 8. [7 For Practice Prob. 8.6. 
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Figure 8.18 Step voltage applied to a series 
RLC circuit. 


Refer to the circuit in Fig. 8.17. Find v(t) fort > 0. 
Answer: 66.67(e7!% — e~?°‘) V. 


8.5 STEP RESPONSE OF A SERIES RLC CIRCUIT 


As we learned in the preceding chapter, the step response is obtained by 
the sudden application of a dc source. Consider the series RLC circuit 
shown in Fig. 8.18. Applying KVL around the loop for t > 0, 


ele + Rit+v=V, (8.39) 
dt 
But 
dv 
i= ars 


Substituting for 7 in Eq. (8.39) and rearranging terms, 


d*v  Rdv v V; 
dt? Ldt LC LC 
which has the same form as Eq. (8.4). More specifically, the coefficients 
are the same (and that is important in determining the frequency param- 
eters) but the variable is different. (Likewise, see Eq. (8.47).) Hence, the 
characteristic equation for the series RLC circuit is not affected by the 
presence of the dc source. 
The solution to Eq. (8.40) has two components: the natural response 
Un(t) and the forced response v(t); that is, 





(8.40) 


v(t) = vp(t) + v¢(t) (8.41) 


The natural response is the solution when we set V, = O in Eq. (8.40) 
and is the same as the one obtained in Section 8.3. The natural response 
v, for the overdamped, underdamped, and critically damped cases are: 
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Un(t) = Aye"! + Are?’ (Overdamped) (8.42a) 

Un(t) = (Ay + Aot)e™™ — (Critically damped) (8.42b) 

Un(t) = (A; coS@gt + Ar sinwgt)e ~ (Underdamped)  (8.42c) 

The forced response is the steady state or final value of v(t). In the 


circuit in Fig. 8.18, the final value of the capacitor voltage is the same as 
the source voltage V,. Hence, 


vp(t) = v(coo) = V, (8.43) 


Thus, the complete solutions for the overdamped, underdamped, and 
critically damped cases are: 


v(t) = V, + Aye!’ + Are’ (Overdamped) (8.44a) 
v(t) = V, + (Ay + Aot)e™™ — (Critically damped) (8.44b) 
v(t) = V, + (A; cos @gt + Ar sinwgt)e ™ (Underdamped) | (8.44c) 





The values of the constants A; and A> are obtained from the initial con- 
ditions: v(O) and du(O)/dt. Keep in mind that v and i are, respectively, 
the voltage across the capacitor and the current through the inductor. 
Therefore, Eq. (8.44) only applies for finding v. But once the capaci- 
tor voltage vc = v is known, we can determine i = C dvu/dt, which is 
the same current through the capacitor, inductor, and resistor. Hence, 
the voltage across the resistor is ur = i R, while the inductor voltage is 
v, =Ldi 7 dt. 

Alternatively, the complete response for any variable x(t) can be 
found directly, because it has the general form 


x(t) =x¢(t) + x, (Ct) (8.45) 


where the x = x(0o) is the final value and x, (t) is the natural response. 
The final value is found as in Section 8.2. The natural response has the 
same form as in Eq. (8.42), and the associated constants are determined 
from Eq. (8.44) based on the values of x(O) and dx (0) /dt. 


ee 





For the circuit in Fig. 8.19, find u(t) and i(t) for t > 0. Consider these 
cases: R=5Q,R=4Q,andR =1 Q. 


Solution: 


CASE@® When R =5Q. Fort < 0, the switch is closed. The capa- 
citor behaves like an open circuit while the inductor acts like a short cir- 


cuit. The initial current through the inductor is ale 





24 
4A 


nt Figure 8.19 For Example 8.7. 
and the initial voltage across the capacitor is the same as the voltage 
across the 1-Q resistor; that is, 


i(O) = 
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v(0) = 11(0) = 4 V 


For t > O, the switch is opened, so that we have the 1-2 resistor 
disconnected. What remains is the series RLC circuit with the voltage 
source. The characteristic roots are determined as follows. 

R 5 1 1 
= 22), Oo = — =F = 2 


=i el JEG. «/0 32025 


Si2 = —a+,/a? —w* = —1, -4 


Since @ > Wo, we have the overdamped natural response. The total 
response is therefore 





04 


v(t) = ve + (Aje! + Aze™) 


where vu is the forced or steady-state response. It is the final value of the 
capacitor voltage. In Fig. 8.19, v¢ = 24 V. Thus, 


v(t) = 24 + (Aje' + Ave“) (8.7.1) 
We now need to find A; and A> using the initial conditions. 
v(0) =4= 244+ A, + A2 
or 
—20 =A, + A> (8.7.2) 


The current through the inductor cannot change abruptly and is the same 
current through the capacitor att = 0* because the inductor and capacitor 
are now in series. Hence, 

dv(Q) 4 4 


dv(0) 
dt a dt C 0.25 


Before we use this condition, we need to take the derivative of v in Eq. 
(8.7.1). 








i(0) —C 


du 





— =—Aje' —4A,e~“ (8.7.3) 
dt 
Att =0, 
dv(0) 
a = 16= —A, — 4A) (8.7.4) 


From Eqs. (8.7.2) and (8.7.4), Ay = —64/3 and Ay = 4/3. Substituting 
A, and A> in Eq. (8.7.1), we get 


a —t —4t 
v(t) = 24+ ae +e ")V (8.7.5) 


Since the inductor and capacitor are in series fort > O, the inductor 
current is the same as the capacitor current. Hence, 


(f) gay 
i(t) = C— 
dt 


Multiplying Eq. (8.7.3) by C = 0.25 and substituting the values of A, 
and A» gives 
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A —t —4t 
i(t) = reas —e ")A (8.7.6) 
Note that 1(0) = 4 A, as expected. 
CASE} When R = 4 Q. Again, the initial current through the inductor 


. 


1S 
| 24 
i(0) = —- = 4.5A 
4+1 


and the initial capacitor voltage is 
v(O) = 11(0) = 4.5 V 
For the characteristic roots, 
R 4 
Q= ——_— = = 2 
21, 25¢ 1 
while w) = 2 remains the same. In this case, 5} = 5. = —a = —2, 


and we have the critically damped natural response. The total response 
is therefore 





v(t) = v¢ + (Ay + Aate7~* 
and, as vs = 24 V, 
v(t) = 244+ (A, + Ante (8.7.7) 
To find A, and A>, we use the initial conditions. We write 
v(O) = 4.5 = 24+ A, => A; = —19.5 (8.7.8) 
Since 1(0) = C dv(O)/dt = 4.5 or 








dv(O) = 4.5 
=-—=138 
dt C 
From Eq. (8.7.7), 
dv 2 
ep = (—2A, — 2tA2 + Adr)e (8.7.9) 
Att = 0, 
dv(0) 
= 18 = —2A,;+ A> (8.7.10) 
dt 
From Eqs. (8.7.8) and (8.7.10), Ay = —19.5 and Az = 57. Thus, Eq. 
(8.7.7) becomes 
v(t) = 24+ (-19.54+ 57t)e V (8.7.11) 
The inductor current is the same as the capacitor current, that 1s, 
(Ome 
i(t) = C— 
dt 


Multiplying Eq. (8.7.9) by C = 0.25 and substituting the values of A, 
and A» gives 


i(t) = (4.5 — 28.5t)e*" A (8.7.12) 
Note that 1(0) = 4.5 A, as expected. 
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CASE RY When R = 1 Q. The initial inductor current is 


| 24 
(Oe a— 224 
1+] 


and the initial voltage across the capacitor is the same as the voltage 
across the 1-Q resistor, 
v(O) = 1100) = 12 V 
R 1 


a=— = = 0.5 
0] > a | 





Since a = 0.5 < wo = 2, we have the underdamped response 


S32 =—at,/a? — 0% = —0.5 + j1.936 


The total response 1s therefore 
v(t) = 24 + (A; cos 1.936t + Az sin 1.936r)e9" (8.7.13) 
We now determine A, and A>. We write 
v(O) = 12 = 24+ A, = A, =—-12 (8.7.14) 
Since 1(0) = C dv(O)/dt = 12, 


dv(0) 12 
— __ — 4g (8.7.15) 
dt C 





But 
du 


— = e 9! (—1,936A, sin 1.936t + 1.936A> cos 1.936r) 
dt (8.7.16) 


— 0.5e- 9 (A, cos 1.936t + A> sin 1.936r) 
Att = 0, 
dv(0) 
dt 
Substituting A; = —12 gives Az = 21.694, and Eq. (8.7.13) becomes 





= 48 = (-0+4+ 1.936A,) — 0.5(A; + 0) 


v(t) = 24 + (21.694 sin 1.936t — 12cos 1.936r)e °" Vv (8.7.17) 


The inductor current is 
du 
dt 


Multiplying Eq. (8.7.16) by C = 0.25 and substituting the values of A, 
and A» gives 


i(t)=C 


i(t) = (3.1 sin 1.936t + 12cos 1.936r)e~°" A (8.7.18) 


Note that 1(0) = 12 A, as expected. 


Figure 8.20 plots the responses for the three cases. From this figure, 
we observe that the critically damped response approaches the step input 
of 24 V the fastest. 
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v(t) V 







AO Underdamped 


Critically damped 


0 1 2 3 4 5 6 7 t (s) 


Figure 8.20 = For Example 8.7: response for three degrees of 
damping. 


PRACTICE PROBLE MM Sy 





Having been in position a for a long time, the switch in Fig. 8.21 1s moved 
to position b att = 0. Find v(t) and vr(t) fort > 0. 


12 a bp 25H 10 





Figure 8.2 | For Practice Prob. 8.7. 


Answer: 10 — (1.1547 sin3.464t + 2 cos 3.4641)e~~ V, 
2.31le~~ sin 3.464¢ V. 


Electronic Testing Tutorials 


8.6 STEP RESPONSE OF A PARALLEL RLC CIRCUIT 


Consider the parallel REC circuit shown in Fig. 8.22. We want to find 
i due to a sudden application of a dc current. Applying KCL at the top 





+ 
node for t > 0, 1, V 
: +1+C a I (8.46) 
—= l —_—_—_ — 
R dt — 
But Figure 8.22 Parallel RLC circuit with an 
di applied current. 
v= — 
dt 


Substituting for v in Eq. (8.46) and dividing by LC, we get 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


320 PART | DC Circuits 


d*i ,id i _t 
dt? RCdt LC LC 
which has the same characteristic equation as Eq. (8.29). 


The complete solution to Eq. (8.47) consists of the natural response 
i,(t) and the forced response 1 ,; that is, 





(8.47) 


i(t) =i,(t) +1, (Ct) (8.48) 


The natural response is the same as what we had in Section 8.3. The 
forced response is the steady state or final value of i. In the circuit in Fig. 
8.22, the final value of the current through the inductor is the same as the 
source current /,. Thus, 


i(t) = I, + Aye*’ + Are’ (Overdamped) 


i(t) = 1,+(A, + Aot)e™ — (Critically damped) (8.49) 
i(t) = I, + (A, cos@gt + Az sinwgt)e“ —(Underdamped) 





The constants A; and A> in each case can be determined from the initial 
conditions fori and di/dt. Again, we should keep in mind that Eq. (8.49) 
only applies for finding the inductor current 7. But once the inductor cur- 
rentiz, = i is known, we can find v = L di/dt, whichis the same voltage 
across inductor, capacitor, and resistor. Hence, the current through the 
resistor 1S ig = v/R, while the capacitor current is ic = C dvu/dt. Al- 
ternatively, the complete response for any variable x(t) may be found 
directly, using 


X(t) = x f(t) + X,(C) (8.50) 


where x and x, are its final value and natural response, respectively. 


EXAM P| 5 ccc 


In the circuit in Fig. 8.23, find i(t) and ir(t) fort > 0. 





20 Q 


4A 30u(-t) V 





Figure 8.23 For Example 8.8. 


Solution: 


For t < O, the switch is open, and the circuit is partitioned into two 
independent subcircuits. The 4-A current flows through the inductor, so 
that 


i(0) =4A 
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Since 30u(—t) = 30 when t < O and O when t > 0, the voltage source 
is Operative for t < 0 under consideration. The capacitor acts like an 
open circuit and the voltage across it is the same as the voltage across 
the 20-Q resistor connected in parallel with it. By voltage division, the 
initial capacitor voltage is 


20 


0) = 
(0) = 59420 





(30) = 15 V 


For t > O, the switch is closed, and we have a parallel RLC circuit 
with a current source. The voltage source is off or short-circuited. The 
two 20-Q2 resistors are now in parallel. They are combined to give R = 
20 || 20 = 10 &2. The characteristic roots are determined as follows: 

1 1 
~~ 2RC- 2x 10x 8x 10-3 
1 1 


VLC J20x 8x 107-3 


51.9 = —a + ,/a? — w2 = —6.25 + 39.0625 — 6.25 
= —6.25 + 5.7282 


= 6:25 


WO 


or 
Ss; = -—11.978, So = —0.5218 
Since @ > Wo, we have the overdamped case. Hence, 
i(t) = [y + Aye! 978" 4. Aye 05218! (8.8.1) 


where /, = 41s the final value of i(t). We now use the initial conditions 
to determine A; and A>. Att = 0, 


i(0) =4=4+A,+ A? — An = —Ay (8.8.2) 
Taking the derivative of i(t) in Eq. (8.8.1), 


x 
= = —11.978A, 6711978 — 0.5218 A, 6705218" 


so that at tf = 0, 











di(0) 
a —11.978A, — 0.5218A) (8.8.3) 
But 
di(0) di(O) 15 15 
ae dt L 20 


Substituting this into Eq. (8.8.3) and incorporating Eq. (8.8.2), we get 
0.75 = (11.978 — 0.5218) A> => Az = 0.0655 


Thus, A; = —0.0655 and Az = 0.0655. Inserting A; and A> in Eq. 
(8.8.1) gives the complete solution as 
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i(t) = A An 0.0655(e 0718! __ goes) A 
From i(t), we obtain v(t) = L di/dt and 


v(t) _L di 


ip(t) = oo ee 0.785e7 11-978! — 0.034267 09718" A 


PRA CMC ESPR OC BRE M| PROBLE ™ Saas 


20u(t) A 


Figure 8.24 For Practice Prob. 8.8. 


Electronic Testing Tutorials 


A circuit may look complicated at first. But once 
the sources are turned off in an attempt to find 
the natural response, it may be reducible to a 
first-order circuit, when the storage elements 
can be combined, or to a parallel/series RLC cir- 
cuit. If it is reducible to a first-order circuit, the 
solution becomes simply what we had in Chap- 
ter 7. If it is reducible to a parallel or series 
RLC circuit, we apply the techniques of previous 
sections in this chapter. 





Find i(t) and v(t) for t > 0 in the circuit in Fig. 8.24. 
Answer: 20(1 — cost) A, 100sint V. 


8.7 GENERAL SECOND-ORDER CIRCUITS 


Now that we have mastered series and parallel RLC circuits, we are 
prepared to apply the ideas to any second-order circuit. Although the 
series and parallel RLC circuits are the second-order circuits of greatest 
interest, other second-order circuits including op amps are also useful. 
Given a second-order circuit, we determine its step response x(t) (which 
may be voltage or current) by taking the following four steps: 


1. We first determine the initial conditions x(0) and dx(Q)/dt 
and the final value x(0o), as discussed in Section 8.2. 


2. We find the natural response x, (t) by turning off independent 
sources and applying KCL and KVL. Once a second-order 
differential equation is obtained, we determine its characteristic 
roots. Depending on whether the response is overdamped, 
critically damped, or underdamped, we obtain x,,(t) with two 
unknown constants as we did in the previous sections. 


3. We obtain the forced response as 


x(t) = x(0o) (8.51) 


where x (oo) is the final value of x, obtained in step 1. 


4. The total response is now found as the sum of the natural 
response and forced response 


X(t) = X,(t) + x f(t) (8.52) 


We finally determine the constants associated with the natural 
response by imposing the initial conditions x(O) and dx (O)/dt, 
determined in step 1. 

We can apply this general procedure to find the step response of 


any second-order circuit, including those with op amps. The following 
examples illustrate the four steps. 
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8.9 
Find the complete response v and then i for ¢ > O in the circuit of Fig. 4Q 4 1H 
8.25. ue 
Solution: 22 n 
We first find the initial and final values. Att = 0, the circuit is at steady !2V 3 F : 
state. The switch is open, the equivalent circuit is shown in Fig. 8.26(a). 
It is evident from the figure that 

vO )=12N, i(0") =0 Figure 8.25 For Example 8.9. 


At t = 0°, the switch is closed; the equivalent circuit is in Fig. 8.26(b). 
By the continuity of capacitor voltage and inductor current, we know that 


4Q, i 
v(0T) = v0) = 12 V, i(0*) =i(0.) =0 (8.9.1) 

+ 

To get dv(0T)/dt, we use C dv/dt = ic or dv/dt = ic/C. Applying ios ; 
KCL at node a in Fig. 8.26(b), 

ot ; 

O04 a 
(a) 


- (ot 12 - (at 
0 = ic(O ae, — ic(0") =—-6A 


4Q 1H 4! , 
Hence, ~ i 
ce = = = —12 V/s (8.9.2) 12V 29 ' 0.5 F 
dt 0.5 _ 
The final values are obtained when the inductor is replaced by a short 
(b) 





circuit and the capacitor by an open circuit in Fig. 8.26(b), giving 


12 
i(oo) = ——~ =2 A, v(oo) = 2i(oo) = 4 V (8.9.3) 
ae ae Figure 8.26 Equivalent circuit of the circuit 
Next, we obtain the natural response for t > 0. By turning off the P18: 8:9 for @1=0, () 1 > 0. 
12-V voltage source, we have the circuit in Fig. 8.27. Applying KCL at 


node a in Fig. 8.27 gives 


4Q ' 1H y 
Uv : 1 dv oH ~ a 
i=-+-— 9. 
2 2dt en i 
2Q V 
Applying KVL to the left mesh results in = 
d 


0 (8.9.5) 
dt 


F 


NI 


Figure 8.27 Obtaining the natural 
Since we are interested in v for the moment, we substitute i from Eq. response for Example 8.9. 


(8.9.4) into Eq. (8.9.5). We obtain 


eG 
dt 2dt 2 dt? 
or 
OD ae ae 0 
dt? dt 


From this, we obtain the characteristic equation as 
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s°+55+6=0 
with roots s = —2 and s = —3. Thus, the natural response is 
v,(t) = Ae~ + Be~* (8.9.6) 


where A and B are unknown constants to be determined later. The forced 
response 1s 


ur(t) = v(ow) = 4 (8.9.7) 
The complete response is 
v(t) =U, tue = 44 Ae * + Be (8.9.8) 


We now determine A and B using the initial values. From Eq. (8.9.1), 
v(O) = 12. Substituting this into Eq. (8.9.8) at t = O gives 


12=44+A+B8B = A+B=8 (8.9.9) 
Taking the derivative of v in Eq. (8.9.8), 


d 
— — —2Ae~* — 3Be! (8.9.10) 


Substituting Eq. (8.9.2) into Eq. (8.9.10) at t = O gives 
—12 = —2A —3B — 2A+3B = 12 (8.9.11) 
From Eqs. (8.9.9) and (8.9.11), we obtain 
A = 12, B=-4 
so that Eq. (8.9.8) becomes 
v(t) =4+4+ 12e-* — 4e—** V, t>0 (8.9.12) 


From v, we can obtain other quantities of interest by referring to Fig. 
8.26(b). To obtain i, for example, 


ld 
pa 4 TF 74 Ge — 26-8 — 126 + 63! 
2 2dt (8.9.13) 


— 2—6e 7% + de A, P= 0 
Notice that i(0) = O, in agreement with Eq. (8.9.1). 


RACTICE PROBLE M fag 





Determine v and i for t > 0 in the circuit of Fig. 8.28. 


10Q 2A 42 Answer: 8(1 —e~*) V,2(1 —e-*) A. 
i 

1 if ! 

sp V t=0 2H 


Figure 8.28 For Practice Prob. 8.9. 
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8. | 0 


Find v,(t) for t > O in the circuit of Fig. 8.29. 
Solution: 


This is an example of a second-order circuit with two inductors. We 
first obtain the mesh currents 7; and iz, which happen to be the currents 7, y 
through the inductors. We need to obtain the initial and final values of 
these currents. 

For t < 0, 7u(t) = O, so that 1;(0°-) = 0 = 1,(0_). Fort > 0, 
7u(t) = 7, so that the equivalent circuit is as shown in Fig. 8.30(a). Due Figure 8 99 
to the continuity of inductor current, 


i,(0°) = i,(0_) =O, in(0) = in(0_) = 0 (8.10.1) 
v12(0") = v,(0") = 1[G(0") — i2(0")] = 0 (8.10.2) 
Applying KVL to the left loop in Fig. 8.30(a) at t = OT, 
7 = 3i;(07) + vz1 +) + v,(0") 





For Example 8.10. 





or 
vzi(0°) =7V 
Since Ly di,/dt = Vis 
di, (OT 7 
nO") wr 7 14 V/s (8.10.3) 
dt Ly , 
Similarly, since Ly diz /dt = vz2, 
dix(OT 
i(OT) _ Una 0 (8.10.4) 





dt  L» 
As t — ov, the circuit reaches steady state, and the inductors can be 
replaced by short circuits, as shown in Fig. 8.30(b). From this figure, 


7 
i1(00) = in(O0) = 7 A (8.10.5) 


7V 





(a) (b) 


Figure 8.30 Equivalent circuit of that in Fig. 8.29 for: (a) t > 0, (b) t > ov. 


Next, we obtain the natural responses by removing the voltage 
source, as shown in Fig. 8.31. Applying KVL to the two meshes yields 
1 di, 


4i,; —1 = ==) 8.10.6 
ly CP ( ) 
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Figure 8.3 | 


Obtaining the natural 
response for Example 8.10. 
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and 
j ee 1 =0 (8.10.7) 
ig + -— -i= 10. 
sa ~ 
From Eq. (8.10.6), 
| 4i, + saa (8.10.8) 
iy = 41, + =~ — 10. 
: ee, 
Substituting Eq. (12.8.8) into Eq. (8.10.7) gives 
Idi, 4di, 1 di, 
41, + -— + -— 4+ ——~ -i, = 0 
1 2a 5a ld?” 
Jt 1341 4 30; <0 
ene — oS 
dt? dt 
From this we obtain the characteristic equation as 
s°+ 13s +30=0 
which has roots s = —3 and s = —10. Hence, the natural response is 
iin = Ae * + Be (8.10.9) 
where A and B are constants. The forced response is 
. 7 
f= 11;(0O) = 3 A (8.10.10) 


From Eqs. (8.10.9) and (8.10.10), we obtain the complete response as 
7 
i;(t) = 7 4-Ae + Be (8.10.11) 


We finally obtain A and B from the initial values. From Eqs. (8.10.1) 
and (8.10.11), 


0= ; +A+8B (8.10.12) 
Taking the derivative of Eq. (8.10.11), setting t = 0 in the derivative, and 
enforcing Eq. (8.10.3), we obtain 

14 = —3A — 10B (8.10.13) 
From Eqs. (8.10.12) and (8.10.13), A = —4/3 and B = —1. Thus, 


7 4 
(dye o-6 "ae" (8.10.14) 


3 3 


We now obtain 72 from i;. Applying KVL to the left loop in Fig. 
8.30(a) gives 


ee re ee rene 
=e > 4, 17 = — ] Ss 
: 2 dt 2 | 2 dt 
Substituting for 7; in Eq. (8.10.14) gives 
28 16 
In(t) = —7 + = -_, ao _ 4e—10t 4 %e73t ue 507 101 
7 10 (8.10.15) 
— 3 = ao + e 10t 
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From Fig. 8.29, 
vo(t) = 1fi,(t) — in(t)] (8.10.16) 
Substituting Eqs. (8.10.14) and (8.10.15) into Eq. (8.10.16) yields 


(0) =2e He") (8.10.17) 


Note that v,(0) = 0, as expected from Eq. (8.10.2). @ 
Network Analysis 


PRACTICE PROBLE MM SRY 


For t > O, obtain v,(t) in the circuit of Fig. 8.32. 
(Hint: First find v; and v2.) 


Answer: 2(e7' —e—”) V,t > 0. 
5u(t) V 





Figure 8.32 For Practice Prob. 8.10. 


8.8 SECOND-ORDER OP AMP CIRCUITS 


An op amp circuit with two storage elements that cannot be combined 
into a single equivalent element is second-order. Because inductors are 


bulky and heavy, they are rarely used in practical op amp circuits. For The use of op amps in second-order circuits 
this reason, we will only consider RC second-order op amp circuits here. avoids the use of inductors, which are somewhat 
Such circuits find a wide range of applications in devices such as filters undesirable in some applications. 


and oscillators. 
The analysis of a second-order op amp circuit follows the same four 
steps given and demonstrated in the previous section. 


Sa | 


In the op amp circuit of Fig. 8.33, find v,(t) for t > O when v, = 
10u(t) mV. Let R; = Ro = 10 kQ, Cy = 20 WE, and Cp = 100 wk. 





Figure 8.33 © For Example 8.11. 
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Solution: 


Although we could follow the same four steps given in the previous 
section to solve this problem, we will solve it a little differently. Due to 
the voltage follower configuration, the voltage across C, is vy. Applying 
KCL at node 1, 














Vs — V] dv2z | Vi — Uo 
= (7 —— (8.11.1) 
R, dt Ro 
At node 2, KCL gives 
Vj — Uv du 
alain ge (8.11.2) 
R> dt 
But 
Up = VI — Ve (8.11.3) 


We now try to eliminate v; and v2 in Eqs. (8.11.1) to (8.11.3). Substituting 
Eqs. (8.11.2) and (8.11.3) into Eq. (8.11.1) yields 




















lia go oe f. oa (8.11.4) 
R, dt dt dt 
From Eq. (8.11.2), 
dAV_ 
Vl = Vo + RoC (8.11.5) 
dt 
Substituting Eq. (8.11.5) into Eq. (8.11.4), we obtain 
a ee -- motive ++ ge + RCC = pas +- ena 
R, R R, dt dt dt? dt dt 


Or 














dv, in 1 i 1 AVo $ Uo _ Vs ene 
dt? Ri Co RoC> dt R, RoC, Co 7 R, RoC, Co —_ 
With the given values of R;, Ro, Cy), and C2, Eq. (8.11.6) becomes 


dv, dvVp 

2 Us = OU 8.11.7 
dt2 dt O S ( ) 
To obtain the natural response, set v, = 0 in Eq. (8.11.7), which is the 
same as turning off the source. The characteristic equation is 





s°+25+5=0 
which has complex roots s;.7 = —1 + j2. Hence, the natural response is 
Von =e '(Acos2t + B sin2r) (8.11.8) 


where A and B are unknown constants to be determined. 

As t — o, the circuit reaches the steady-state condition, and 
the capacitors can be replaced by open circuits. Since no current flows 
through C,; and C> under steady-state conditions and no current can enter 
the input terminals of the ideal op amp, current does not flow through R, 
and R». Thus, 


Up(OO) = V1 (CO) = Vs 
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The forced response is then 
Vof = Uo(CO) = vs = 10 mV, t > 0 (8.11.9) 
The complete response is 
Uo(t) = Von + Vog = 10 +e ‘(Acos2t+ Bsin2t)mV — (8.11.10) 


To determine A and B, we need the initial conditions. Fort < 0, v, = 0, 
so that 


v.(O-) = w2(0°) =0 


For t > O, the source is operative. However, due to capacitor voltage 
continuity, 


v,(07) = vo(0T) = 0 (8.11.11) 
From Eq. (8.11.3), 
v1 (OT) = v2(0") + v,(0") = 0 
and hence, from Eq. (8.11.2), 


dv(0") — vu — Up 


— = () (8.11.12) 
dt RoC, 








We now impose Eq. (8.11.11) on the complete response in Eq. (8.11.10) 
at t = O, for 


O=10+A —S A= —-10 (8.11.13) 
Taking the derivative of Eq. (8.11.10), 


AVo 
dt 


Setting t = 0 and incorporating Eq. (8.11.12), we obtain 


= e '(—Acos2t — Bsin2t — 2A sin2t + 2B cos 2r) 





0O=-A+2B (8.11.14) 


From Eqs. (8.11.13) and (8.11.14), A = —10 and B = —5. Thus the 
step response becomes 


v(t) = 10 — e ‘(10 cos 2t +. 5 sin 2r) mV, t>0O 
PRACTICE PROBLE M RE 


In the op amp circuit shown in Fig. 8.34, v, = 4u(t) V, find v,(t) fort > 0. 
Assume that R; = Rp = 10 kQ, C, = 20 pK, and Cp = 100 wk. 


Answer: 4—5e' +e" V,t > 0. 





Figure 8.34 For Practice Prob. 8.11. 
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8.9 PSPICE ANALYSIS OF RLC CIRCUITS 


RLC circuits can be analyzed with great ease using PSpice, just like 
the RC or RL circuits of Chapter 7. The following two examples will 
illustrate this. The reader may review Section D.4 in Appendix D on 
P§Spice for transient analysis. 


: The input voltage in Fig. 8.35(a) is applied to the circuit in Fig. 8.35(b). 
12 Use PSpice to plot v(t) for 0 < t < 4s. 


Solution: 


The given circuit is drawn using Schematics as in Fig. 8.36. The pulse 
is specified using VPWL voltage source, but VPULSE could be used 
instead. Using the piecewise linear function, we set the attributes of 
2 VPWL as Tl = 0, VI = 0, T2 = 0.001, V2 = 12, and so forth, as 
shown in Fig. 8.36. Two voltage markers are inserted to plot the input 
Mm and output voltages. Once the circuit is drawn and the attributes are set, 
we select Analysis/Setup/Transient to open up the Transient Analysis 
V, 602 35 F V dialog box. As a parallel RLC circuit, the roots of the characteristic 
~ equation are —1 and —9. Thus, we may set Final Time as 4 s (four times 
the magnitude of the lower root). When the schematic is saved, we select 
(b) Analysis/Simulate and obtain the plots for the input and output voltages 

under the Probe window as shown in Fig. 8.37. 


_) 


2 t (Ss) 


Figure 8.35 For Example 8.12. 





12 Vi 

Q ae ae ee 
T1=0 V1=0 ! 
T2=0.001 V2=12 ! 
T3=2 V3=12 AV; 
T4=2.001 vV4=0 ! 

GaP eee eee s ce toaacce 

Os Lf. 3s 20 oa Ss AO Ss 
@) OvV(L1:2) oO V(V1:+) 


Time 


Figure 8.36 Schematic for the circuit in Fig. 8.35(b). 


Figure 8.37 For Example 8.12: the input and output 
voltages. 


PRACTICE PROBLE ™ Sy 


Find 7(t) using PSpice for 0 < t < 4s if the pulse voltage in Fig. 8.35(a) 
is applied to the circuit in Fig. 8.38. 


Answer: See Fig. 8.39. 
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5 Q 


Figure 8.38 For Practice Prob. 8.12. 





Time 


Figure 8.39 — Plot of i(t) for Practice Prob. 8.12. 


pl 3 


For the circuit in Fig. 8.40, use PSpice to obtain i(t) forO < t < 3s. 





Figure 8.40 For Example 8.13. 


Solution: 


When the switch is in position a, the 6-2 resistor is redundant. The 
schematic for this case is shown in Fig. 8.41(a). To ensure that current 
i(t) enters pin 1, the inductor 1s rotated three times before it is placed in the 
circuit. The same applies for the capacitor. We insert pseudocomponents 


ee 4.000F+00 





(a) (b) 


Figure 8.4] For Example 8.13: (a) for dc analysis, (b) for transient analysis. 
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VIEWPOINT and IPROBE to determine the initial capacitor voltage and 
initial inductor current. We carry out a dc PSpice analysis by selecting 
Analysis/Simulate. As shown in Fig. 8.41(a), we obtain the initial ca- 
pacitor voltage as O V and the initial inductor current 7(O) as 4 A from the 
dc analysis. These initial values will be used in the transient analysis. 
When the switch is moved to position b, the circuit becomes a 
source-free parallel RLC circuit with the schematic in Fig. 8.41(b). We 
set the initial condition IC = O for the capacitor and IC = 4 A for 
the inductor. A current marker is inserted at pin | of the inductor. We 
select Analysis/Setup/Transient to open up the Transient Analysis dialog 
box and set Final Time to 3 s. After saving the schematic, we select 
Analysis/Transient. Figure 8.42 shows the plot of i(t). The plot agrees 
withi(t) = 4.8e~' — 0.8e- A, whichis the solution by hand calculation. 





Time 


Figure 8.42 Plot of i(¢) for Example 8.13. 
PRACTICE PROBLE MM SEE 


Refer to the circuit in Fig. 8.21 (see Practice Prob. 8.7). Use PSpice to 
obtain v(t) forO < t < 2. 


Answer: See Fig. 8.43. 





Time 


Figure 8.43 Plot of u(t) for Practice Prob. 8.13. 


"8.10 DUALITY 


The concept of duality is a time-saving, effort-effective measure of solv- 
ing circuit problems. Consider the similarity between Eq. (8.4) and Eq. 
(8.29). The two equations are the same, except that we must interchange 
the following quantities: (1) voltage and current, (2) resistance and con- 
ductance, (3) capacitance and inductance. Thus, it sometimes occurs in 
circuit analysis that two different circuits have the same equations and 
solutions, except that the roles of certain complementary elements are in- 
terchanged. This interchangeability is known as the principle of duality. 
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The duality principle asserts a parallelism between pairs of characterizing 


equations and theorems of electric circuits. 





Dual pairs are shown in Table 8.1. Note that power does not appear in 
a a TABLE 8.1 = Dual pairs. 
Table 8.1, because power has no dual. The reason for this is the principle 
of linearity; since power is not linear, duality does not apply. Also notice Resistance R Conductance G 
from Table 8.1 that the principle of duality extends to circuit elements, Inductance L = Capacitance C 
configurations, and theorems. Voltage v Current i 
Two circuits that are described by equations of the same form, but Voltage source Current source 
in which the variables are interchanged, are said to be dual to each other. Node Mesh 
Series path Parallel path 
Open circuit Short circuit 
KVL KCL 
Two circuits are said to be duals of one another if they are described by the same puevenrn norton 


characterizing equations with dual quantities interchanged. 





Even when the principle of linearity applies, a 


The usefulness of the duality principle is self-evident. Once we circuit element or variable may not have a dual. 
know the solution to one circuit, we automatically have the solution for For example, mutual inductance (to be covered 
the dual circuit. It is obvious that the circuits in Figs. 8.8 and 8.13 are in Chapter 13) has no dual. 


dual. Consequently, the result in Eq. (8.32) is the dual of that in Eq. 
(8.11). We must keep in mind that the principle of duality is limited 
to planar circuits. Nonplanar circuits have no duals, as they cannot be 
described by a system of mesh equations. 

To find the dual of a given circuit, we do not need to write down 
the mesh or node equations. We can use a graphical technique. Given a 
planar circuit, we construct the dual circuit by taking the following three 
Steps: 


1. Place a node at the center of each mesh of the given circuit. 
Place the reference node (the ground) of the dual circuit 
outside the given circuit. 


2. Draw lines between the nodes such that each line crosses an 
element. Replace that element by its dual (see Table 8.1). 


3. To determine the polarity of voltage sources and direction of 
current sources, follow this rule: A voltage source that pro- 
duces a positive (clockwise) mesh current has as its dual a cur- 
rent source whose reference direction is from the ground to the 
nonreference node. 


In case of doubt, one may verify the dual circuit by writing the nodal or 
mesh equations. The mesh (or nodal) equations of the original circuit are 
similar to the nodal (or mesh) equations of the dual circuit. The duality 
principle is illustrated with the following two examples. 


8.14 





Construct the dual of the circuit in Fig. 8.44. 
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Solution: 


As shown in Fig. 8.45(a), we first locate nodes | and 2 in the two meshes 
and also the ground node 0 for the dual circuit. We draw a line between 
one node and another crossing an element. We replace the line joining 
the nodes by the duals of the elements which it crosses. For example, a 
line between nodes | and 2 crosses a 2-H inductor, and we place a 2-F 
Figure 8.44 For Example 8.14. capacitor (an inductor’s dual) on the line. A line between nodes | and 
0 crossing the 6-V voltage source will contain a 6-A current source. By 
drawing lines crossing all the elements, we construct the dual circuit on 
the given circuit as in Fig. 8.45(a). The dual circuit is redrawn in Fig. 
8.45(b) for clarity. 


10 mF 





10 mH 





(a) (b) 
Figure 8.45 (a) Construction of the dual circuit of Fig. 8.44, (b) dual circuit redrawn. 


PRACTICE PROBLE ™ SS 


Draw the dual circuit of the one in Fig. 8.46. 
Answer: See Fig. 8.47. 


50 mA = 4H 
50 mV 0.1 Q 4F 


Figure 8.46 For Practice Prob. 8.14. 
Figure 8.47 Dual of the circuit in Fig. 8.46. 





Obtain the dual of the circuit in Fig. 8.48. 
Solution: 


The dual circuit is constructed on the original circuit as in Fig. 8.49(a). 
We first locate nodes 1 to 3 and the reference node 0. Joining nodes 1 
and 2, we cross the 2-F capacitor, which is replaced by a 2-H inductor. 
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10V 





Figure 8.48 For Example 8.15. 


Joining nodes 2 and 3, we cross the 20-2 resistor, which is replaced by 
a 1/20-Q resistor. We keep doing this until all the elements are crossed. 
The result is in Fig. 8.49(a). The dual circuit is redrawn in Fig. 8.49(b). 


10A 5 F 3V 





(a) (b) 
Figure 8.49 For Example 8.15: (a) construction of the dual circuit of Fig. 8.48, (b) dual circuit redrawn. 
To verify the polarity of the voltage source and the direction of 
the current source, we may apply mesh currents 71, i2, and 73 (all in the 
clockwise direction) in the original circuit in Fig. 8.48. The 10-V voltage 
source produces positive mesh current 7;, so that its dual is a 10-A current 


source directed from 0 to 1. Also, i3 = —3 A in Fig. 8.48 has as its dual 
v3 = —3 Vin Fig. 8.49(b). 


PRACTICE PROBLE MM SRS 


For the circuit in Fig. 8.50, obtain the dual circuit. 


Answer: See Fig. 8.51. 


5Q 1 
3 0, 


2A 3.Q 20 V 
2V 20A 


Figure 8.50 For Practice Prob. 8.15. ee ae 
Figure 8.5! Dual of the circuit in Fig. 8.50. 
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"8.11 APPLICATIONS 


Practical applications of RLC circuits are found in control and com- 
munications circuits such as ringing circuits, peaking circuits, resonant 
circuits, smoothing circuits, and filters. Most of the circuits cannot be 
covered until we treat ac sources. For now, we will limit ourselves to two 
simple applications: automobile ignition and smoothing circuits. 


8.11.1 Automobile Ignition System 

In Section 7.9.4, we considered the automobile ignition system as a charg- 
ing system. That was only a part of the system. Here, we consider another 
part—the voltage generating system. The system is modeled by the circuit 
shown in Fig. 8.52. The 12-V source is due to the battery and alternator. 
The 4-Q resistor represents the resistance of the wiring. The ignition 
coil is modeled by the 8-mH inductor. The 1-jwF capacitor (known as 
the condenser to automechanics) is in parallel with the switch (known as 
the breaking points or electronic ignition). In the following example, we 
determine how the RLC circuit in Fig. 8.52 is used in generating high 
voltage. 





Spark plug 


Ignition coil 


Figure 8.52 Automobile ignition circuit. 





Assuming that the switch in Fig. 8.52 is closed prior to t = O-, find the 
inductor voltage v, fort > 0. 


Solution: 


If the switch is closed prior to tf = O™ and the circuit is in steady state, 
then 


es _ 
1 a = ae vc (0) =0 


At t = 0", the switch is opened. The continuity conditions require that 
i(0') =3A, vc(0T) = 0 (8.16.1) 
We obtain di (0*)/dt from v, (07). Applying KVL to the mesh at t = OT 
yields 
—12+4 4i(0T) + v, (07) + vc (OT) = 0 
—12+4x3+40,(07)+0=0 =>? vy (OT) =0 
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Hence, 
di(0T) _ vy (OT) _o 
dt LL . 


As t — ov, the system reaches steady state, so that the capacitor acts like 
an open circuit. Then 








(8.16.2) 


i(co) = 0 (8.16.3) 


If we apply KVL to the mesh for t > 0, we obtain 
12 Rite +e fiat (O) 
— l — = l U 
dt C Jo © 


Taking the derivative of each term yields 
di Rdi i 
dt? Ldt LC 
We obtain the natural response by following the procedure in Section 8.3. 
Substituting R = 4 Q, L = 8 mH, and C = | UWE, we get 


(8.16.4) 


R 1 
en) = —— =1.118 x 10* 
oy “= iG : 


Since @ < Wo, the response is underdamped. The damped natural fre- 


quency is 
Wg = [02 — 0? © wp = 1.118 x 10° 


The natural response is 
i,(t) =e “(Acosq@gt + Bsinaygt) (8.16.5) 
where A and B are constants. The forced response is 
i¢(t) =i(oo) =0 (8.16.6) 
so that the complete response is 
i(t) =i,(t) +is(t) =e?” (A cos 11,180t + B sin 11,180r) (8.16.7) 
We now determine A and B. 
i(0) =3=A+0 —=> A=3 
Taking the derivative of Eq. (8.16.7), 


a 
= = —250e~25% (4 cos 11,180¢ + B sin 11,180r) 


+ e~(—11,180A sin 11,180¢ + 11,180B cos 11,180r) 
Setting t¢ = 0 and incorporating Eq. (8.16.2), 
0 = —250A + 11,180B => B = 0.0671 
Thus 
i(t) = e >” (3.cos 11,180 + 0.0671 sin 11,180) (8.16.8) 
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The voltage across the inductor is then 


di 
v(t) = Le — —268e-2 sin 11,1800 (8.16.9) 
This has a maximum value when sine is unity, that is, at 11,1809 = 2/2 
or fo = 140.5 ws. At time = fo, the inductor voltage reaches its peak, 
which is 

vi (to) = —268e° 7° = —259 V (8.16.10) 


Although this is far less than the voltage range of 6000 to 10,000 V 
required to fire the spark plug in a typical automobile, a device known 
as a transformer (to be discussed in Chapter 13) is used to step up the 
inductor voltage to the required level. 


PRACTICE PROBLE ™ SR 


In Fig. 8.52, find the capacitor voltage vc for t > 0. 
Answer: 12 — 12e~%°" cos 11,180tf + 267.7e~* sin 11,180t V. 


8.11.2 Smoothing Circuits 
In a typical digital communication system, the signal to be transmitted 
is first sampled. Sampling refers to the procedure of selecting samples 
of a signal for processing, as opposed to processing the entire signal. 
Each sample is converted into a binary number represented by a series 
of pulses. The pulses are transmitted by a transmission line such as a 
Pw) V5() Saeeuine Vo) coaxial cable, twisted pair, or optical fiber. At the receiving end, the 
ple circuit signal is applied to a digital-to-analog (D/A) converter whose output is 
a “staircase” function, that is, constant at each time interval. In order to 
Figure 8.53 A series of pulses is applied to recover the transmitted analog signal, the output is smoothed by letting it 
the digital-to-analog (D/A) converter, whose pass through a “smoothing” circuit, as illustrated in Fig. 8.53. An RLC 
output is applied to the smoothing circuit. circuit may be used as the smoothing circuit. 


8.17 





The output of a D/A converter is shown in Fig. 8.54(a). If the RLC cir- 
cuit in Fig. 8.54(b) is used as the smoothing circuit, determine the output 
voltage v,(f). 


1 19 1H 3 
4 2 + 
V, 1F Yo 
0 = 
=) t (Ss) 
0 0 


(a) (b) 


Figure 8.54 For Example 8.17: (a) output of a D/A converter, (b) an REC 
smoothing circuit. 
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Solution: 


This problem is best solved using PSpice. The schematic is shown in Fig. 
8.55(a). The pulse in Fig. 8.54(a) is specified using the piecewise linear 
function. The attributes of V1 are set as Tl] = 0, V1 = 0, T2 = 0.001, 
V2 = 4, T3 = 1, V3 = 4, and so on. To be able to plot both input 
and output voltages, we insert two voltage markers as shown. We select 
Analysis/Setup/Transient to open up the Transient Analysis dialog box 
and set Final Time as 6s. Once the schematic is saved, we select Anal- 
ysis/Simulate to run Probe and obtain the plots shown in Fig. 8.55(b). 








R1 i 
T1=0 V1=0 
T2=0.001 v2=4 1 1H 
T3=1 V3=4 
T4=1.001 vV4=10 a : s 
T5=2 V5=10 
T6=2.001 V6=-2 
T7=3 V7=-2 ! ! 
T8=3.001 vV8=0 Se ee ee eee eee! 
0s 2.0 3S 4.0 5 6.0 
0 Of Viviet) © Vcr) 
Time 
(a) (b) 


Figure 8.55 For Example 8.17: (a) schematic, (b) input and output voltages. 


PRACTICE PROBLE M Sy 


Rework Example 8.17 if the output of the D/A converter is as shown in 
Fig. 8.56. 


Answer: See Fig. 8.57. 





V, 8.0 
8 
7 

4.0 

0 

a Oe ee : 

0 Os 2.0 s 4.05 6.058 
1 4 t (s) 

=i] O V(vl:+) © V(C1:1) 
3 


Time 


Figure Q 56 hor Beacdes Figure 8.57 Result of Practice Prob. 8.17. 


Prob. 8.17. 
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8.12 SUMMARY 


1. 


The determination of the initial values x (QO) and dx (O)/dt and final 
value x (oo) 1s crucial to analyzing second-order circuits. 


. The RLC circuit is second-order because it is described by a 


second-order differential equation. Its characteristic equation is 

s* + 2as + wi = 0, where a is the damping factor and wo is the 
undamped natural frequency. For a series circuit, a = R/2L, fora 
parallel circuit @ = 1/2RC, and for both cases wy = 1/VLC. 


. If there are no independent sources in the circuit after switching (or 


sudden change), we regard the circuit as source-free. The complete 
solution is the natural response. 


. The natural response of an RLC circuit is overdamped, under- 


damped, or critically damped, depending on the roots of the char- 
acteristic equation. The response is critically damped when the roots 
are equal (sj = s2 Or @ = wy), overdamped when the roots are real 
and unequal (s; 4 sz or @ > wo), or underdamped when the roots are 
complex conjugate (sj = s5 or @ < @). 


. If independent sources are present in the circuit after switching, the 


complete response is the sum of the natural response and the forced 
or steady-state response. 


P§Spice is used to analyze RLC circuits in the same way as for RC or 
RL circuits. 


. Two circuits are dual if the mesh equations that describe one circuit 


have the same form as the nodal equations that describe the other. 
The analysis of one circuit gives the analysis of its dual circuit. 


. The automobile ignition circuit and the smoothing circuit are typical 


applications of the material covered in this chapter. 


REVIEW QUESTIONS 


8.1 


8.2 


For the circuit in Fig. 8.58, the capacitor voltage at 8.3 
t = 0° Gust before the switch is closed) is: 


(a) OV (b) 4V_ (c) 8V- (d) 12V 


t=0 


8.4 
12V 





Figure 8.58 For Review Questions 8.1 and 8.2. 


For the circuit in Fig. 8.58, the initial inductor 
current (at t = 0) is: 8.5 


(a) OA (6b) 2A (c) 6A (Cd) IZA 


When a step input is applied to a second-order 
circuit, the final values of the circuit variables are 
found by: 


(a) Replacing capacitors with closed circuits and 
inductors with open circuits. 


(b) Replacing capacitors with open circuits and 
inductors with closed circuits. 


(c) Doing neither of the above. 

If the roots of the characteristic equation of an RLC 
circuit are —2 and —3, the response 1s: 

(a) (Acos2t + B sin 2t)e~*" 

(b) (A+ 2Bt)e* 

(c) Ae~~ + Bte~* 

(d) Ae~* + Be~*! 

where A and B are constants. 


In a series RLC circuit, setting R = O will produce: 
(a) an overdamped response 
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(b) acritically damped response 
(c) an underdamped response 
(d) an undamped response 

(e) none of the above 


8.6 A parallel RLC circuit has L = 2 H and 
C = 0.25 F. The value of R that will produce unity 
damping factor is: 


(a) 052 (b)1Q2 (22 (dd) 4Q 


8.7 Refer to the series RLC circuit in Fig. 8.59. What 
kind of response will it produce? 


(a) overdamped 

(b) underdamped 

(c) critically damped 
(d) none of the above 


1Q 1H 


Figure 8.59 


For Review Question 8.7. 


8.8 Consider the parallel RLC circuit in Fig. 8.60. 
What type of response will it produce? 


(a) overdamped 

(b) underdamped 

(c) critically damped 
(d) none of the above 


1Q 1H 1F 

Figu re8.60 For Review Question 8.8. 
PROBLEMS 
Section 8.2 Finding Initial and Final Values 


8.1 For the circuit in Fig. 8.62, find: 
(a) (07) and v(07), 
(b) di(OT)/dt and dv(0*)/dt, 
(c) i(oo) and v(oo). 


Second-Order Circuits 34| 


8.9 Match the circuits in Fig. 8.61 with the following 
items: 
(i) first-order circuit 


(41) second-order series circuit 
(111) second-order parallel circuit 


(iv) none of the above 





(a) (b) 





(e) (f) 
Figure 8.61 


For Review Question 8.9. 


$8.10 In anelectric circuit, the dual of resistance is: 

(a) conductance (b) inductance 
(c) capacitance (d) open circuit 
(e) short circuit 


Answers: 8.la, 8.2c, 8.3b, 8.4d, 85d, 8.6c, 8.7b, 8.8b, 8.9 (i)-c, 
(ti)-b,e, (tii)-a, (iv)-d,f, 8.10a. 


12V 





Figure 8.62 


For Prob. 8.1. 
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8.2 


8.3 


8.4 


4u(—t) V 


8.5 
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In the circuit of Fig. 8.63, determine: 

(a) irg(0*), i,(0"), and ic(0"), 

(b) dig(0*)/dt, di, (O*)/dt, and dic(0*)/dt, 
(C) Ir(CO), i,(0), and ic (00). 








4u(t) A 








R_ 25kQ 20 kQ 
Figure 8.66 For Prob. 8.5. 
8.6 In the circuit of Fig. 8.67, find: 
(a) va(O") and v, (0"), 
(b) dup(0*)/dt and dv, (0*)/dt, 
(Cc) Ur(co) and v;, (oo). 
Figure 8.63 For Prob. 8.2. 
Refer to the circuit shown in Fig. 8.64. Calculate: 
(a) i, (0*), vc(O*), and va (0*), vu) 
(b) di, (0T)/dt, dvc(0T)/dt, and durg(0*)/dt, 
(C) 17 (00), Uc(Co), and vR(co). 
Figure 8.67 — For Prob. 8.6. 
Section 8.3 Source-Free Series RLC Circuit 
8.7 The voltage in an RLC network is described by the 
differential equation 
d*v dv 
——+4—+44)=0 
dt? ? dt = 
subject to the initial conditions v(O) = 1 and 
F 8 64 dvu(O)/dt = —1. Determine the characteristic 
igure o. For Prob. 8.3. equation. Find v(t) for t > 0. 
8.8 The branch current in an RLC circuit is described 
In the circuit of Fig. 8.65, find: by the differential equation 
. 2 . . 
(a) v(0*) and i(0*), al na Pe +95 =0 
(b) dv(0*)/dt and di(0*)/dt, dt dt 
(c) v(oo) and i(co). and the initial conditions are i(O) = 0, 
di(O)/dt = 4. Obtain the characteristic equation 
and determine i(t) fort > 0. 
3Q 0.25 H 8.9 The current in an RLC circuit is described by 
d*i di 
—-+10— +251 = 0 
dt? ' dt vs 
4u(t) A If i(0) = 10 and di(0)/dt = 0, find i(t) fort > 0. 
8.10 The differential equation that describes the voltage 
in an RLC network is 
d?v dv 
Figure 8.65 — For Prob. 8.4. Fa a 
Given that v(O) = 0, dv(O)/dt = 10, obtain v(t). 
Refer to the circuit in Fig. 8.66. Determine: 8.11 The natural response of an RLC circuit is described 


(a) i(0*) and v(07), 
(b) di(O*)/dt and dv(0*)/dt, 
(c) 1(0o) and v(oo). 


by the differential equation 


d*v age? " ‘ 
——= ——_ v= 
dt? dt 
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for which the initial conditions are v(O) = 10 and 
dvu(O)/dt = 0. Solve for v(t). 


If R = 20 Q, L = 0.6 H, what value of C will make 
an RLC series circuit: 
(a) overdamped, 

(c) underdamped? 


(b) critically damped, 


For the circuit in Fig. 8.68, calculate the value of R 
needed to have a critically damped response. 
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120 V 





Figure 8.71 


For Prob. 8.17. 








se 8.18 = The switch in the circuit of Fig. 8.72 has been closed 
for a long time but is opened at t = 0. Determine 
O0OIF 4H i(t) fort > 0. 
Figure 8.68 — For Prob. 8.13. 
Find v(t) fort > Oif v(O) = 6 V andi(O) = 2 Ain 
the circuit shown in Fig. 8.69. 
it) 0.02F 
Figure 8.72 — For Prob. 8.18. 
60 Q 
*8.19 Calculate v(t) for t > O in the circuit of Fig. 8.73. 
Figure 8.69 — For Prob. 8.14. 150 
The responses of a series RLC circuit are 
c(t) = 30 — 10e~*™" + 30e7!% V 
in(t) = 40e~7" — 60e7'" mA 
BY) 24.V 
where uc and i; are the capacitor voltage and 
inductor current, respectively. Determine the values 
of R, L, and C. 
Find i(t) for t > 0 in the circuit of Fig. 8.70. Figure 8.73 For Prob. 8.19. 
Section 8.4 Source-Free Parallel RLC Circuit 
\ i(t) 8.20 Fora parallel RLC circuit, the responses are 
1 mF u(t) = 4e~*" cos 50t — 10e~?" sin 50t V 
ay ic(t) = —6.5e~- cos 50t mA 
3 2.5H 
where ic and v,; are the capacitor current and 
inductor voltage, respectively. Determine the values 
of R, L, and C. 
Figure 8./0 For Prob. 8.16. $.21 For the network in Fig. 8.74, what value of C is 


Obtain v(t) for t > 0 1in the circuit of Fig. 8.71. 


* An asterisk indicates a challenging problem. 


needed to make the response underdamped with 
unity damping factor (a = 1)? 
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8.22 


8.23 


Section 8.5 


8.24 


8.25 


8.26 





PART | DC Circuits 
8.27 
Figure 8.74 — For Prob. 8.21. 
Find u(t) for t > 0 in the circuit in Fig. 8.75. 
8.28 


25u(-t) 





For Prob. 8.22. 


Figure 8.75 


In the circuit in Fig. 8.76, calculate 7,(t) and v,(t) 
fort > 0. 


20 1H 





Figure 8.76 


For Prob. 8.23. 


Step Response of a Series RLC 
Circuit 
The step response of an RLC circuit is given by 
d*i di 
— +2—+4+5i=10 
dt? 7 dt _ 
Given that 7(O) = 2 and di(0)/dt = 4, solve for i(f). 


A branch voltage in an RLC circuit is described by 


d*v dv 
—+4—+4+8v=24 
dt? a dt ay 
If the initial conditions are v(O) = 0 = dv(O)/dt, 
find v(t). 


The current in an RLC network is governed by the 
differential equation 


ii Fe +2i =4 
§=—= — — 
dt? dt 


subject to 7(0) = 1, di(O)/dt = —1. Solve for i(f). 


8.29 


8.30 


8.31 


Solve the following differential equations subject to 
the specified initial conditions 


(a) d?v/dt? + 4v = 12, v(0) = 0, dv(0)/dt = 2 


(b) d?7i/dt? + 5di/dt + 4i = 8,i(0) = —l, 
di(0)/dt = 0 

(c) d*v/dt?, +2dv/dt + v = 3, v(0) =5, 
dvu(0)/dt = 1 


(d) d?i/dt? + 2di/dt + 5i = 10, i(0) = 4, 
di(0)/dt = —2 


Consider the circuit in Fig. 8.77. Find v; (0) and 
Uc (O) , 


40 Q 10 Q 


2u(t) 





Figure 8.77 For Prob. 8.28. 


For the circuit in Fig. 8.78, find v(t) for t > 0. 


2u(—t) A 


50u(t) V 


Figure 8.78 


For Prob. 8.29. 


Find u(t) for t > O in the circuit in Fig. 8.79. 


1H 


) 0 0 


10Q Au(t) A 


Figure 8.79 


For Prob. 8.30. 


Calculate i(t) for t > O in the circuit in Fig. 8.80. 
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a 8.35 Refer to the circuit in Fig. 8.84. Calculate i(t) for 

t > 0. 

20 V aA 

= t=0 

Figure 8.80 — For Prob. 8.31. 
1 
3F 

Determine v(t) for t > O in the circuit in Fig. 8.81. 

5 Q 
10 Q 


Figure 8.84 — For Prob. 8.35. 





8.36 Determine v(t) for t > 0 in the circuit in Fig. 8.85. 


Figure 8.81 For Prob. 8.32. 


0.5 F 
Obtain v(t) and i(t) for t > 0 in the circuit in Fig. 30 Q 0.25 H 


8.82. 
+V—- 
i(t) 60u(t) V 20 Q 30u(t) V 
© sH 12 
)) 0 
+ 
3u(t) A 52 0.2F == v(t) . 
_ Figure 8.85 — For Prob. 8.36. 
ew 20 V 
Figure 8.82 — For Prob. 8.33. 8.37. The switch in the circuit of Fig. 8.86 is moved from 


position a to b at t = 0. Determine i(t) for t > 0. 


For the network in Fig. 8.83, solve for i(t) for t > 0. 


0.02F j40 


OOl— 
ag 





Figure 8.83 For Prob. 8.34. Figure 8.86 For Prob. 8.37. 


<q | D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


346 


PART | DC Circuits 








*8.38 For the network in Fig. 8.87, find i(t) fort > 0. 8.42 Find the output voltage v,(t) in the circuit of Fig. 
8.91. 
5 Q 
159 
| 
10Q A 
1 
100 V 55 F 3A 5Q lH=e 10 mF Vo 
Figure 8.87 For Prob. 8.38. Figure 8.91 For Prob. 8.42. 
*8.39 Given the network in Fig. 8.88, find u(t) for t > 0. 8.43 Given the circuit in Fig. 8.92, find i(t) and v(t) for 
t > 0. 
Figure 8.88 — For Prob. 8.39. 
Section 8.6 Step Response of a Parallel RLC Figure 8.92 For Prob. 8.43. 
Circuit 
8.40 = In the circuit of Fig. 8.89, find u(t) and i(t) for 8.44 Determine i(t) fort > 0 in the circuit of Fig. 8.93. 
t > 0. Assume v(0) = O V andi(O) = 1A. 
4u(t) A 3A 
Figure 8.87 For Prob. 8.40. Figure 8.93 For Prob. 8.44. 
8.41 Findi(t) fort > O in the circuit in Fig. 8.90. 8.45 For the circuit in Fig. 8.94, find i(t) for t > 0. 
i(t) &mH 10Q 
— 


\ i(t) 


6u(t) A =3 4H 







12u(t) V 2kQ oom 


Figure 8.90 — For Prob. 8.41. Figure 8.94 — For Prob. 8.45. 
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8.46 Find v(t) fort > O in the circuit in Fig. 8.95. 8.50 = In the circuit of Fig. 8.99, find i(t) fort > 0. 


20 V 





Figure 8.95 For Prob. 8.46. 
Figure 8.99 For Prob. 8.50. 


Section 8.7 General Second-Order Circuits 8.51 If the switch in Fig. 8.100 has been closed for a long 
; time before t = 0 but is opened at t = O, determine: 
8.47 Derive the second-order differential equation for vu, 


in the circuibof Fis. $96 (a) the characteristic equation of the circuit, 


(b) i, and vp fort > 0. 


< 
i 
Q 
We) 
a + 


7 16 V 





Figure 8.96 — For Prob. 8.47. 


Figure 8.100 For Prob. 8.51. 
8.48 Obtain the differential equation for v, in the circuit 
in Fig. 8.97. 8.52 Obtain i; and iz fort > O in the circuit of Fig. 8.101. 





R ie 
) 0 0 
+ 
Vv, R, Co. 4, 4u(t) A 
Figure 8.97 — For Prob. 8.48. . 
é Figure 8.101 For Prob. 8.52. 
8.49 For the circuit in Fig. 8.98, find v(t) fort > 0. 8.53. For the circuit in Prob. 8.5, find i and v fort > 0. 
Assume that v(0") = 4 V and i(0") = 2 A. 8.54 Find the response ve(t) for t > 0 in the circuit in 


¢ Fig. 8.102. Let R = 3 Q, L =2H, andC = 1/18F. 
@ 


10u(t) V 





Figure 8.98 For Prob. 8.49. Figure 8.102 For Prob. 8.54. 
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Section 8.8 Second-Order Op Amp Circuits 








8.55 Derive the differential equation relating uv, to v, in 
the op amp circuit of Fig. 8.103. 
Ry 
C 
Ys | OV, 
Figure 8.103 — For Prob. 8.55. 
8.56 Obtain the differential equation for v,(t) in the 
network of Fig. 8.104. 
Cy 
C; 
R, 
V3 O-WW— : 
Figure 8.104 — For Prob. 8.56. 
8.57 Determine the differential equation for the op amp 
circuit in Fig. 8.105. If v;(0T) = 2 V and 
v>(0*) = 0 V, find v, fort > 0. Let R = 100 kQ 
and C = 1 we. 
R 
O 
+ 
Vo 
Figure 8.105 For Prob. 8.57. 
8.58 Given that v, = 2u(t) V in the op amp circuit of Fig. 


8.106, find v,(t) fort > 0. Let Ry = Ry = 10 kQ, 
R3 = 20 kQ, Ry = 40 kQ, C; = Co = 100 WF. 


DC Circuits 


€ 





For Prob. 8.58. 


Figure 8.106 


*8.59 


ra 


In the op amp circuit of Fig. 8.107, determine v, (t) 
fort > 0. Let vj, = u(t) V, Ry = Ro = 10 kQ, 
C; = C = 100 LF. 


Ry 
R, C2 
Vin 
Vo 

Figure 8.107 For Prob. 8.59. 
Section 8.9 PSpice Analysis of RLC Circuit 
8.60 For the step function v, = u(t), use PSpice to find 

the response v(t) for 0 < t < 6s in the circuit of 

Fig. 8.108. 

2Q 1H 
+ 

V, 1F V(t) 

Figure 8.108 For Prob. 8.60. 
8.61 Given the source-free circuit in Fig. 8.109, use 


P§Spice to get i(t) forO0 < t < 20s. Take 
v(O) = 30 V andi(O) =2 A. 
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8.66 — Find the dual of the circuit in Fig. 8.113. 





102 20 Q 


) 60 V 120 V 
Figure 8.109 For Prob. 8.61. 


30 Q 


) 
— 
aa 


8.62 Obtain v(t) for 0 < t < 4s in the circuit of Fig. 4H = 2A 


8.110 using PSpice. 


Figure 8.113 For Prob. 8.66. 


0.4F 1H 60 


8.67 Draw the dual of the circuit in Fig. 8.114. 


13u() A 39u(t) V 





Figure 8.110 For Prob. 8.62. 


3.Q 


8.63 Rework Prob. 8.23 using PSpice. Plot v,(t) for 
O<t<A4s. 


Section 8.10 Duality 
8.64 Draw the dual of the network in Fig. 8.111. 


12V 





Figure 8.114 For Prob. 8.67. 


20 Q Section 8.11 Applications 


8.68 An automobile airbag igniter 1s modeled by the 
circuit in Fig. 8.115. Determine the time it takes the 
voltage across the igniter to reach its first peak after 
switching from A to B. LetR = 3 Q,C = 1/30F 
and L = 60 mH. 


2 WE 





Figure 8.111 For Prob. 8.64. 


8.65 Obtain the dual of the circuit in Fig. 8.112. _ Airbag igniter 


12V 





R! 


Figure 8.115 For Prob. 8.68. 


12V 


24 V 
8.69 A passive interface is to be designed to connect an 
electric motor to an ideal voltage source. If the 
motor is modeled as a 40-mH inductor in parallel 
with a 16-Q resistor, design the interface circuit so 
that the overall circuit is critically damped at the 
Figure 8.112 For Prob. 8.65. natural frequency of 60 Hz. 


4Q 
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COMPREHENSIVE PROBLEMS 


8.70 


8.71 


8.72 


A mechanical system is modeled by a series RLC 
circuit. It is desired to produce an overdamped 
response with time constants 0.1 ms and 0.5 ms. Ifa 
series 50-kQ resistor is used, find the values of L 
and C. 


An oscillogram can be adequately modeled by a 
second-order system in the form of a parallel RLC 
circuit. It is desired to give an underdamped voltage 
across a 200-Q resistor. If the damping frequency is 
4 kHz and the time constant of the envelope is 

0.25 s, find the necessary values of L and C. 


8.73 


The circuit in Fig. 8.116 is the electrical analog of 
body functions used in medical schools to study 
convulsions. The analog is as follows: 


C, = Volume of fluid in a drug 

C, = Volume of blood stream in a specified 
region 

R, = Resistance in the passage of the drug from 
the input to the blood stream 


R> = Resistance of the excretion mechanism, 
such as kidney, etc. 


Vo = Initial concentration of the drug dosage 
u(t) = Percentage of the drug in the blood stream 


Find v(t) for t > O given that C; = 0.5 UF, 
C =e LAF, R, = 5 MQ, R> =25 MQ, and 
Vo = 60u(t) V. 





For Prob. 8.72. 


Figure 8.116 


Figure 8.117 shows a typical tunnel-diode oscillator 
circuit. The diode is modeled as a nonlinear resistor 
with ip = f (vp), 1Le., the diode current is a 
nonlinear function of the voltage across the diode. 
Derive the differential equation for the circuit in 
terms of v and ip. 


R E . 
) 0 
1 
ay + 
Ve V C Vp 
Figure 8.117 For Prob. 8.73. 


Go to the Student OLC 
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SINUSOIDS AND PHASORS 


The desire to understand the world and the desire to reform it are the two 
great engines of progress. 
— Bertrand Russell 


Historical Profiles 


Heinrich Rudorf Hertz (1857-1894), a German experimental physicist, demonstrated 
that electromagnetic waves obey the same fundamental laws as light. His work confirmed 
James Clerk Maxwell’s celebrated 1864 theory and prediction that such waves existed. 
Hertz was born into a prosperous family in Hamburg, Germany. He attended 
the University of Berlin and did his doctorate under the prominent physicist Hermann 
von Helmholtz. He became a professor at Karlsruhe, where he began his quest for 
electromagnetic waves. Hertz successfully generated and detected electromagnetic 
waves; he was the first to show that light is electromagnetic energy. In 1887, Hertz 
noted for the first time the photoelectric effect of electrons in a molecular structure. 
Although Hertz only lived to the age of 37, his discovery of electromagnetic waves 
paved the way for the practical use of such waves in radio, television, and other 
communication systems. The unit of frequency, the hertz, bears his name. 


Charles Proteus Steinmetz (1865—1923), a German-Austrian mathematician and en- 
gineer, introduced the phasor method (covered in this chapter) in ac circuit analysis. He 
is also noted for his work on the theory of hysteresis. 

Steinmetz was born in Breslau, Germany, and lost his mother at the age of one. 
As a youth, he was forced to leave Germany because of his political activities just as 
he was about to complete his doctoral dissertation in mathematics at the University 
of Breslau. He migrated to Switzerland and later to the United States, where he 
was employed by General Electric in 1893. That same year, he published a paper in 
which complex numbers were used to analyze ac circuits for the first time. This led to 
one of his many textbooks, Theory and Calculation of ac Phenomena, published by 
McGraw-Hill in 1897. In 1901, he became the president of the American Institute of 
Electrical Engineers, which later became the IEEE. 
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9.1 INTRODUCTION 


Thus far our analysis has been limited for the most part to dec circuits: 
those circuits excited by constant or time-invariant sources. We have 
restricted the forcing function to dc sources for the sake of simplicity, for 
pedagogic reasons, and also for historic reasons. Historically, dc sources 
were the main means of providing electric power up until the late 1800s. 
At the end of that century, the battle of direct current versus alternating 
current began. Both had their advocates among the electrical engineers 
of the time. Because ac is more efficient and economical to transmit over 
long distances, ac systems ended up the winner. Thus, it is in keeping 
with the historical sequence of events that we considered dc sources first. 

We now begin the analysis of circuits in which the source voltage or 
current is time-varying. In this chapter, we are particularly interested in 
sinusoidally time-varying excitation, or simply, excitation by a sinusoid. 


A sinusoid is a signal that has the form of the sine or cosine function. 





A sinusoidal current is usually referred to as alternating current (ac). 
Such a current reverses at regular time intervals and has alternately posi- 
tive and negative values. Circuits driven by sinusoidal current or voltage 
sources are called ac circuits. 

We are interested in sinusoids for anumber of reasons. First, nature 
itself is characteristically sinusoidal. We experience sinusoidal variation 
in the motion of a pendulum, the vibration of a string, the ripples on the 
ocean surface, the political events of a nation, the economic fluctuations 
of the stock market, and the natural response of underdamped second- 
order systems, to mention but a few. Second, a sinusoidal signal is easy 
to generate and transmit. It is the form of voltage generated throughout 
the world and supplied to homes, factories, laboratories, and so on. It is 
the dominant form of signal in the communications and electric power 
industries. Third, through Fourier analysis, any practical periodic signal 
can be represented by a sum of sinusoids. Sinusoids, therefore, play an 
important role in the analysis of periodic signals. Lastly, a sinusoid is 
easy to handle mathematically. The derivative and integral of a sinusoid 
are themselves sinusoids. For these and other reasons, the sinusoid is an 
extremely important function in circuit analysis. 

A sinusoidal forcing function produces both a natural (or transient) 
response and a forced (or steady-state) response, much like the step func- 
tion, which we studied in Chapters 7 and 8. The natural response of a 
circuit is dictated by the nature of the circuit, while the steady-state re- 
sponse always has a form similar to the forcing function. However, the 
natural response dies out with time so that only the steady-state response 
remains after a long time. When the natural response has become negligi- 
bly small compared with the steady-state response, we say that the circuit 
is Operating at sinusoidal steady state. It is this sinusoidal steady-state 
response that is of main interest to us in this chapter. 
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We begin with a basic discussion of sinusoids and phasors. We 
then introduce the concepts of impedance and admittance. The basic 
circuit laws, Kirchhoff’s and Ohm’s, introduced for dc circuits, will be 
applied to ac circuits. Finally, we consider applications of ac circuits in 
phase-shifters and bridges. 


9.2 SINUSOIDS 


Consider the sinusoidal voltage 
v(t) = Vy» sina@t (9.1) 
where 
Vin = the amplitude of the sinusoid 
@ = the angular frequency in radians/s 
wt = the argument of the sinusoid 


The sinusoid is shown in Fig. 9.1(a) as a function of its argument and in 
Fig. 9.1(b) as a function of time. It is evident that the sinusoid repeats 
itself every T seconds; thus, T is called the period of the sinusoid. From 
the two plots in Fig. 9.1, we observe that wT = 27, 


(9.2) 





The fact that v(t) repeats itself every T seconds is shown by replacing tf 
by t + T in Eq. (9.1). We get 


20 
vt+T)=V,,sinw(t +7) = V,, sin@ (: 4 =| 


Ww (9.3) 


= V,, sin(w@t + 277) = V,, sin@t = v(t) 


vit+T7) = v(t) (9.4) 


that is, v has the same value at t + JT as it does at t and v(t) is said to be 
periodic. In general, 


Hence, 


A periodic function is one that satisfies f(t) = f(t + nT), for all t and for all 


integers n. 








(a) (b) 


Figure 91 A sketch of V,, sin@t: (a) as a function of wf, (b) as a function of f. 
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As mentioned, the period T of the periodic function is the time of one 
complete cycle or the number of seconds per cycle. The reciprocal of 
this quantity is the number of cycles per second, known as the cyclic 
frequency f of the sinusoid. Thus, 





(9.5) 
From Eqs. (9.2) and (9.5), it is clear that 
w = 2nf (9.6) 
The unit of f is named after the German physicist While @ is in radians per second (rad/s), f is in hertz (Hz). 
Heinrich R. Hertz (1857-1894). Let us now consider a more general expression for the sinusoid, 
v(t) = V,, sin(wt + d) (9.7) 


where (wt + @) is the argument and ¢ is the phase. Both argument and 
phase can be in radians or degrees. 
Let us examine the two sinusoids 


v1 (t) = V,, sinat and v2(t) = Vin sin(@t + ) (9.8) 


shown in Fig. 9.2. The starting point of v2 in Fig. 9.2 occurs first in time. 
Therefore, we say that v2 leads v, by ¢ or that v1 lags v2 by ¢. If d £ 0, 
we also say that v; and v2 are out of phase. If 6 = 0, then v; and v2 are 
said to be in phase; they reach their minima and maxima at exactly the 
same time. We can compare v, and v2 in this manner because they operate 
at the same frequency; they do not need to have the same amplitude. 


V, = V,, sin wt 


wt 





* ¢ 
s ¢ 
_V ‘cue 
m 


V, = V,, sin(wt + d) 


Figure 9.2 Two sinusoids with different phases. 


A sinusoid can be expressed in either sine or cosine form. When 
comparing two sinusoids, it is expedient to express both as either sine or 
cosine with positive amplitudes. This is achieved by using the following 
trigonometric identities: 


sin(A + B) = sinAcos B tcosA sin B 


9.9 
cos(A + B) = cos Acos B+ sinA sin B a 
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With these identities, it is easy to show that 
sin(@t + 180°) = —sinat 
cos(wt + 180°) = —cos at 

sin(@t + 90°) = +cos at 
cos(wt + 90°) = Fsinwt 


(9.10) 


Using these relationships, we can transform a sinusoid from sine form to 
cosine form or vice versa. 

A graphical approach may be used to relate or compare sinusoids 
as an alternative to using the trigonometric identities in Eqs. (9.9) and 
(9.10). Consider the set of axes shown in Fig. 9.3(a). The horizontal 
axis represents the magnitude of cosine, while the vertical axis (pointing + COS wt 
down) denotes the magnitude of sine. Angles are measured positively ~90° 
counterclockwise from the horizontal, as usual in polar coordinates. This 
graphical technique can be used to relate two sinusoids. For example, we 
see in Fig. 9.3(a) that subtracting 90° from the argument of cos wt gives 
sin wt, or cos(@t —90°) = sin wt. Similarly, adding 180° to the argument 
of sinwt gives — sinwt, or sin(@t — 180°) = — sinwt, as shown in Fig. + sin wt 
9.3(b). (a) 

The graphical technique can also be used to add two sinusoids of 
the same frequency when one is in sine form and the other is in cosine 
form. To add Acoswt and Bsinwt, we note that A is the magnitude 
of cos@t while B is the magnitude of sinwt, as shown in Fig. 9.4(a). 


The magnitude and argument of the resultant sinusoid in cosine form is 180° 
readily obtained from the triangle. Thus, + COS wt 

Acoswt + Bsinwt = C cos(@t — 8) (9.11) 
where 

_, 6 
C=¥VA’*+ B’, 6 =tan — (9.12) 
A + sin wt 
For example, we may add 3 cos wt and —4 sin wt as shown in Fig. 9.4(b) (b) 
and obtain 
Figure 9.3 A graphical 
3cos wt — 4sinwt = 5cos(wt + 53.1") (9.13) de Pes ennai 


(a) cos(@t — 90°) = sinat, 
(b) sin(wt + 180°) = —sinot. 


COS wt 


COS wt 





sin wt sin wt 


(a) (b) 


Figure 9.4 (a) Adding A cos wt and B sin at, (b) adding 3 cos wt and —4 sin wt. 
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Compared with the trigonometric identities in Eqs. (9.9) and (9.10), 
the graphical approach eliminates memorization. However, we must not 
confuse the sine and cosine axes with the axes for complex numbers to 
be discussed in the next section. Something else to note in Figs. 9.3 and 
9.4 is that although the natural tendency is to have the vertical axis point 
up, the positive direction of the sine function is down in the present case. 


EXAM P| 5 ccc 


PRACTICE PROBLE M Rg 


Find the amplitude, phase, period, and frequency of the sinusoid 


v(t) = 12 cos(S50t + 10°) 
Solution: 
The amplitude is V,, = 12 V. 
The phase is ¢ = 10°. 
The angular frequency is w = 50 rad/s. 


2 2 
The period T = — = — =0.1257s. 
w 50 


1 
The frequency is f = 7 7.958 Hz. 


Given the sinusoid 5 sin(4z7t — 60°), calculate its amplitude, phase, an- 
gular frequency, period, and frequency. 


Answer: 5, —60°, 12.57 rad/s, 0.5 s, 2 Hz. 


EAN ? | ccc 


Calculate the phase angle between vj = —10cos(@t + 50°) and v2 = 
12 sin(@t — 10°). State which sinusoid is leading. 


Solution: 


Let us calculate the phase in three ways. The first two methods use trigo- 
nometric identities, while the third method uses the graphical approach. 


METHOD §§ Inorderto compare v; and v2, we must express them in the 
same form. If we express them in cosine form with positive amplitudes, 


vj = —10cos(wt + 50°) = 10cos(@t + 50° — 180°) 
v; = 10cos(wt — 130°) or v; = 10cos(w@t + 230°) =(9.2.1) 


and 


v2 = 12sin(wt — 10°) = 12 cos(wt — 10° — 90°) 
v2 = 12 cos(wt — 100°) (9.2.2) 


It can be deduced from Eqs. (9.2.1) and (9.2.2) that the phase difference 
between v, and v2 is 30°. We can write v> as 
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vo = 12cos(wt — 130° + 30°) or vo = 12cos(@t + 260°) (9.2.3) 
Comparing Eqs. (9.2.1) and (9.2.3) shows clearly that v2 leads v, by 30°. 


METHOD 4 Alternatively, we may express v; in sine form: 


‘i COS wt 
vj = —10cos(wt + 50°) = 10 sin(@t + 50° — 90°) ous 
= 10sin(wt — 40°) = 10sin(@t — 10° — 30°) 
But v2 = 12 sin(wt — 10°). Comparing the two shows that v; lags v2 by V1 ie 
30°. This is the same as saying that v2 leads v, by 30°. 
METHOD KR We may regard v; as simply —10 cos wt with a phase shift me 

of +50°. Hence, v; is as shown in Fig. 9.5. Similarly, v2 is 12 sin wt with ar: 

a phase shift of —10°, as shown in Fig. 9.5. It is easy to see from Fig. 9.5 

that v2 leads v; by 30°, that is, 90° — 50° — 10°. Figure 9.5 For Example 9.2. 


P 


RACTICE PROBLEM iy 








Find the phase angle between 
i; = —4sin(377t + 25°) and ir = 5cos(377t — 40°) 


Does 7; lead or lag iz? @ 


Answer: Do iitads CC CCCC“‘“‘(‘#$SN“NCSCOSCSC:i‘(‘(aC(‘(ase«~iéa[ 


9.3 PHASORS 


Sinusoids are easily expressed in terms of phasors, which are more con- 
venient to work with than sine and cosine functions. 


A phasor is a complex number that represents the amplitude and phase 


of a sinusoid. 





Phasors provide a simple means of analyzing linear circuits excited by 
sinusoidal sources; solutions of such circuits would be intractable other- 
wise. The notion of solving ac circuits using phasors was first introduced 


by Charles Steinmetz in 1893. Before we completely define phasors and Charles Proteus Steinmetz (1865-1923) was a 
apply them to circuit analysis, we need to be thoroughly familiar with German-Austrian mathematician and electrical 
complex numbers. engineer. 


A complex number z can be written in rectangular form as 


Appendix B presents a short tutorial on complex 


oe Jy oe) numbers. 


where j = ./—1; x is the real part of z; y is the imaginary part of z. 
In this context, the variables x and y do not represent a location as in 
two-dimensional vector analysis but rather the real and imaginary parts 
of z in the complex plane. Nevertheless, we note that there are some 
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resemblances between manipulating complex numbers and manipulating 
two-dimensional vectors. 

The complex number z can also be written in polar or exponential 
form as 


z=r/p =re'® (9.14b) 


where r is the magnitude of z, and ¢ 1s the phase of z. We notice that z 
can be represented in three ways: 


Z=x+y Rectangular form 
Z=r /o Polar form (9.15) 


z=re/? Exponential form 


The relationship between the rectangular form and the polar form 
Imaginary axis is Shown in Fig. 9.6, where the x axis represents the real part and the y 
axis represents the imaginary part of a complex number. Given x and y, 
we can get r and @ as 


r=V/x?+y’, ¢@ = tan! - (9.16a) 


On the other hand, if we know r and ¢, we can obtain x and y as 
Real axis x=rcos®@, y=rsing (9.16b) 


Thus, z may be written as 





z=x+jy=r/o=r(cos¢ + jsing) (9.17) 
Figure 9.6 — Representation of a Addition and subtraction of complex numbers are better performed 
complex number ¢ = x + jy =r/@. in rectangular form; multiplication and division are better done in polar 


form. Given the complex numbers 
z=xt+jy=r/¢, yZ=exut+ju =n Pi 
Z2 = x2 + Jy2 =12f 2 


the following operations are important. 


Addition: 
Zp + 22 = (1 +22) + JO + Ya) (9.18a) 
Subtraction: 
Z1 — 22 = (%1 — X2) + JQ — Ya) (9.18b) 
Multiplication: 
2122 ="iro/oi + d2 (9.18c) 
Division: 
[ = ~ Lo — 2 (9.18d) 
Reciprocal: 


-=-/—$¢ (9.18e) 
r 


Square Root: 


Nae aN hy A (9.18f) 
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Complex Conjugate: 
z=x-—jy=r/¢ =re!? (9.182) 
Note that from Eq. (9.18e), 
—_=-j (9.18h) 
J 
These are the basic properties of complex numbers we need. Other prop- 


erties of complex numbers can be found in Appendix B. 
The idea of phasor representation is based on Euler’s identity. In 


general, 
etl? — cos@¢+jsing (9.19) 


which shows that we may regard cos ¢ and sin @ as the real and imaginary 
parts of e/?; we may write 


cos@ = Re(e/®) (9.20a) 
sing = Im(e!”) (9.20b) 


where Re and Im stand for the real part of and the imaginary part of. 
Given a sinusoid v(t) = V,, cos(@t + &), we use Eq. (9.20a) to express 





v(t) as 
v(t) = V» cos(wt + d) = Re(V,,e/'t) (9.21) 

or 

v(t) = Re(V,,e/%e/”) (9.22) 
Thus, 
where 

V = Viel? = Vin Zo (9.24) 
V is thus the phasor representation of the sinusoid v(t), as we said earlier. A phasor may be regarded as a mathematical 
In other words, a phasor is a complex representation of the magnitude equivalent of a sinusoid with the time depen- 
and phase of a sinusoid. Either Eq. (9.20a) or Eq. (9.20b) can be used to dence dropped. 


develop the phasor, but the standard convention is to use Eq. (9.20a). 
One way of looking at Eqs. (9.23) and (9.24) is to consider the plot 
of the sinor Ve/® = V,,e/\'*® on the complex plane. As time increases, 
the sinor rotates on a circle of radius V,, at an angular velocity w in the 
counterclockwise direction, as shown in Fig. 9.7(a). In other words, the 
entire complex plane is rotating at an angular velocity of m@. We may 


regard u(t) as the projection of the sinor Ve/” on the real axis, as shown ae aa Sa ee eee ae eT eae ohasor instead of cosine 


in Fig. 9.7(b). The value of the sinor at time t = O is the phasor V of then v(t) = Vi» sin (ot + 6) = Im (V,,eir +9) 
the sinusoid v(t). The sinor may be regarded as a rotating phasor. Thus, and the corresponding phasor is the same as that 
whenever a sinusoid is expressed as a phasor, the term e/“ is implicitly in Eq. (9.24). 


present. It is therefore important, when dealing with phasors, to keep 
in mind the frequency w of the phasor; otherwise we can make serious 
mistakes. 
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We use lightface italic letters such as z to repre- 


sent complex number's but boldface letters such 
as V to represent phasors, because phasors are 
vectorlike quantities. 


PART 2 AC Circuits 


Im v(t) = Re(Ve/“’) 





Rotation at w rad/s 


(a) (b) 


Figu re 97 Representation of Ve/@: (a) sinor rotating counterclockwise, (b) its 
projection on the real axis, as a function of time. 


Equation (9.23) states that to obtain the sinusoid corresponding to 
a given phasor V, multiply the phasor by the time factor e/@’ and take 
the real part. As a complex quantity, a phasor may be expressed in 
rectangular form, polar form, or exponential form. Since a phasor has 
magnitude and phase (“direction’’), it behaves as a vector and is printed 
in boldface. For example, phasors V = V,, /o and I = I, /- 29 are 
graphically represented in Fig. 9.8. Such a graphical representation of 
phasors is known as a phasor diagram. 


Imaginary axis 






\e 
\ eatin direction 


/ Lagging direction 


@W 


Real axis 





_— 


Figure 98 A phasor diagram showing V = V,, /¢? andI= In /—@ . 


Equations (9.21) through (9.23) reveal that to get the phasor corre- 
sponding to a sinusoid, we first express the sinusoid in the cosine form 
so that the sinusoid can be written as the real part of a complex number. 
Then we take out the time factor e/®’, andwhatever is left is the pha- 
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sor corresponding to the sinusoid. By suppressing the time factor, we 
transform the sinusoid from the time domain to the phasor domain. This 
transformation is summarized as follows: 


v(t) = Vm cos(wt + d) = V=Vn/o (9.25) 


(Time-domain (Phasor-domain 


representation) representation) 





Given asinusoid u(t) = V,, cos(wt + &), we obtain the correspond- 
ing phasor as V = V,, /¢. Equation (9.25) is also demonstrated in Table 
9.1, where the sine function is considered in addition to the cosine func- 
tion. From Eq. (9.25), we see that to get the phasor representation of a 
sinusoid, we express it in cosine form and take the magnitude and phase. 
Given a phasor, we obtain the time-domain representation as the cosine 
function with the same magnitude as the phasor and the argument as 
wt plus the phase of the phasor. The idea of expressing information in 
alternate domains is fundamental to all areas of engineering. 


TABLE 9.!  Sinusoid-phasor transformation. 


Time-domain representation Phasor-domain representation 


V,, COS(wt + d) Vin/ 
V,, sin(@t + @) Vin / @ — 90° 
Tn COS(@t + @) In /O 
Tn Sin(@t + 0) I, /9 — 90° 


Note that in Eq. (9.25) the frequency (or time) factor e/“ is sup- 
pressed, and the frequency is not explicitly shown in the phasor-domain 
representation because w is constant. However, the response depends on 
w. For this reason, the phasor domain is also known as the frequency 
domain. 

From Eggs. (9.23) and (9.24), v(t) = Re(Ve/”) = V,, cos (ot +¢), 
so that 

dv 


7 = —oV,, sin(wt + ¢) = oV,, cos(@t + @ + 90°) ee 


= Re(wV,,e/ e/ Fe) ) = Re(jaVe!”) 


This shows that the derivative v(t) is transformed to the phasor domain 


age Differentiating a sinusoid is equivalent to multi- 
du lying its corresponding phasor by jw. 
— ) joV (9.27) plying ponaing p YJ 
(Time domain) (Phasor domain) 


Similarly, the integral of v(t) is transformed to the phasor domain as 


V/jo Integrating a sinusoid is equivalent to dividing its 
V corresponding phasor by ja. 
v dt —= —- (9.28) 
JO 
(Time domain) (Phasor domain) 
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Adding sinusoids of the same frequency is equiv- 


alent to adding their corresponding phasors. 


PART 2 AC Circuits 


Equation (9.27) allows the replacement of a derivative with respect 
to time with multiplication of j@ in the phasor domain, whereas Eq. 
(9.28) allows the replacement of an integral with respect to time with 
division by jq@ in the phasor domain. Equations (9.27) and (9.28) are 
useful in finding the steady-state solution, which does not require knowing 
the initial values of the variable involved. This is one of the important 
applications of phasors. 

Besides time differentiation and integration, another important use 
of phasors is found in summing sinusoids of the same frequency. This is 
best illustrated with an example, and Example 9.6 provides one. 

The differences between v(t) and V should be emphasized: 


1. v(t) 1s the instantaneous or time-domain representation, while 
V is the frequency or phasor-domain representation. 


2. u(t) is time dependent, while V is not. (This fact is often 
forgotten by students.) 


3. v(t) is always real with no complex term, while V is generally 
complex. 


Finally, we should bear in mind that phasor analysis applies only when 


frequency is constant; it applies in manipulating two or more sinusoidal 
signals only if they are of the same frequency. 


EXAM P| 5 ccc 


Evaluate these complex numbers: 


(a) (40, /50° + 20 / — 30°)! 
10/ — 30° +(3— j4) 


(2+ J4)(3 — j5)* 


Solution: 


(b) 


(a) Using polar to rectangular transformation, 
40 /50° = 40(cos 50° + j sin 50°) = 25.71 + 730.64 
20 / — 30° = 20[cos(—30°) + 7 sin(—30°)] = 17.32 — 710 
Adding them up gives 


40 /50° + 20/7 — 30° = 43.03 + 720.64 = 47.72/25.63° 


Taking the square root of this, 


(40 /50° + 20/7 — 30°)'* = 6.91 /12.81° 
(b) Using polar-rectangular transformation, addition, multiplication, and 
division, 
10/7 — 30° +(3—j4) — 8.66— j5+ (3 — j4) 
Zriyo=jsy (2+ j4)G3 + JS) 
11.66— 79 14.737 — 37.66° 
“14+ 722 26.08 /122.47° 


= 0.565 / — 160.31° 
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PRACTICE PROBLEM PROBLEM Raye 


Evaluate the following complex numbers: 
(a) [((5 + j2)(-1 4+ j4) — 5 /60°]* 
lO jo 3740" 


(b) —————} + 10/730° 


—3 + j4 
Answer: (a) —15.5 — j 13.67, (b) 8.293 + j2.2. 


EXAM ? | 5 ccc 


Transform these sinusoids to phasors: 
(a) v = —4sin(30t + 50°) 
(b) 1 = 6cos(S50t — 40°) 
Solution: 
(a) Since — sin A = cos(A + 90°), 
v = —4sin(30t + 50°) = 4cos(30t + 50° + 90°) 
= 4cos(30t + 140°) 
The phasor form of v 1s 
V=4/140° 

(b) i = 6cos(S50r — 40°) has the phasor 

I=6/ —40° 


PRACTICE PROBLEM PROBLE™ (a 


Express these sinusoids as phasors: 

(a) v = —7cos(2t + 40°) 

(b) i = 4sin(10¢ + 10°) 

Answer: (a) V = 7/220°, (b) l= 4/ — 80°. 


EAN ? | 5 ccc 


Find the sinusoids represented by these phasors: 
(a) V = j8e-/70 
(b) I= —3+ /4 
Solution: 
(a) Since j = 1 /90°, 
V = j8/—20° = (1/90°)(8/ — 20°) 
= 8 /90° — 20° = 8/70° V 

Converting this to the time domain gives 

v(t) = 8cos(wt + 70°) V 
(b) 1 = —3 + j4 = 5/126.87°. Transforming this to the time domain 
gives 

i(t) = 5cos(wt + 126.87°) A 
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epee el Cherie Oe umn (| PROBLEM ia 


Find the sinusoids corresponding to these phasors: 

(a) V = —10/30° 

(b) T= 7S — 712) 

Answer: (a) v(t) = 10 cos(@t+210°), (b) i(t) = 13 cos(@t +22.62°). 


EXAM ? | 5 ccc 


Given i;(t) = 4cos(@t + 30°) and i2(t) = Ssin(wt — 20°), find their 
sum. 


Solution: 


Here is an important use of phasors—for summing sinusoids of the same 
frequency. Current i; (t) 1s in the standard form. Its phasor is 


TI, =4/730° 
We need to express i2(t) in cosine form. The rule for converting sine to 
cosine is to subtract 90°. Hence, 


iz = 5Scos(wt — 20° — 90°) = 5cos(wt — 110°) 
and its phasor is 
I, =5/ — 110° 
If we let i = 7; + in, then 
T=1,+h =4/30° +5/-— 110° 

= 3.464+ j2 — 1.71 — 74.698 = 1.754 — j2.698 

= 3.218 / —56.97° A 
Transforming this to the time domain, we get 

i(t) = 3.218 cos(@t — 56.97°) A 


Of course, we can find i; + i using Eqs. (9.9), but that is the hard way. 


PRACTICE PROBLEM PROBLE ™ Saag 


If vy} = —10sin(@t + 30°) and v2 = 20 cos(wt — 45°), find V = vy + vp. 
Answer: v(t) = 10.66cos(wt — 30.95°). 


EXAM P| 5 ccc 


Using the phasor approach, determine the current i(t) 1n a circuit de- 
scribed by the integrodifferential equation 





7 
A +8 f iar—35 = 50 cos(2t + 75°) 
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Solution: 


We transform each term in the equation from time domain to phasor 
domain. Keeping Eqs. (9.27) and (9.28) in mind, we obtain the phasor 
form of the given equation as 


gI 
4I + — — 3jol = 50/75° 
Jo 


But @ = 2, so 


(4 — j4— j6) =50 75° 


50 /75° 50 /75° 
es i = 4.642 /143.2° A 
4—Jj10 10.77 /— 68.2° 
Converting this to the time domain, 


i(t) = 4.642 cos(2t + 143.2°) A 


Keep in mind that this is only the steady-state solution, and it does not 
require knowing the initial values. 


PRACTICE PROBLEM PROBLE™ Say 


Find the voltage u(t) in a circuit described by the integrodifferential equa- 
tion 


d 
2— oe ee 10 | v dt = 20cos(5t — 30°) 


using the phasor approach. 
Answer: v(t) = 2.12 cos(S5t — 88°). 


9.4 PHASOR RELATIONSHIPS FOR CIRCUIT ELEMENTS 


Now that we know how to represent a voltage or current in the phasor or 
frequency domain, one may legitimately ask how we apply this to circuits 
involving the passive elements R, L, and C. What we need to do 1s to 
transform the voltage-current relationship from the time domain to the 
frequency domain for each element. Again, we will assume the passive 
sign convention. 

We begin with the resistor. If the current through a resistor R is 
i = I, cos(wt + ¢), the voltage across it is given by Ohm’s law as 


v=iR= RI, cos(at + ¢) (9.29) 
The phasor form of this voltage is 
V=RI, /o (9.30) 
But the phasor representation of the current is I = [,, /¢. Hence, 


V=RI (9.31) 
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i I 
——S > —S 
+ + 
V R V R 
V=iIR V=IR 


(a) (b) 


Figure 99 Voltage-current 
relations for a resistor in the: 
(a) time domain, (b) frequency 
domain. 


m 
V 
I 
p 
0 Re 


Figure 9.10 


Phasor diagram for the 
resistor. 


Although it is equally correct to say that the in- 
ductor voltage leads the current by 90°, con- 
vention gives the current phase relative to the 


voltage. 


I I 
—ie- —<—_- 
+ + 
V L V L 
_ pi V =joLI 
Vez a J 
(a) (b) 
Figure Al Voltage-current 


relations for an inductor in the: 
(a) time domain, (b) frequency 
domain. 
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showing that the voltage-current relation for the resistor in the phasor 
domain continues to be Ohm’s law, as in the time domain. Figure 9.9 
illustrates the voltage-current relations of a resistor. We should note from 
Eq. (9.31) that voltage and current are in phase, as illustrated in the phasor 
diagram in Fig. 9.10. 

For the inductor L, assume the current through it is i = 
In COS(@t + @). The voltage across the inductor is 


di 
v= Le = —oL I, sin(@t + ¢) (9.32) 


Recall from Eq. (9.10) that — sin A = cos(A + 90°). We can write the 
voltage as 


v= WLI, cos(at + ¢ + 90°) (9.33) 
which transforms to the phasor 
V = OLI ne! OO = wLIne!?e!” = OLIn fel” (9.34) 
But In/@ = I, and from Eq. (9.19), e/?? = j. Thus, 

V= joLiI (9.35) 
showing that the voltage has a magnitude of wL J, and a phase of ¢+ 90°. 
The voltage and current are 90° out of phase. Specifically, the current 
lags the voltage by 90°. Figure 9.11 shows the voltage-current relations 
for the inductor. Figure 9.12 shows the phasor diagram. 


For the capacitor C, assume the voltage across it is v = 
Vin COS(@t + @). The current through the capacitor is 


i= C— 9.36 
dt a 


By following the same steps as we took for the inductor or by applying 
Eq. (9.27) on Eq. (9.36), we obtain 


_ it 

— jac 
showing that the current and voltage are 90° out of phase. To be specific, 
the current leads the voltage by 90°. Figure 9.13 shows the voltage-current 


I= joCV = Vv (9.37) 


= 
= 





dv I=joCV 
i=CA J 
Figure 9.12  Phasor diagram for the (a) (b) 
inductor; I lags V. 
Figure 9.13 Voltage-current 


relations for a capacitor in the: 
(a) time domain, (b) frequency 
domain. 
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relations for the capacitor; Fig. 9.14 gives the phasor diagram. Table 9.2 
summarizes the time-domain and phasor-domain representations of the 
circuit elements. 


TABLE 9.2. Summary of voltage-current 
relationships. 





Element Timedomain Frequency domain 


R v= Ri V—=RI Figure 9. |4 Phasor diagram for the capa- 
a citor; I leads V. 
L =f — V = joLl 
dt 
d I 
C =o v= 
dt Joc 


The voltage v = 12 cos(60t + 45°) 1s applied to a 0.1-H inductor. Find 
the steady-state current through the inductor. 


Solution: 


For the inductor, V = jwLI, where w = 60 rad/s and V = 12 /45° V. 
Hence 
V 12 /45° 12 /45° 


~ JoL ~ j60 x 0.1 — 6 /90° 
Converting this to the time domain, 


i(t) = 2cos(60t — 45°) A 


PRACTICE PROBLEM PROBLE ™ (Raa 


If voltage v = 6 cos(100t — 30°) is applied to a50 FE capacitor, calculate 
the current through the capacitor. 


Answer: 30cos(100t + 60°) mA. 


=2/-—45°A 





9.5 IMPEDANCE AND ADMITTANCE 


In the preceding section, we obtained the voltage-current relations for the 
three passive elements as 


I 
V= RI, V = joLl, >= — (9.38) 
Joc 
These equations may be written in terms of the ratio of the phasor voltage 
to the phasor current as 


Vv Vv 

= =, —=jJoL, 
I I 

From these three expressions, we obtain Ohm’s law in phasor form for 


any type of element as 


1 
= -_——— 9.39 
Joc a 


m|< 
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(9.40) 





where Z is a frequency-dependent quantity known as impedance, mea- 
sured in ohms. 


The impedance Z of a circuit is the ratio of the phasor voltage V to the phasor 


current I, measured in ohms ((2). 





The impedance represents the opposition which the circuit exhibits to the 
flow of sinusoidal current. Although the impedance is the ratio of two 
phasors, it is not a phasor, because it does not correspond to a sinusoidally 
varying quantity. 

The impedances of resistors, inductors, and capacitors can be read- 
ily obtained from Eq. (9.39). Table 9.3 summarizes their impedances and 
admittance. From the table we notice that Z, = j@L and Zc = —j/a@C. 
Consider two extreme cases of angular frequency. When w = 0 (..e., for 


TABLE 9.3 = Impedances and 
admittances of passive elements. 


Element Impedance Admittance dc sources), Z, = OandZc — o, confirming what we already know— 
ne Pe that the inductor acts like a short circuit, while the capacitor acts like an 
R Z=R a R open circuit. When@ — oo (.e., for high frequencies), Z, —> oo and 
; Zc = 0, indicating that the inductor is an open circuit to high frequencies, 

L Z= joLl Y= —— while the capacitor is a short circuit. Figure 9.15 illustrates this. 
fOr As a complex quantity, the impedance may be expressed in rectan- 

C 7 a Y = jw gular form as 

Joe Z=R+jX (9.41) 


where R = Re Zis the resistance and X = Im Zis the reactance. The 
reactance X may be positive or negative. We say that the impedance is 
inductive when X is positive or capacitive when X is negative. Thus, 
impedance Z = R-+ /jX 1s said to be inductive or lagging since current 
——_o——_0—— ___ lags voltage, while impedance Z = R — jX is capacitive or leading 
Short circuit at dc 
L because current leads voltage. The impedance, resistance, and reactance 


a 2) ee ; 
are all measured in ohms. The impedance may also be expressed in polar 
—o o— form as 
Open circuit at 


high frequencies Z=|Z|/0 (9.42) 
(a) Comparing Eqs. (9.41) and (9.42), we infer that 

—oO oO— 

C Open circuit at de Z=R+jX= Z| /0 (9.43) 
—{— —+ 
where 

Short circuit at 4 we 

high frequencies IZ| = VR? 4+ X?, 6=tan! R (9.44) 
(b) and 


Figure 915 Equivalent circuits at dc and R = |Z| cos, X = |Z| sind (9.45) 


high frequencies: (a) inductor, (b) capacitor. . . : . : : 
iil o ee It is sometimes convenient to work with the reciprocal of impedance, 


known as admittance. 
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Fae aaa Pain Gr] 
The admittance Y is the reciprocal of impedance, measured in siemens (8). | 


The admittance Y of an element (or a circuit) is the ratio of the phasor 
current through it to the phasor voltage across it, or 


(9.46) 





The admittances of resistors, inductors, and capacitors can be obtained 
from Eq. (9.39). They are also summarized in Table 9.3. 
As a complex quantity, we may write Y as 


Y=G4/jB (9.47) 


where G = Re Yis called the conductance and B = Im Y 1s called the sus- 
ceptance. Admittance, conductance, and susceptance are all expressed 
in the unit of siemens (or mhos). From Eqs. (9.41) and (9.47), 


] 
G (B= —— 9.48 
J R+jX (9.48) 


By rationalization, 


1 R—jX | R-jx 





Ga: 72 =] —__- = —_*_ 9.49 
TIP REX R-jX R24? ate 
Equating the real and imaginary parts gives 
= = B= = (9.50) 
R24 X?? RP X? | 
showing that G ~ 1/R as it is in resistive circuits. Of course, if X = 0, 
then G = 1/R. 
Find v(t) and i(t) in the circuit shown in Fig. 9.16. i 50 
Solution: 
From the voltage source 10 cos 4f, w = 4, <1 coeds 0.1F V 
V, =10/0° V - 
The impedance 1s Figure 916 For Example 9.9. 
1 1 
Z=5+ — =54+ — — =5- j2.5Q 
© 70 j4x 01 : 


Hence the current 
V, 10 /0° 7 10(5 + 72.5) 


7. 5 j25 5242.5? (9.9.1) 
= 1.64 j0.8 = 1.789 /26.57° A 


The voltage across the capacitor is 
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I 1.789 /26.57° 
V =1Z- = — = —__“ 
Joc J4~x 0.1 


1.789 /26.57° 
— oe _ 4.47 /— 63.43° V 
0.4 /90° 


(9.9.2) 


Converting I and V in Eqs. (9.9.1) and (9.9.2) to the time domain, we get 


i(t) = 1.789 cos(4t + 26.57°) A 
v(t) = 4.47 cos(4t — 63.43°) V 


Notice that i(t) leads v(t) by 90° as expected. 


Pv e Ee ore PROBLE ™ (Ram 


V,= 5 sin 10f 


Figure 9.17 





For Practice Prob. 9.9. 


Refer to Fig. 9.17. Determine v(t) and i(f). 
Answer: 2.236sin(10t + 63.43°) V, 1.118 sin(10t — 26.57°) A. 


19.6 KIRCHHOFF’S LAWS IN THE FREQUENCY DOMAIN 


We cannot do circuit analysis in the frequency domain without Kirch- 
hoff’s current and voltage laws. Therefore, we need to express them in 
the frequency domain. 

For KVL, let vj, v2, ..., Uv, be the voltages around a closed loop. 
Then 


vj +wym+---+tu, =0 (9.51) 


In the sinusoidal steady state, each voltage may be written in cosine form, 
so that Eq. (9.51) becomes 


Vint COS(wt + O,) + Vin2 CoS(@t + 42) 
+---+ V,,, cos(@t + 6,) = 0 os 
This can be written as 
Re(Vinper el) + Re(Vinrel el) + +++ + RE(Vinnel* el) = 0 
or 
Rel (Von er! + Vnger Bees + Vinn er )el] = 0 (9.53) 
If we let Vi = V,,¢e/%, then 
Re[(V; + Vo + ---4+ V,)e’"] =0 (9.54) 
Since e/” + 0, 
Vier Voss Vn = 0 (9.55) 


indicating that Kirchhoff’s voltage law holds for phasors. 
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By following a similar procedure, we can show that Kirchhoff’s 
current law holds for phasors. If we let i;, i2,...,i, be the current 
leaving or entering a closed surface in a network at time f, then 


lj tigt+:-:-+1, =O (9.56) 
If 1,, In,..., 1, are the phasor forms of the sinusoids 71, i2, ..., in, then 
I1+bL4+-:-+I, =0 (9.57) 


which is Kirchhoff’s current law in the frequency domain. 

Once we have shown that both KVL and KCL hold in the frequency 
domain, it is easy to do many things, such as impedance combination, 
nodal and mesh analyses, superposition, and source transformation. 


9.7 IMPEDANCE COMBINATIONS 


Consider the N series-connected impedances shown in Fig. 9.18. The 
same current I flows through the impedances. Applying K VL around the 
loop gives 


V=V,4+Vo+---+ Vy =1(Z,4+4.4+---+ Zy) (9.58) 
The equivalent impedance at the input terminals is 
Vv 
Leg = T = Lg lag Pee Dy 
or 
Leg = 4, +2. +---+ Lyn (9,59) 
showing that the total or equivalent impedance of series-connected imped- 


ances is the sum of the individual impedances. This is similar to the series 
connection of resistances. 


I ZL, ZL, Ly 





Leg 


Figure 918 oN impedances in series. 


If N = 2, as shown in Fig. 9.19, the current through the impedances 
1S 
_  Y 
— Z,4+Z, 
Since V; = ZI and V> = ZI, then 





(9.60) 





(9.61) 


Figure 9.19 Voltage division. 





which 1s the voltage-division relationship. 
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In the same manner, we can obtain the equivalent impedance or 
admittance of the N parallel-connected impedances shown in Fig. 9.20. 
The voltage across each impedance is the same. Applying KCL at the 
top node, 


1 1 
[=hth+etly=V(F +7 4-47.) (9.62) 


The equivalent impedance is 


ee ee ree ee ee 
Zeg Vi Zi Z Zn | 


and the equivalent admittance is 


Yeg = Yi + Yo+---+Yy (9.64) 


This indicates that the equivalent admittance of a parallel connection of 
admittances is the sum of the individual admittances. 





Figure 920 oN impedances in parallel. 


When N = 2, as shown in Fig. 9.21, the equivalent impedance 








becomes 
1 1 1 ZZ» 
L4= = ——__ = —______ = ________ 965) 
Yeo Yit Yo 1/4,;4+1/Z4, “4,+4, 
Also, since 
Figure 9.2! Current division. V = IZeq =U) Z; =hZ, 
the currents in the impedances are 
(9.66) 





which is the current-division principle. 

The delta-to-wye and wye-to-delta transformations that we applied 
to resistive circuits are also valid for impedances. With reference to Fig. 
9.22, the conversion formulas are as follows. 
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Figure 22 Superimposed Y and A networks. 


Y-A Conversion: 


— “iL. + LoL; + Z£3L) 





La 
LZ 
ZL LoL L321, 
/ Pa 2f3 FAA (9.67) 
LZ 
7 — LZ Ly + LoL; + £3L 
A-Y Conversion: 
(9.68) 





A delta or wye circuit is said to be balanced if it has equal impedances in all 
three branches. 





When a A-Y circuit is balanced, Eqs. (9.67) and (9.68) become 


(9.69) 





where Zy = Z| = Z. = 43 and Za = Z, = Zp = Le. 

As you see in this section, the principles of voltage division, cur- 
rent division, circuit reduction, impedance equivalence, and Y-A trans- 
formation all apply to ac circuits. Chapter 10 will show that other circuit 
techniques—such as superposition, nodal analysis, mesh analysis, source 
transformation, the Thevenin theorem, and the Norton theorem—are all 
applied to ac circuits in a manner similar to their application in dc circuits. 
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Jet O 
2mF 0.2H Find the input impedance of the circuit in Fig. 9.23. Assume that the cir- 
o— cuit operates at w = 50 rad/s. 
Zz. 30 Solution: 
—- 8 Q 
Let 
10 mF 
Z, = Impedance of the 2-mF capacitor 
Fire 9.03 Z, = Impedance of the 3-Q resistor in series with the 10-mF 
IgUre 7, For Example 9.10. capacitor 
Z;3 = Impedance of the 0.2-H inductor in series with the 8-Q 
resistor 
Then 
1 1 ; 
Z, = — = — —_, = -/102 
joC j50x2~x 107 
1 1 
b= 3 3 4 ees OH? 
Eee ami 


Z3 =8+ joL = 8+ j50 x 0.2 = (8+ j10) Q 
The input impedance is 
(3 — j2)(8 + j10) 
11+ 78 
(44+ j14)Q1— 78) 


ne —— aa = —j104+ 3.22 — 71.07 Q 


Zin = Z, + Zp || Z3 = —j10+ 


Thus, 
Zin = 3.22 — j11.07 Q 


PRACTICE PROBLE M RY 


2mF 700 2H Determine the input impedance of the circuit in Fig. 9.24 atm = 
— 10 rad/s. 
Zin hae 59Q Answer: 32.38 — j73.76 Q. 


Figure 9.24 For Practice Prob. 9.10. 


Determine v,(t) in the circuit in Fig. 9.25. 
Solution: 


To do the analysis in the frequency domain, we must first transform the 
time-domain circuit in Fig. 9.25 to the phasor-domain equivalent in Fig. 
9.26. The transformation produces 


20 cos(4t— 15°) ( 





Figure 925 For Example 9.11. 
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vs = 20 cos(4t — 15°) => V,=20/ — 15° V, o=4 





1 1 
oe =e Foe jax to no 10 415° 
= —j252 
5H = ~~) jal =j4x5= j202 
Let Figure 9.26 The frequency-domain 


equivalent of the circuit in Fig. 9.25. 
Z, = Impedance of the 60-Q resistor 


Z» = Impedance of the parallel combination of the 10-mF 
capacitor and the 5-H inductor 
Then Z, = 60 Q and 
. —J25 x j20 
Zo = —j25 || 720 = ——————. = _ 100 2 
—j25 + j20 
By the voltage-division principle, 


Zo j100 
vV,= V2 0075 
747, 60 + 7100: L- 15) 


= (0.8575 730.96") (20/7 — 15°) = 17.15 /15.96° V. 


We convert this to the time domain and obtain 


Uo(t) = 17.15 cos(4t + 15.96°)V 


PRACTICE PROBLE M 








Calculate v, in the circuit in Fig. 9.27. 0.5H 
Answer: v,(t) = 7.071 cos(10t — 60°) V. 


— 
om + 


10 cos (10¢ + 75°) 10Q SF 


Figure 9.27 For Practice Prob. 9.11. 


a Mow 





Find current I in the circuit in Fig. 9.28. 


50/0° 





Figure 928 For Example 9.12. 
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Solution: 


The delta network connected to nodes a, b, and c can be converted to the 
Y network of Fig. 9.29. We obtain the Y impedances as follows using 


Eq. (9.68): 
A(2 — 4 A(4 + j2 
Zn = <8 ETI) _ 16 4 j0.8) 2 
j442—j448 10 
J4(8) 8(2 — j4) 
7 a0. 8 9 Se 
b 10 J 10 ( j3.2) 


The total impedance at the source terminals is 
“= 12+ Lan + (Zon — J3) || Zen + 6 + 8) 
= 12+ 1.6+ j0.8 + (j0.2) || (9.6 + j2.8) 
J0.2(9.6 + j2.8) 
9.64 j3 
= 13.6+ jl = 13.64/74.204° Q 


= 13.6 + j0.8 + 


The desired current is 

V 50 /0° 

= — — 3.666 / — 4.204° A 
ZL 13.64 /4.204° 


50/0° 





Figure 9.29 — The circuit in Fig. 9.28 after delta-to-wye transformation. 


PRACTICE PROBLE M ay 


Find I in the circuit in Fig. 9.30. 
Answer: 6.364 /3.802° A. 


300° V 





Figure 9.30 For Practice Prob. 9.12. 
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19,8 APPLICATIONS 


In Chapters 7 and 8, we saw certain uses of RC, RL, and RLC circuits 
in de applications. These circuits also have ac applications; among them 
are coupling circuits, phase-shifting circuits, filters, resonant circuits, ac 
bridge circuits, and transformers. This list of applications is inexhaustive. 
We will consider some of them later. It will suffice here to observe two 
simple ones: RC phase-shifting circuits, and ac bridge circuits. 


9.8.1 Phase-Shifters 
A phase-shifting circuit is often employed to correct an undesirable phase 
shift already present in a circuit or to produce special desired effects. An 
RC circuit is suitable for this purpose because its capacitor causes the 
circuit current to lead the applied voltage. Two commonly used RC 
circuits are shown in Fig. 9.31. (RZ circuits or any reactive circuits 
could also serve the same purpose.) 

In Fig. 9.31(a), the circuit current I leads the applied voltage V; by 


re, oh 
some phase angle 0, where 0 < 0 < 90°, depending on the values of R + n 
and C. If Xc = —1/wC, then the total impedance is Z = R+ jXc, and Vv C V, 
(b) 





(a) 


the phase shift is given by 


xX 
@ = tan! —& (9.70) 
R 


This shows that the amount of phase shift depends on the values of R, Ficure 9 3| . 
C, and the operating frequency. Since the output voltage V, across the ee ea 

: ae ; _ : shift circuits: (a) leading 
resistor is in phase with the current, V, leads (positive phase shift) V; as output, (b) lagging output. 
shown in Fig. 9.32(a). 





Phase shift Phase shift 
(a) (b) 


Figure 932 Phase shift in RC circuits: (a) leading output, (b) lagging output. 


In Fig. 9.31(b), the output is taken across the capacitor. The current 
I leads the input voltage V; by 0, but the output voltage v,(t) across the 
capacitor lags (negative phase shift) the input voltage v;(t) as illustrated 
in Fig. 9.32(b). 

We should keep in mind that the simple RC circuits in Fig. 9.31 
also act as voltage dividers. Therefore, as the phase shift 9 approaches 
90°, the output voltage V, approaches zero. For this reason, these simple 
RC circuits are used only when small amounts of phase shift are required. 
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If it is desired to have phase shifts greater than 60°, simple RC networks 
are cascaded, thereby providing a total phase shift equal to the sum of 
the individual phase shifts. In practice, the phase shifts due to the stages 
are not equal, because the succeeding stages load down the earlier stages 
unless op amps are used to separate the stages. 


Design an RC circuit to provide a phase of 90° leading. 
Solution: 


If we select circuit components of equal ohmic value, say R = |Xc| = 
20 Q2, at a particular frequency, according to Eq. (9.70), the phase shift 
is exactly 45°. By cascading two similar RC circuits in Fig. 9.31(a), we 
obtain the circuit in Fig. 9.33, providing a positive or leading phase shift 
of 90°, as we shall soon show. Using the series-parallel combination 
technique, Z in Fig. 9.33 is obtained as 





Figure 9.33 © An RC phase shift circuit with 


90° leading phase shift; for Example 9.13. 20(20 — j20) 
Z = 20 || (20 — 720) = ——— = 12—- j4Q  @.13.1) 
40 — 720 
Using voltage division, 
Z 12 — 74 Z 
Vi = — —V; = ee Vi= v2 45°V; (9.13.2) 
Z — j20 12 — j24 3 
and 
20 V2 
Vo, = = —V; = — /45°V 9.13.3 
20—j20 ' 2 TaN see 


Substituting Eq. (9.13.2) into Eq. (9.13.3) yields 


2 2 1 
V3 = (S As.) (S sv =— 90°V; 


Thus, the output leads the input by 90° but its magnitude is only about 
33 percent of the input. 


PRACTICE PROBLE ™ SRR 
10Q 10 Design an RC circuit to provide a 90° lagging phase shift. If a voltage 
pee) of 10 V is applied, what is the output voltage? 
os : ; : 
v 100 i100 v, Answer: Figure 9.34 shows a typical design; 3.33 V. 
Figure 9.34 — For Practice Prob. 9.13. 


9.14 


For the RL circuit shown in Fig. 9.35(a), calculate the amount of phase 
shift produced at 2 kHz. 
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Solution: 
At 2 kHz, we transform the 10-mH and 5-mH inductances to the corre- 
sponding impedances. 


10 mH —> X, =oL =2n x2~x 10° x 10 x 107° 


= 407 = 125.7 h2 
5 mH => X, =owL =2n x2x 10° x 5x 107 150 Q 100 Q 
= 207 = 62.83 Q 


Consider the circuit in Fig. 9.35(b).. The impedance Z 1s the parallel 
combination of 7125.7 Q and 100 + j62.83 2. Hence, 





Z = j125.7 || (100 + j62.83) (a) 


'125.7(100 + j62.83 (9.14.1) 
gs gE) 20860 a 
100 + j188.5 


Using voltage division, 


Z 69.56/60. 1° 
V.= 





v= SV i 
' 7+ 150 184.7 + j60.3 9.14.2) 
= 0.3582 /42.02° V; (b) 
and Figure 9.35 For Example 9.14. 
'62.832 
V, = ——*_v, = 0.532 /57.86° V; 9.14.3) 


~— 100 + 762.832 
Combining Eqs. (9.14.2) and (9.14.3), 


V, = (0.532 757.86") (0.3582 742.02") V; = 0.19067 100° V; 


showing that the output is about 19 percent of the input in magnitude but 
leading the input by 100°. If the circuit is terminated by a load, the load 
will affect the phase shift. 


PRACTICE PROBLE M 


Refer to the RL circuit in Fig. 9.36. If 1 V is applied, find the magnitude 1 mH 2 mH 
and the phase shift produced at 5 kHz. Specify whether the phase shift 
is leading or lagging. 

Answer: 0.172, 120.4°, lagging. 





Figure 9.36 For Practice Prob. 9.14. 


9.8.2 AC Bridges 


An ac bridge circuit is used in measuring the inductance L of an inductor 
or the capacitance C of acapacitor. It is similar in form to the Wheatstone 
bridge for measuring an unknown resistance (discussed in Section 4.10) 
and follows the same principle. To measure L and C, however, an ac 
source is needed as well as an ac meter instead of the galvanometer. The 
ac meter may be a sensitive ac ammeter or voltmeter. 
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Consider the general ac bridge circuit displayed in Fig. 9.37. The 
bridge is balanced when no current flows through the meter. This means 
that V; = V2. Applying the voltage division principle, 

















ee 971 
. 1 7+ Do a 7 726g. (9.71) 
? Thus, 
4 _ _ —> Z7,=7,2 (9.72) 
Zi+Zo Z3,+Z, ee | 
or 


(9.73) 
Figure 937 A general ac bridge. 





This is the balanced equation for the ac bridge and is similar to Eq. (4.30) 
for the resistance bridge except that the R’s are replaced by Z’s. 

Specific ac bridges for measuring L and C are shown in Fig. 9.38, 
where L, and C, are the unknown inductance and capacitance to be 
measured while L, and C, are a standard inductance and capacitance (the 
values of which are known to great precision). In each case, two resistors, 
R, and Ro, are varied until the ac meter reads zero. Then the bridge is 
balanced. From Eq. (9.73), we obtain 


— Ro L, (9.74) 
Ri 
and 
Ri 
C.= ao (9.75) 


Notice that the balancing of the ac bridges in Fig. 9.38 does not depend on 
the frequency f of the ac source, since f does not appear in the relation- 
ships in Eqs. (9.74) and (9.75). 





(a) (b) 


Figure 9.38 Specific ac bridges: (a) for measuring L, (b) for measuring C. 


The ac bridge circuit of Fig. 9.37 balances when Z, is a 1-kQ resistor, 
Zy 18 a 4.2-kQ resistor, Z3 is a parallel combination of a 1.5-MQ resistor 
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and a 12-pF capacitor, and f = 2 kHz. Find: (a) the series components 
that make up Z,, and (b) the parallel components that make up Z,. 


Solution: 
From Eq. (9.73), 





Z.= 23 7, (9.15.1) 
LZ 
where Z, = Ry, + jX,, 
Z, = 1000 Q, Zo = 4200 Q (9.15.2) 
and 
R3 
Zs = Ry) —— = 8G _ 


JoC3 — R3 ae 1/joC3 — 1+ jaR3C3 
Since R3 = 1.5 MQ and C3 = 12 pF, 
1.5 x 10° 1.5 x 10° 


=a ee oe a 1 
1+ j2a x 2x 103 x 1.5 x 106 x 12 x 10 1 + j0.2262 


or 

Z3 = 1.427 — j0.3228 MQ (9.15.3) 
(a) Assuming that Z,. is made up of series components, we substitute Eqs. 
(9.15.2) and (9.15.3) in Eq. (9.15.1) and obtain 

R, + jx a 427 — j0.3228) x 10° 
x a . — : x 
F000 : 
= (5.993 — 71.356) MQ 

Equating the real and imaginary parts yields R, = 5.993 MQ and a 
capacitive reactance 


1 
X, = — = 1.356 x 10° 
oC 
or 
1 1 

wX, 2m x2~x 103 x 1.356 x 106 
(b) If Z, is made up of parallel components, we notice that Z3 is also a 
parallel combination. Hence, Eq. (9.15.1) becomes 

_ 4200 1 
~ 1000 ~ | jaC3 joC3 

This simply means that the unknown impedance Z, is 4.2 times Zs. 
Since Z3 consists of R3 and X3 = 1/wCs3, there are many ways we can 
get 4.2Z,;. Therefore, there is no unique answer to the problem. If we 


suppose that 4.2 = 3 x 1.4 and we decide to multiply R3 by 1.4 while 
multiplying X3 by 3, then the answer is 


R, = 1.4R; = 2.1MQ 


C= = 58.69 pF 








LZ, 3 B = 4.273 (9.15.4) 














and 





l 
i= =3X%;=——- = £4¢,==C;=4pF 
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Alternatively, we may decide to multiply R3 by 3 while multiplying X,, 
by 1.4 and obtain R, = 4.5 MQ and C, = C3/1.4 = 8.571 pF Of 
course, there are several other possibilities. In a situation like this when 
there is no unique solution, care must be taken to select reasonably sized 
component values whenever possible. 


In the ac bridge circuit of Fig. 9.37, suppose that balance is achieved 
when Z, is a 4.8-kQ resistor, Z. 1s a 10-Q resistor in series with a 
0.25-uWH inductor, Z3 is a 12-kQ resistor, and f = 6 MHz. Determine 
the series components that make up Z,. 


Answer: <A 25-Q resistor in series with a 0.625-jWH inductor. 


9.9 SUMMARY 


1. A sinusoid is a signal in the form of the sine or cosine function. It 


has the general form 
v(t) = V,, cos(@t + d) 


where V,, is the amplitude, m = 27 f is the angular frequency, 
(wt + @) is the argument, and ¢ is the phase. 


. A phasor is a complex quantity that represents both the magnitude 


and the phase of a sinusoid. Given the sinusoid 
v(t) = V,, cos(@t + @), its phasor V is 


V=V,n/¢ 


. In ac circuits, voltage and current phasors always have a fixed 


relation to one another at any moment of time. If v(t) = 

Vin COS(@t + ¢,) represents the voltage through an element and 
i(t) = I, cos(@t + ¢;) represents the current through the element, 
then ¢; = dy if the element is a resistor, @; leads ¢, by 90° if the 
element is a capacitor, and ¢; lags ¢, by 90° if the element is an 
inductor. 


. The impedance Z of a circuit is the ratio of the phasor voltage across 


it to the phasor current through it: 


Z = Mu = R(w) + jX() 


The admittance Y is the reciprocal of impedance: 
1 
L= Y = G(@) + Jj B(@) 


Impedances are combined in series or in parallel the same way as 
resistances in series or parallel; that is, impedances in series add 
while admittances in parallel add. 


. For aresistor Z = R, for an inductor Z = 7X = j@L, and fora 


capacitor Z = —jX = 1/ja@C. 


. Basic circuit laws (Ohm’s and Kirchhoff’s) apply to ac circuits in the 


same manner as they do for dc circuits; that is, 
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V=ZI 
yk =0 (KCL) 
¥>V, =0 (KVL) 


. The techniques of voltage/current division, series/parallel combina- 


tion of impedance/admittance, circuit reduction, and Y-A trans- 
formation all apply to ac circuit analysis. 


. AC circuits are applied in phase-shifters and bridges. 


REVIEW QUESTIONS 


9.1 Which of the following is not a right way to express 9.8 At what frequency will the output voltage v,(t) in 
the sinusoid A cos wt? Fig. 9.39 be equal to the input voltage v(t)? 
(a) Acos2zft (b) Acos(27t/T) (a) O rad/s (b) 1 rad/s (c) 4 rad/s 
(c) Acosw(t — T) (d) Asin(wt — 90°) (d) oo rad/s (e) none of the above 
9.2 A function that repeats itself after fixed intervals is 
said to be: 
(a) a phasor (b) harmonic 
(c) periodic (d) reactive 
V(t) 
9.3 Which of these frequencies has the shorter period? 
(a) 1 krad/s (b) 1 kHz 
9.4 If v; = 30sin(wt + 10°) and vz = 20 sin(wt + 50°), F 939 
which of these statements are true? igure 7. For Review Question 9.8. 
(a) v; leads v2 (b) v2 leads v, 
(c) v2 lags v (d) v; lags w 9.9 A series RC circuit has Vg = 12 V and Vc = 5 V. 
(e) v, and v2 are in phase The supply voltage 1s: 
(a) -—7V (b) 7V~ (cc) 13V (dd) 17V 
9.5 The voltage across an inductor leads the current 9.10  Aseries RCL circuit has R = 30 2, X¢ = —50Q, 
through it by 90°. and X; = 90 Q. The impedance of the circuit is: 
(a) True (b) False (a) 304+ 71402 (b) 30+ j40Q 
9.6 The imaginary part of impedance is called: (c) 30 — j40 (d) —30 — j40 
(a) resistance (b) admittance (e) —30 + j40 
(c) susceptance (d) conductance 
(ey:teactamce, Ee 
Answers: 9.1d, 9.2c, 9.3b, 9.4b,d, 9.5a, 9.6e, 9.7b, 9.8d, 9.9c, 9.10b. 
9.7 The impedance of a capacitor increases with 
increasing frequency. 
(a) True (b) False 
PROBLEMS 
Section 9.2 Sinusoids (d) Express v, in cosine form. 
9.1 In a linear circuit, the voltage source is (e) Determine v,; at ¢ = 2.5 ms. 
9.2 A current source in a linear circuit has 


v, = 12sin(10°t + 24°) V 


(a) What is the angular frequency of the voltage? 
(b) What is the frequency of the source? 
(c) Find the period of the voltage. 





i, = 8cos(500mt — 25°) A 


(a) What is the amplitude of the current? 
(b) What is the angular frequency? 
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9.3 


9.4 


9.5 


9.6 


Section 9.3 


9.7 
9.8 


9.9 


9.10 


9.11 


9.12 


PART 2 


(c) Find the frequency of the current. 
(d) Calculate i, att = 2 ms. 


Express the following functions in cosine form: 
(a) 4sin(wt — 30°) (b) —2 sin 6t 
(c) —lOsin(@t + 20°) 


(a) Express v = 8cos(7t + 15°) in sine form. 

(b) Convert 1 = —10sin(3t — 85°) to cosine form. 
Given v; = 20 sin(@t + 60°) and v2 = 

60 cos(wt — 10°), determine the phase angle 


between the two sinusoids and which one lags the 
other. 


For the following pairs of sinusoids, determine 
which one leads and by how much. 
(a) v(t) = 10cos(4t — 60°) and 
i(t) = 4sin(4t + 50°) 
(b) v1 (t) = 4cos(377t + 10°) and 
v2(t) = —20 cos 377t 
(c) x(t) = 13 cos 2t + 5 sin 2t and 


y(t) = 15 cos(2t — 11.8°) 
Phasors 
If f(¢) = cos¢ + j sing, show that f(¢) = e/®. 


Calculate these complex numbers and express your 
results in rectangular form: 


15 /45° 
324 





(a) + j2 

g / — 20° 10 
QA AG= 74) ° =54 712 
(c) 10+ (8 /50°)(5 — j12) 


Evaluate the following complex numbers and 
express your results in rectangular form: 


3454 
2 
Ses as: 


és 8/ 10° + 6/7 — 20° 
c) —— 


97 80° — 4/750° 


(b) 


i202 


3/6 





(b) 4/7 — 10° 





Given the complex numbers z; = —3 + j4 and 


Z2 = 12+ f5, find: 
(b) al (c) ie 
<2 


£1 — £2 


(a) Z1Z2 


Let X = 8/40° and Y = 10/7 — 30°. Evaluate the 
following quantities and express your results in 
polar form. 
(a) (X+ Y)X* 


(b) (X—Y)"  (c) (K+ Y)/X 


Evaluate these determinants: 
10+ j6 2-—j3 
es. adhe 


AC Circuits 


9.13 


9.14 


9.15 


9.16 


9.17 


9.18 


9.19 


9.20 


207 —30° —4/ — 10° 
(b) 
16/02 3 745° 
l1-j -j 0 
(c) | J Lt  -j 
1 ae | 
Transform the following sinusoids to phasors: 
(a) —l10cos(4t+ 75°) = (b) Ssin(20t — 10°) 
(c) 4cos2t + 3 sin 2t 
Express the sum of the following sinusoidal signals 


in the form of A cos(wt + 8) with A > O and 
0 <0 < 360°. 


(a) 8cos(S5t — 30°) + 6cos 5t 

(b) 20cos(120zt + 45°) — 30 sin(120z7t + 20°) 
(c) 4sin 8 + 3 sin(8t — 10°) 

Obtain the sinusoids corresponding to each of the 
following phasors: 

(a) V; = 60/15°,a=1 

(b) V2 = 6+ j8, a = 40 

(c) I, = 2.8e-/73, w = 377 

(d) I, = —0.5 — j1.2,H0 = 10° 


Using phasors, find: 
(a) 3cos(20t + 10°) — 5 cos(20t — 30°) 
(b) 40 sin 50t + 30 cos(S50t — 45°) 


(c) 20 sin 400¢ + 10 cos(400r + 60°) 
— 5sin(400t — 20°) 


Find a single sinusoid corresponding to each of 
these phasors: 


(a) V=40/7 — 60° 
(b) V = —307 10° + 50/7 60° 
ae 2 
(c) I= j6e~/!° (dd) I= —+10/ —45° 
J 


Find v(t) in the following integrodifferential 
equations using the phasor approach: 


(a) vent f vat = 10cost 


d 
(b) — + 5u(t) + af vdt = 20sin(4t + 10°) 


Using phasors, determine 7(t) in the following 
equations: 


(a) 2— + 3i(t) = 4cos(2t — 45°) 


di 
(b) 10 | idt + = + 6i(t) = 5cos(5t + 22°) 
The loop equation for a series RLC circuit gives 


di : 
+24 | i dt = cos2t 
dt = 


Assuming that the value of the integral at t = —oo is 
zero, find i(t) using the phasor method. 
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9.22 


9.23 


9.24 


9.25 


9.26 


9.27 


9.28 


CHAPTER 9 


A parallel RLC circuit has the node equation 
dv 
rT + 50v + 100 [ vdt = 110cos(377t — 10°) 


Determine v(t) using the phasor method. You may 
assume that the value of the integral at t = —oo is 
zero. 


Phasor Relationships for Circuit 
Elements 


Determine the current that flows through an 8-Q 
resistor connected to a voltage source 
v, = 110cos 377t V. 


What is the instantaneous voltage across a 2-WF 
capacitor when the current through it is 
i = 4sin(10°r + 25°) A? 


The voltage across a 4-mH inductor is 
v = 60cos(500t — 65°) V. Find the instantaneous 
current through it. 


A current source of i(t) = 10 sin(377t + 30°) A is 
applied to a single-element load. The resulting 
voltage across the element is v(t) = 

—65 cos(377t + 120°) V. What type of element is 
this? Calculate its value. 


Two elements are connected in series as shown in 
Fig. 9.40. If i = 12 cos(2t — 30°) A, find the 
element values. 


180 cos(2t + 10°) V 


Figure 9.40 


For Prob. 9.26. 


A series RL circuit is connected to a 110-V ac 
source. If the voltage across the resistor is 85 V, find 
the voltage across the inductor. 


What value of w will cause the forced response v, in 
Fig. 9.41 to be zero? 


50 cos wt V V 
20 mH 


For Prob. 9.28. 


Figure 9.41 








Sinusoids and Phasors 387 

Section 9.5 Impedance and Admittance 
9.29 If vu, =S5cos2t V in the circuit of Fig. 9.42, 

find v,. 

10 0.25 F 
+ 

Vs 1 H Vo 

Figure 9.42 — For Prob. 9.29. 
9.30 Findi, wheni, = 2 sin 5t A is supplied to the 

circuit in Fig. 9.43. 

Yi 

i, 20 31H 0.2F 

Figure 9.43 For Prob. 9.30. 
9.31 Findi(t) and v(t) in each of the circuits of Fig. 9.44. 

10 cos(3t + 45°) A 

(a) 
50 cos 4t V 
(b) 

Figure 9.44 — For Prob. 9.31. 

9.32 Calculate 7, (t) and 72(f) in the circuit of Fig. 9.45 if 


the source frequency is 60 Hz. 


40/0° V 





For Prob. 9.32. 


Figure 9.45 
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9.33 


9.34 


9.35 


9.36 


9.37 
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In the circuit of Fig. 9.46, find 7, when: 
(a) w = | rad/s (b) w = 5 rad/s 
(c) w = 10 rad/s 


lg 1H 


) 0 0 
4 cos wt V 2Q 0.05 F 


Figure 9.46 


9.38 


For Prob. 9.33. 


Find v(t) in the RLC circuit of Fig. 9.47. 


19 
10 ‘ 
10 cost V IF V 
lHe 


Figure 9.47 


9.39 


For Prob. 9.34. 


Calculate v,(t) in the circuit in Fig. 9.48. 


502 
30 
+ 
60 sin 200t V =} V,(2) 


Figure 9.48 


9.40 


For Prob. 9.35. 


Determine 7,(t) in the RLC circuit of Fig. 9.49. 


fi 
31H 

4 cos 2tA 1Q 
1F 


Figure 9.49 


9.41 


For Prob. 9.36. 


Calculate i(t) in the circuit of Fig. 9.50. 


5 mF 
i 50 m 
6 cos 200t V = 10 mH 3 
Figure 9.50 — For Prob. 9.37. 


Find current I, in the network of Fig. 9.51. 


5/0° A 





Figure 9.51 


If i, = 5cos(10t + 40°) A in the circuit in Fig. 9.52, 
find 7,. 


For Prob. 9.38. 


4Q 3.Q 





For Prob. 9.39. 


Figure 9.52 


Find v,(t) in the circuit of Fig. 9.53 if the current 7, 
through the 1-2 resistor is 0.5 sin 200t A. 


20 _& 10 
V, j2Q ~j1Q 
Figure 9.53 For Prob. 9.40. 


If the voltage v, across the 2-Q resistor in the circuit 
of Fig. 9.54 is 10 cos 2t V, obtain 7,. 


O1F o5H 


Figure 9.54 


For Prob. 9.41. 
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942 If V, =8/30° V in the circuit of Fig. 9.55, 9.46 
find I,. 





Figure 9.55 For Prob. 9.42. 
9.43 = In the circuit of Fig. 9.56, find V, if l, = 2/0° A. 








9.47 
~j2Q V; ~j1Q 
Figure 9.56 For Prob. 9.43. 
9.44 ‘Find Z in the network of Fig. 9.57, given that 
V,=4/0° V. 
(> 12Q 
20/-90° V 
9.48 
Figure 9.57 For Prob. 9.44. 
Section 9.7 Impedance Combinations 
9.45 Ata = S50 rad/s, determine Z;, for each of the 
circuits in Fig. 9.58. 
10 mH 10 mF 
Zin 
1Q 1Q 
9.49 
(a) 


1 mF 





(b) 


Figure 9.58 For Prob. 9.45. 


Calculate Z., for the circuit in Fig. 9.59. 


6Q 22 
Z 1Q 
Se j4Q 
~j2.Q 


Figure 9.59 — For Prob. 9.46. 


Find Zeg in the circuit of Fig. 9.60. 





Figure 9.60 — For Prob. 9.47. 


For the circuit in Fig. 9.61, find the input impedance 
Z;,, at 10 krad/s. 


50 Q 2 mH 


2V 


in 


Figure 9.61 — For Prob. 9.48. 


Determine I and Z, for the circuit in Fig. 9.62. 


4Q ~j6 Q 


120 710° V 





Lr 


Figure 9.62 — For Prob. 9.49. 
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9.50 


9.51 


9.52 


9.53 
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For the circuit in Fig. 9.63, calculate Z, and Vqp. 9.54 
3 j10Q 
60/90° V 
40 Q 





Figure 9.63 


For Prob. 9.50. 


At w = 10° rad/s, find the input admittance of each 
of the circuits in Fig. 9.64. 








9.55 
60 Q 60 Q 
Y. 
a 20 mH 12.5 pF 
(a) 
Figure 9.64 For Prob. 9.51. 
Determine Y,, for the circuit in Fig. 9.65. 
9.57 


Figure 9.65 


For Prob. 9.52. 


Find the equivalent admittance Y,, of the circuit in 
Fig. 9.66. 


2S 1S 3S j2S 
j58 jis 4S 
Figure 9.66 — For Prob. 9.53. 


Find the equivalent impedance of the circuit in Fig. 
9.67. 


109 
-~j10 
JI5 Q 50 
oe 8Q 
Dom 5 Q 
Zeq 
Figure 9.67 For Prob. 9.54. 


Obtain the equivalent impedance of the circuit in 
Fig. 9.68. 





Figure 9.68 


Calculate the value of Z,, in the network of Fig. 
9.69. 


For Prob. 9.55. 


~j9 Q 





b 


Figure 9.69 


Determine the equivalent impedance of the circuit in 
Fig. 9.70. 


For Prob. 9.56. 


~j4.Q 





Figure 9.70 


For Prob. 9.57. 
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Section 9.8 
9.58 


Applications 9.63 


Design an RL circuit to provide a 90° leading phase 
shift. 


9.64 


9.59 Design a circuit that will transform a sinusoidal 


input to a cosinusoidal output. 


9.60 Refer to the RC circuit in Fig. 9.71. 
(a) Calculate the phase shift at 2 MHz. 


(b) Find the frequency where the phase shift is 45°. 


9.65 


A 


20 nF 


I <o+ 


For Prob. 9.60. 


Figure 9.71 


9.61 (a) Calculate the phase shift of the circuit in Fig. 


9.72. 

(b) State whether the phase shift is leading or 
lagging (output with respect to input). 

(c) Determine the magnitude of the output when the 
input is 120 V. 





9.67 


Figure 9.72 


For Prob. 9.61. 


Consider the phase-shifting circuit in Fig. 9.73. Let 
V; = 120 V operating at 60 Hz. Find: 


(a) V, when R is maximum 
(b) V, when R is minimum 


(c) the value of R that will produce a phase shift 
of 45° 


0<R<100Q0 


50 Q 





Figure 9.73 


For Prob. 9.62. 
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The ac bridge in Fig. 9.37 is balanced when 
R, = 400 Q, Ro = 600 Q, Rs = 1.2 kQ, and 
C, = 0.3 wE. Find R, and C,. 


A capacitance bridge balances when R; = 100 Q, 
Ry = 2 kQ, and C, = 40 wF. What is C,., the 
capacitance of the capacitor under test? 


An inductive bridge balances when R, = 1.2 kQ, 
Ry, = 500 Q, and L, = 250 mH. What is the value 
of L,, the inductance of the inductor under test? 


The ac bridge shown in Fig. 9.74 is known as a 
Maxwell bridge and is used for accurate 
measurement of inductance and resistance of a coil 
in terms of a standard capacitance C,. Show that 
when the bridge is balanced, 


ie = RoR3C, and 


Find L, and R, for R; = 40 kQ, Ro = 1.6 kQ, 
R3 = 4kQ, and C, = 0.45 wF. 





Figure 9.7/4 Maxwell bridge; for Prob. 9.66. 


The ac bridge circuit of Fig. 9.75 is called a Wien 
bridge. It is used for measuring the frequency of a 
source. Show that when the bridge is balanced, 


1 


I ~ 25x) R> RaCrC4 





Figure 9.75 


Wein bridge; for Prob. 9.67. 
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COMPREHENSIVE PROBLEMS 


9.68 


9.69 


9.70 


9.71 


9.72 


The circuit shown in Fig. 9.76 is used in a television 
receiver. What is the total impedance of this circuit? 


~j84.Q 





Figure 9.76 


The network in Fig. 9.77 is part of the schematic 
describing an industrial electronic sensing device. 
What is the total impedance of the circuit at 2 kHz? 


For Prob. 9.68. 


100 Q 





9.73 


Figure 9.77 


A series audio circuit is shown in Fig. 9.78. 


For Prob. 9.69. 


(a) What is the impedance of the circuit? 
(b) If the frequency were halved, what would be the 
impedance of the circuit? 
~j20 Q 


BOQ 1202 


250 Hz ~j20.Q 


Figure 9.78 ae 


An industrial load is modeled as a series 
combination of a capacitance and a resistance as 
shown in Fig. 9.79. Calculate the value of an 
inductance L across the series combination so that 
the net impedance is resistive at a frequency of 

5 MHz. 


For Prob. 9.70. 


200 2 
L 
50 nF 
Figure 9.79 — For Prob. 9.71. 


An industrial coil is modeled as a series 
combination of an inductance L and resistance R, as 


shown in Fig. 9.80. Since an ac voltmeter measures 
only the magnitude of a sinusoid, the following 
measurements are taken at 60 Hz when the circuit 
operates in the steady state: 


IV,)=145V,  |V,;;J=50V, ~~ |V,;=110V 


Use these measurements to determine the values of 
L and R. 





Figure 9.80 


Figure 9.81 shows a parallel combination of an 
inductance and a resistance. If it is desired to 
connect a capacitor in series with the parallel 
combination such that the net impedance is resistive 
at 10 MHz, what is the required value of C? 


For Prob. 9.72. 


C 


oS 





=} 20 wH 


Figure 9.8 


A power transmission system is modeled as shown 
in Fig. 9.82. Given the source voltage 

V, =115 /0° V, source impedance 

Z, = 1+ j0.5 Q, line impedance 

Z; = 0.4+ 70.3 Q, and load impedance 

Z, = 23.2 + j18.9 Q, find the load current I,. 


For Prob. 9.73. 


Le 


S 





Source Transmission line Load 
Figure 9.82 — For Prob. 9.74. 
Go to the Student OLC 
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SINUSOIDAL STEADY-STATE ANALYSIS 


An expert problem solver must be endowed with two incompatible quan- 
tities, a restless imagination and a patient pertinacity. 
—Howard W. Eves 


Enhancing Your Career 


Career in Software Engineering Software engineering is 
that aspect of engineering that deals with the practical ap- 
plication of scientific knowledge in the design, construction, 
and validation of computer programs and the associated doc- 
umentation required to develop, operate, and maintain them. 
It is a branch of electrical engineering that is becoming in- 
creasingly important as more and more disciplines require 
one form of software package or another to perform rou- 
tine tasks and as programmable microelectronic systems are 
used in more and more applications. 

The role of a software engineer should not be con- 
fused with that of a computer scientist; the software engi- 
neer 1s a practitioner, not a theoretician. A software engineer 
should have good computer-programming skill and be famil- 
iar with programming languages, in particular C'*, which 
is becoming increasingly popular. Because hardware and 
software are closely interlinked, it is essential that a soft- 
ware engineer have a thorough understanding of hardware 
design. Most important, the software engineer should have 
some specialized knowledge of the area in which the soft- 
ware development skill is to be applied. 

All in all, the field of software engineering offers 
a great career to those who enjoy programming and devel- 
oping software packages. The higher rewards will go to 
those having the best preparation, with the most interesting 
and challenging opportunities going to those with graduate 
education. 


Output of a modeling software. 
(Courtesy of National Instruments.) 
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0.1 INTRODUCTION 


In Chapter 9, we learned that the forced or steady-state response of cir- 
cuits to sinusoidal inputs can be obtained by using phasors. We also know 
that Ohm’s and Kirchhoff’s laws are applicable to ac circuits. In this 
chapter, we want to see how nodal analysis, mesh analysis, Thevenin’s 
theorem, Norton’s theorem, superposition, and source transformations 
are applied in analyzing ac circuits. Since these techniques were already 
introduced for dc circuits, our major effort here will be to illustrate with 
examples. 
Analyzing ac circuits usually requires three steps. 


Electronic Testing Tutorials 


Steps to Analyze ac Circuits: 


. Transform the circuit to the phasor or frequency domain. 


. Solve the problem using circuit techniques (nodal analysis, mesh 
analysis, superposition, etc.). 





. Transform the resulting phasor to the time domain. 


Step 1 is not necessary if the problem is specified in the frequency domain. 
In step 2, the analysis is performed in the same manner as dc circuit 
analysis except that complex numbers are involved. Having read Chapter 


Frequency-domain analysis of an ac circuit via 9, we are adept at handling step 3. 
phasors is much easier than analysis of the cir- Toward the end of the chapter, we learn how to apply PSpice in 
cuit in the time domain. solving ac circuit problems. We finally apply ac circuit analysis to two 


practical ac circuits: oscillators and ac transistor circuits. 


10.2. NODAL ANALYSIS 


The basis of nodal analysis is Kirchhoff’s current law. Since KCL is valid 
for phasors, as demonstrated in Section 9.6, we can analyze ac circuits 
by nodal analysis. The following examples illustrate this. 


Electronic Testing Tutorials 





Find i, in the circuit of Fig. 10.1 using nodal analysis. 


20 cos 4t V ( 





Figure 10.1 For Example 10.1. 


Solution: 


We first convert the circuit to the frequency domain: 
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20 cos 4t = 20/0°, w = 4 rad/s 
1H => jJoL = j4 
0.5H — JoL = j2 
1 
0.1 F —— —— = —j2.5 
Joc 


Thus, the frequency-domain equivalent circuit is as shown in Fig. 10.2. 


Qa y, j4Q v; 


20/0° V 





Figure 10.2 Frequency-domain equivalent of the circuit in Fig. 10.1. 


Applying KCL at node 1, 
20-Vi Vi 1 Ls eee 








10 —j2.5 i4 
Or 
(1+ j1.5)V; + j2.5V2 = 20 (10.1.1) 
At node 2, 
Vi-v Vv 
a, + ——_— = = 
j4 j2 


But L, = V,/— j2.5. Substituting this gives 
2V\ " Vi-V2 _ V2 
—j2.5 j4 j2 
By simplifying, we get 





11V, + 15V> =0 (10.1.2) 
Equations (10.1.1) and (10.1.2) can be put in matrix form as 


1471.5 j2.5][Vi] — [20 
11 15 V>| =| 0 
We obtain the determinants as 


14+ j1.5 j2.5 


ae 15 





= 15-45 


20 [2.5 7 
0 15 eee 


a =| 11 0 


= 300, a= |i tie “a 


A 300 7 
Vi=—= — = 18.97 /18.43° V 
A 15 —j5 


Ry 990 , 
ve = = = 13.91/198.3° V 
j 








A 15 — 
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The current L, is given by 
Vi 18.97 /18.43° 
lL. = — = — _ = 7.59 /108.4° A 
—J29 2.5 /— 90° 





Transforming this to the time domain, 


i, = 7.59 cos(4t + 108.4°) A 
PRACTICE PROBLE M Siti 


Using nodal analysis, find v; and v2 in the circuit of Fig. 10.3. 


10 sin 2t A 





Figure 10.3 For Practice Prob. 10.1. 


Answer: v(t) = 20.96 sin(2t + 58°) V, 
v2(t) = 44.11 sin(2t + 41°) V. 





Compute V,; and V> in the circuit of Fig. 10.4. 


10 A45° V 


370° A 





Figure 10.4 For Example 10.2. 


Solution: 


Nodes | and 2 form a supernode as shown in Fig. 10.5. Applying KCL 
at the supernode gives 


—_ Mv Va _™ 
73 76 12 
Or 
36 = j4V, + dd — j2)V2 (10.2.1) 


But a voltage source is connected between nodes | and 2, so that 
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{ Supernode 
Yo 


vi 





Figure 10.5 A supernode in the circuit of Fig. 10.4. 


Vi =V2 + 10/45° (10.2.2) 
Substituting Eq. (10.2.2) in Eq. (10.2.1) results in 
36 — 40 /135° = (1+ j2)V2 => V> = 31.41 / — 87.18° V 
From Eq. (10.2.2), 
Vi = V2 + 10/45° = 25.78 / — 70.48° V 


PRACTICE PROBLE M uy 


Calculate V; and V> in the circuit shown in Fig. 10.6. 


40 v, 20/760° V 


15/0° V 





Figure 10.6 For Practice Prob. 10.2. 


Answer: V, = 19.36/69.67° V, V2 = 3.376/165.7° V. 


10.3 MESH ANALYSIS Electronic Testing Tutorials 


Kirchhoff’s voltage law (KVL) forms the basis of mesh analysis. The 
validity of KVL for ac circuits was shown in Section 9.6 and is illustrated 
in the following examples. 


its 8 


Determine current I, in the circuit of Fig. 10.7 using mesh analysis. 
Solution: 


Applying KVL to mesh 1, we obtain 
(8+ j10 — 72), — (-—j2)hb — j10k = 0 (10.3.1) 
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5/0° A ( 
20790° V 


8 Q 





Figure 10.7 For Example 10.3. 


For mesh 2, 
(4 — j2 — j2)L — (—j2)], — (—j2)k + 20/90° = 0 10.3.2) 


For mesh 3, I; = 5. Substituting this in Eqs. (10.3.1) and (10.3.2), we 
get 

(8 + j8)I, + 72h, = j50 (10.3.3) 

j21, + 4 - j4b = —j20 — 710 (10.3.4) 


Equations (10.3.3) and (10.3.4) can be put in matrix form as 


8+j8 j2 fl] _ | 750 
j2. 4-—j4l11L]~ |—j30 


from which we obtain the determinants 
8+ 78 j2 


A=) j2  4-j4 





= 3204 DUP +4=68 


j2 — 730 
Ae. A647 7 = 35.22" 
A 68 


The desired current is 


he = Par ~~ = 340 — j240 = 416.17 / — 35.22° 


2= = 6.12/ —35.22° A 


I, = -—l = 6.12/144.78° A 


PRACTICE PROBLE MM SURE 


2/0° A Find I, in Fig. 10.8 using mesh analysis. 
Answer: 1.194/65.45° A. 


10730° V 





Figure 10.8 For Practice Prob. 10.3. 
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10.4 


Solve for V, in the circuit in Fig. 10.9 using mesh analysis. 
60 


~j4.Q 


10/0° V 3/0° A 





Figure 10.9 For Example 10.4. 


Solution: 


As shown in Fig. 10.10, meshes 3 and 4 form a supermesh due to the 
current source between the meshes. For mesh 1, KVL gives 


—104+ (8 — j2)I, — (—j2)b — 8b = 0 


or 
(8 — j2)I, + j2h — 81; = 10 (10.4.1) 
For mesh 2, 
I= -3 (10.4.2) 
For the supermesh, 
(8 — j4)I, — 81, + (64 J5)Iy — j5l, = 0 (10.4.3) 
Due to the current source between meshes 3 and 4, at node A, 
L=1,+4 (10.4.4) 
Combining Eqs. (10.4.1) and (10.4.2), 
(8 — j2)I, — 8Il, = 10+ /j6 (10.4.5) 
Combining Eqs. (10.4.2) to (10.4.4), 
—8I, + 144+ jb = —24 — 735 (10.4.6) 
Lal Supermesh 


10 V 





Figure 10.10 — Analysis of the circuit in Fig. 10.9. 
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From Eqs. (10.4.5) and (10.4.6), we obtain the matrix equation 


8—j2 -8 ][li] ff 104+ j6 
-§ 14+ ,||h|~ |-24- 735 


We obtain the following determinants 


—|g-j2. 8 | a a 
a=| : Paes, j28 +2 —64 =50 — j20 
a =| ie ar: = 140-4 10+ j84— 6 ~ 192 ~ 280 


—24—j35 14+ 7 
= —58 — j186 
Current I, is obtained as 
I, = “ = sr = 3.618 /274.5° A 
The required voltage V, is 
@ V, = —j2(h — hh) = —j2(3.618 /274.5° + 3) 


Network Analysis = —7.2134 — j6.568 = 9.756 /222.32° V 


PRACTICE PROBLE ™ QUIS 


Calculate current I, in the circuit of Fig. 10.11. 
Answer: 5.075 /5.943° A. 


50/0° V 





Figure 10.11 For Practice Prob. 10.4. 


10.4 SUPERPOSITION THEOREM 


Since ac circuits are linear, the superposition theorem applies to ac circuits 
the same way it applies to dc circuits. The theorem becomes important 
if the circuit has sources operating at different frequencies. In this case, 
since the impedances depend on frequency, we must have a different 
frequency-domain circuit for each frequency. The total response must 
be obtained by adding the individual responses in the time domain. It is 
incorrect to try to add the responses in the phasor or frequency domain. 
Why? Because the exponential factor e/“’ is implicit in sinusoidal analy- 
sis, and that factor would change for every angular frequency w. It would 
therefore not make sense to add responses at different frequencies in the 
phasor domain. Thus, when a circuit has sources operating at different 
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frequencies, one must add the responses due to the individual frequencies 
in the time domain. 


10.3 
Use the superposition theorem to find I, in the circuit in Fig. 10.7. 
Solution: 
Let 


IL=U4+0 (10.5.1) 


where I’, and I are due to the voltage and current sources, respectively. 
To find I’, consider the circuit in Fig. 10.12(a). If we let Z be the parallel 
combination of —j2 and 8 + /10, then 


= ran = 0.25 — j2.25 
and current I’ is 
ae Lc a 
° 4—9j24+Z 4.25 — j4.25 
or 
I = —2.353 + j2.353 (10.5.2) 
To get I’, consider the circuit in Fig. 10.12(b). For mesh 1, 
(84+ 781, — j10I1 + j2h =0 (10.5.3) 
For mesh 2, 
(4 — j4)In + j21, + j2I, =0 (10.5.4) 
For mesh 3, 
I=5 (10.5.5) 
From Eqs. (10.5.4) and (10.5.5), 
(4— j4)l, 4+ 721, + j10 =0 
Expressing I, in terms of In gives 
I, = (24+ j2)L —5 (10.5.6) 
Substituting Eqs. (10.5.5) and (10.5.6) into Eq. (10.5.3), we get 
(8+ s8) [2 + j2)b — 5] — j50+ j2h =0 
or 
I, = a = 2.647 — 71.176 
Current I’ is obtained as 
I) = —l, = —2.647 + 71.176 (10.5.7) 


From Eqs. (10.5.2) and (10.5.7), we write 
I= +0) = —-5 + 73.529 = 6.12 /144.78° A 





40)| 


4Q 


(b) 
Figure 10.12 


Solution of Example 10.5. 
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which agrees with what we got in Example 10.3. It should be noted 
that applying the superposition theorem is not the best way to solve this 
problem. It seems that we have made the problem twice as hard as 
the original one by using superposition. However, in Example 10.6, 
superposition 1s clearly the easiest approach. 


PRACTICE PROBLE ™ SUS 





Find current I, in the circuit of Fig. 10.8 using the superposition theorem. 
Answer: 1.194/65.45° A. 


Find v, in the circuit in Fig. 10.13 using the superposition theorem. 


10 cos 2t V 





Figure 10.13 For Example 10.6. 


Solution: 


Since the circuit operates at three different frequencies (w = O for the 
dc voltage source), one way to obtain a solution is to use superposition, 
which breaks the problem into single-frequency problems. So we let 


Vo = Vi +24 U3 (10.6.1) 


where v, 1s due to the 5-V dc voltage source, v2 is due to the 10 cos 2t V 
voltage source, and v3 is due to the 2 sin 5z¢ A current source. 

To find v;, we set to zero all sources except the 5-V dc source. We 
recall that at steady state, a capacitor is an open circuit to dc while an 
inductor is a short circuit to dc. There is an alternative way of looking at 
this. Since m = 0, joL = 0, 1/j@C = oo. Either way, the equivalent 
circuit is as shown in Fig. 10.14(a). By voltage division, 

5 1V 
5 7 a )= (10.6.2) 

To find v2, we set to zero both the 5-V source and the 2 sin 5¢ current 

source and transform the circuit to the frequency domain. 


10 cos 2t —s 10 /0°, @ = 2 rad/s 
2H =—— JOL = J424 


1 
0.1 F —> —_— = —j52 
Joc 
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The equivalent circuit is now as shown in Fig. 10.14(b). Let 
—j5 x4 


Z = —j5 || 4 = —— 
J> | 4—75 


= 2.439 — 1.951 


By voltage division, 
10 


a = ——_—__—_ = 7,498 / — 30.79° 
1+ j4+ z' valle 3.439 + 2.049 


V2. = 


In the time domain, 


v2 = 2.498 cos(2t — 30.79°) (10.6.3) 


SV 10/0° V 





(a) (b) (c) 


Figure 10.14 — Solution of Example 10.6: (a) setting all sources to zero except the 5-V dc source, (b) setting all sources to zero except the ac 
voltage source, (c) setting all sources to zero except the ac current source. 


To obtain v3, we set the voltage sources to zero and transform what 
is left to the frequency domain. 


2 sin 5t —— 2/ —90° , @ = 5 rad/s 
2H —=>? JoL = j102 
1 
0.1 F —— —— = —j22 
Joc 
The equivalent circuit is in Fig. 10.14(c). Let 
j2x4 
i= 4a = eo 
4—j2 


By current division, 


j10 
2/—90°)A 
.— =e 
j10 : 
Vee IS a er 
1.8 + 78.4 


In the time domain, 
v3 = 2.33 cos(S5t — 80°) = 2.33 sin(St + 10°) V (10.6.4) 
Substituting Eqs. (10.6.2) to (10.6.4) into Eq. (10.6.1), we have 
Uo(t) = —1 + 2.498 cos(2t — 30.79°) + 2.33 sin(S5t + 10°) V 


PRACTICE PROBLE M SURG 


Calculate v, in the circuit of Fig. 10.15 using the superposition theorem. 
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30 sin 5t V 2cos 10tA 





Figure 10.15 For Practice Prob. 10.6. 


Answer: 4.631 sin(S5t — 81.12°) + 1.051 cos(10r — 86.24°) V. 


10.5 SOURCE TRANSFORMATION 


As Fig. 10.16 shows, source transformation in the frequency domain 
involves transforming a voltage source in series with an impedance to a 
current source in parallel with an impedance, or vice versa. As we go 
from one source type to another, we must keep the following relationship 
in mind: 


(10.1) 





b b 


Figure 10.16 Source transformation. 


Calculate V, in the circuit of Fig. 10.17 using the method of source trans- 
formation. 


5Q 4Q VJS132 











3.Q 





+ 





20 90° V 1002 =V, 





J4.Q 


Figure 10.17 = For Example 10.7. 
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Solution: 


We transform the voltage source to a current source and obtain the circuit 
in Fig. 10.18(a), where 


207 — 90° 


_ —4/-—90° =-j4A 
: j 


The parallel combination of 5-Q resistance and (3 + j4) impedance gives 


5(3 + j4 
Z, = 8 TI) 954 51.252 
8+ 74 


Converting the current source to a voltage source yields the circuit in Fig. 
10.18(b), where 


V, =1,Z1 = —j4(2.5 + j1.25)=5—jl0V 


By voltage division, 


10 
Vv, = ———— (5 — 10) = 5.519 /— 28° V 
1042.54 j1.25+4— j13 


ce 25Q j1.250 J13 2 


+ 
=j4A og a: =f V,=5 “t * 


Figure 10.18 — Solution of the circuit in Fig. 10.17. 


PRACTICE PROBLE M SUR 


Find I, in the circuit of Fig. 10.19 using the concept of source transfor- 
mation. 


4 790° A 





Figure 10.19 For Practice Prob. 10.7. 


Answer: 3.288 /99.46° A. 
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10.6 THEVENIN AND NORTON EQUIVALENT CIRCUITS 


De Thevenin’s and Norton’s theorems are applied to ac circuits in the same 
way as they are to dc circuits. The only additional effort arises from the 
need to manipulate complex numbers. The frequency-domain version of 
a Thevenin equivalent circuit is depicted in Fig. 10.20, where a linear 
circuit is replaced by a voltage source in series with an impedance. The 
Ob 4 Norton equivalent circuit is illustrated in Fig. 10.21, where a linear circuit 

is replaced by a current source in parallel with an impedance. Keep in 
Figure 10.20  Thevenin equivalent. mind that the two equivalent circuits are related as 


Vin = Zyl, Ltn = Zn (10.2) 


6-4 q just as in source transformation. Vy, is the open-circuit voltage while Iy 
is the short-circuit current. 
— + I Zz If the circuit has sources operating at different frequencies (see 
Example 10.6, for example), the Thevenin or Norton equivalent circuit 
Ob b must be determined at each frequency. This leads to entirely different 
equivalent circuits, one for each frequency, not one equivalent circuit 
Figure 10.21 — Norton equivalent. with equivalent sources and equivalent impedances. 


Electronic Testing Tutorials 


Linear 


circuit 





Linear 


circuit 





ers: 


Obtain the Thevenin equivalent at terminals a-b of the circuit in Fig. 10.22. 


120775° V 





Figure 10.22 For Example 10.8. 


Solution: 


We find Zz, by setting the voltage source to zero. As shown in Fig. 
10.23(a), the 8-Q2 resistance is now in parallel with the — 76 reactance, so 
that their combination gives 
| —j6x8 , 
Z, = —/6 || 8 = —— = 2.88 — j3.84 2 
8 — j6 

Similarly, the 4-Q resistance is in parallel with the 712 reactance, and 
their combination gives 


— jl2x4 
— A+ 712 





75 = 4) 712 = 3.64 f122 
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120/75° V 





Figure 10.23 — Solution of the circuit in Fig. 10.22: (a) finding Zrn, (b) finding Vrp. 


The Thevenin impedance is the series combination of Z, and Zo; that is, 
Zn = Z, + Zo = 6.48 — j2.64 Q 


To find Vp, consider the circuit in Fig. 10.23(b). Currents I, and 
I, are obtained as 


120 775° 120 /75° 
= 3-j6 P= Gy 
Applying KVL around loop bcdeab in Fig. 10.23(b) gives 
Vm — 4h, + (—j6)I, = 0 


Or 

480/75° —-720,/75° +. 90° 
4472" 8-j6 
= 37.95 /3.43° + 72/201.87° 


= —28.936 — j24.55 = 37.95 /220.31° V 


Vin = 41, + j6l, = 


PRACTICE PROBLE ™ SUR 


Find the Thevenin equivalent at terminals a-b of the circuit in Fig. 10.24. 
6 Q j2Q a b 


30,/20° V j4Q 10Q 


Figure 10,24 For Practice Prob. 10.8. 


Answer: Zt, = 12.4 — 73.2 Q, Vin = 18.97 7 — 51.57° V. 


q | » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


408 PART 2 AC Circuits 


Find the Thevenin equivalent of the circuit in Fig. 10.25 as seen from ter- 
minals a-b. 


150° A 





Figure 10.25 For Example 10.9. 


Solution: 
To find Vth, we apply KCL at node 1 in Fig. 10.26(a). 
15 =1,+0.5I, — I,=10A 


Applying KVL to the loop on the right-hand side in Fig. 10.26(a), we 
obtain 


—I,(2 — j4) + 0.51,(444+ 73) + Vm = 0 
or 

Vin = 1022 — j4) —5(44+ 73) = —J55 
Thus, the Thevenin voltage is 


Vin = 55/7 — 90° V 


44+j3Q 


V a I 


S S 





1,=3/0° A 





(a) (b) 


Figure 10.26 — Solution of the problem in Fig. 10.25: (a) finding Vrn, (b) finding Zn. 


To obtain Zy,, we remove the independent source. Due to the 
presence of the dependent current source, we connect a 3-A current source 
(3 is an arbitrary value chosen for convenience here, a number divisible 
by the sum of currents leaving the node) to terminals a-b as shown in Fig. 
10.26(b). At the node, KCL gives 


3=1,+ 0.51, => IL=2A 
Applying KVL to the outer loop in Fig. 10.26(b) gives 
V,;=L44 j34+2- j4) =2(6-)) 
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The Thevenin impedance is 


Vv, 26-j 
Im = = OY = 4 — 30,6667 


PRACTICE PROBLE M SUR 


Determine the Thevenin equivalent of the circuit in Fig. 10.27 as seen from 8 Q j4Q 
the terminals a-b. 


Answer: Zqy, = 12.166/136.3° Q, Vrn = 7.357 72.9% V. 





Figure 10.27 For Practice Prob. 10.9. 


5 Q 


40 790° V 





Figure 10.28 For Example 10.10. 


Solution: 


Our first objective is to find the Norton equivalent at terminals a-b. Zy 
is found in the same way as Zp. We set the sources to zero as shown 
in Fig. 10.29(a). As evident from the figure, the (8 — j2) and (10+ /4) 
impedances are short-circuited, so that 


Zn=52 


To get I, we short-circuit terminals a-b as in Fig. 10.29(b) and 
apply mesh analysis. Notice that meshes 2 and 3 form a supermesh 
because of the current source linking them. For mesh 1, 


—j40 + (18 + 72) — (8 — J2)bb — G0 + j4)b =0 (10.101) 
For the supermesh, 


(13 — j2b+(04+ fj) —- (84+ j2q,=0 ~~ 10.102) 
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3+ 78 





(a) (c) 


Figure 10.29 — Solution of the circuit in Fig. 10.28: (a) finding Zy, (b) finding Vy, (c) calculating I). 


At node a, due to the current source between meshes 2 and 3, 
Ikh=bh+3 (10.10.3) 
Adding Eqs. (10.10.1) and (10.10.2) gives 
—j40+ 51, =0 —> I, = j8 

From Eq. (10.10.3), 

Ih =b4+3=34+ j8 
The Norton current is 

Iy=1=G3+ )8)A 


Figure 10.29(c) shows the Norton equivalent circuit along with the imped- 
ance at terminals a-b. By current division, 
5 3+ 78 

k= =D = . 
5+20+ j15 oat e. 





= 1.465 /38.48° A 


PRACTICE PROBLE ™ QUI 


Determine the Norton equivalent of the circuit in Fig. 10.30 as seen from 
terminals a-b. Use the equivalent to find I,. 


20/0° V 





Figure 10.30 For Practice Prob. 10.10. 


Answer: Zy = 3.176+ /j0.706 Q, Iy = 8.396 / — 32.68° A, 
I, = 1.971 7 —2.101° A. 
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10.7 OP AMP AC CIRCUITS Electronic Testing Tutorials 


The three steps stated in Section 10.1 also apply to op amp circuits, as 
long as the op amp is operating in the linear region. As usual, we will 
assume ideal op amps. (See Section 5.2.) As discussed in Chapter 5, the 
key to analyzing op amp circuits is to keep two important properties of 
an ideal op amp in mind: 


1. No current enters either of its input terminals. 
2. The voltage across its input terminals is zero. 


The following examples will illustrate these ideas. 








PO hd 
Determine v,(t) for the op amp circuit in Fig. 10.31(a) if v, = 
3 cos 1000r V. 
20 kQ 20 kQ V 
10 kQ 
Vo 
. 320° V 
© 
(a) a 
Figure 10.31 For Example 10.11: (a) the original circuit in the time domain, (b) its frequency-domain equivalent. 
Solution: 


We first transform the circuit to the frequency domain, as shown in Fig. 
10.31(b), where V, = 3,/0°, w = 1000 rad/s. Applying KCL at node 1, 





we obtain 
s/o -Vi Vi Wi-0 W-V, 
10 7a 10 20 
Or 
6= (5+ j4)V; —V, (10.11.1) 


At node 2, KCL gives 
Vv, —0 _ O-—V, 
10 — 10 








which leads to 
Vi=—-—JVo (10.11.2) 
Substituting Eq. (10.11.2) into Eq. (10.11.1) yields 
G=—JOFIDVe=— Vom C= Dye 
Vg= —s = 1.029 /59.04° 
3— 75 
Hence, 
vo(t) = 1.029 cos(1000t + 59.04°) V 
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PRACTICE PROBLE ™ UR 


Find v, and i, in the op amp circuit of Fig. 10.32. Let vu, = 
2 cos 5000t V. 





Figure 10.32 — For Practice Prob. 10.11. 


Answer: 0.667 sin 5000t V, 66.67 sin 5000¢ WA. 


Compute the closed-loop gain and phase shift for the circuit in Fig. 10.33. 
Assume that Rj = Ro = 10 kQ, Cy = 2 wK Co = 1 wK anda@w = 
200 rad/s. 


Solution: 


The feedback and input impedances are calculated as 

















Ro 
Vs Lr = R> : = ee ee 
joCy 1+ jaR2Cr 
1+ jwaR,C 
| Rage ee 
JoCi Jol) 
Figure 10.33 For Example 10.12. Since the circuit in Fig. 10.33 is an inverting amplifier, the closed-loop 
gain is given by 
Vo Z 1oC,R 
G39. me JW {NXg 


V; Zi (1+ j@R\C\) + joRrCr) 
Substituting the given values of R;, R2, Cy, C2, and w, we obtain 
i 4 
g-__ 4 
(+ j4)0 + 72) 
Thus the closed-loop gain is 0.434 and the phase shift is —49.4°. 


PRACTICE PROBLE ™ SURE: 


= 0.434 / — 49.4° 


Obtain the closed-loop gain and phase shift for the circuit in Fig. 10.34. 
o = =6©Let R= 10 kQ, C = 1 wE and m = 1000 rad/s. 


Answer: 1.015, —5.599°. 





Figure 10.34 — For Practice Prob. 10.12. 
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10.8 AC ANALYSIS USING PSPICE 


P§Spice affords a big relief from the tedious task of manipulating complex 
numbers in ac circuit analysis. The procedure for using PSpice for ac 
analysis is quite similar to that required for dc analysis. The reader should 
read Section D.5 in Appendix D for a review of PSpice concepts for ac 
analysis. AC circuit analysis is done in the phasor or frequency domain, 
and all sources must have the same frequency. Although AC analysis with 
P§Spice involves using AC Sweep, our analysis in this chapter requires a 
single frequency f = w/2z. The output file of PSpice contains voltage 
and current phasors. If necessary, the impedances can be calculated using 
the voltages and currents in the output file. 


10.13 





Obtain v, and i, in the circuit of Fig. 10.35 using PSpice. 


4AkQ 50 mH 


8 sin(1000r + 50°) V 





Figure 10.35 For Example 10.13. 


Solution: 
We first convert the sine function to cosine. 
8 sin(1000¢ + 50°) = 8 cos(1000r + 50° — 90°) = 8 cos(1000r — 40°) 
The frequency f is obtained from w as 
f= = = — — 159.155 Hz 


The schematic for the circuit is shown in Fig. 10.36. Notice the current- 
controlled current source F1 is connected such that its current flows from 


AC=ok 
MAG=ok 
PHASE=ok 


ACMAG=8 


ACPHASE=- 40 PHASE=ok 


Cl 





Figure 10.36 The schematic of the circuit in Fig. 10.35. 
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node 0 to node 3 in conformity with the original circuit in Fig. 10.35. Since 
we only want the magnitude and phase of v, and i,, we set the attributes 
of IPRINT AND VPRINT1 each to AC = yes, MAG = yes, PHASE = yes. 
As a single-frequency analysis, we select Analysis/Setup/AC Sweep and 
enter Total Pts = 1, Start Freq = 159.155, and Final Freq = 159.155. Af- 
ter saving the schematic, we simulate it by selecting Analysis/Simulate. 
The output file includes the source frequency in addition to the attributes 
checked for the pseudocomponents IPRINT and VPRINT1, 


FREQ IM(V_PRINT3) IP(V_PRINT3) 
1.592B+02 3.264E-03 —3.743E+01 
FREQ VM (3) VP (C3) 
1.592EF+02 1.550E+00 —9,.518E+01 


From this output file, we obtain 
V, =1.55/ — 95.18" V, I, = 3.264 / — 37.43° mA 
which are the phasors for 
Vo = 1.55 cos(1000r — 95.18°) = 1.55 sin(1000r — 5.18°) V 
and 


ig = 3.264 cos(1000r — 37.43°) mA 


aw eee meaneen mamus | 0. | 3 


Use PSpice to obtain v, and i, in the circuit of Fig. 10.37. 


10 cos 3000t A 





Figure 10.37 For Practice Prob. 10.13. 


Answer: 0.2682 cos(3000t— 154.6°) V, 0.544 cos(3000t —55.12°) mA. 





Find V,; and V> in the circuit of Fig. 10.38. 
Solution: 


The circuit in Fig. 10.35 is in the time domain, whereas the one in Fig. 
10.38 is in the frequency domain. Since we are not given a particular 
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SZ A 18730° V 





Figure 10.38 For Example 10.14. 


frequency and PSpice requires one, we select any frequency consistent 
with the given impedances. For example, if we select wm = | rad/s, the 
corresponding frequency is f = w/2m = 0.159155 Hz. We obtain the 
values of the capacitance (C = 1/@Xc) and inductances (L = X,/a). 
Making these changes results in the schematic in Fig. 10.39. To ease 
wiring, we have exchanged the positions of the voltage-controlled cur- 
rent source GI and the 2 + j2 (2 impedance. Notice that the current of 
G1 flows from node 1 to node 3, while the controlling voltage is across 
the capacitor c2, as required in Fig. 10.38. The attributes of pseudocom- 
ponents VPRINT1 are set as shown. As a single-frequency analysis, we 
select Analysis/Setup/AC Sweep and enter Jotal Pts = 1, Start Freq = 
0.159155, and Final Freq = 0.159155. After saving the schematic, we 
select Analysis/Simulate to simulate the circuit. When this is done, the 
output file includes 


FREQ VM (1) VPA 1) 
l.o92E—O0l ge JQCEFOU =5.6073E TUL 


FREQ VM (3) VP (3) 
1.592E-01 4.468E+00 -1.026E+02 









AC=ok 
MAG=ok 
PHASE=ok 


AC=ok 
MAG=ok 
PHASE=vyes 


ACMAG=18 vi 


ACPHASE=30 





Figure 10.39 Schematic for the circuit in Fig. 10.38. 
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from which we obtain 


Vi = 2.708 / — 56.73° V, V2 = 4.468 7 — 102.6° V 


PRACTICE PROBLE ™ SURES 


Obtain V, and I, in the circuit depicted in Fig. 10.40. 


120° V 


A /60° A ( 





Figure 10.40 — For Practice Prob. 10.14. 


Answer: 13.02 / — 76.08° V, 8.2347 — 4.516° A. 


10.9 APPLICATIONS 


The concepts learned in this chapter will be applied in later chapters to 
calculate electric power and determine frequency response. The concepts 
are also used in analyzing coupled circuits, three-phase circuits, ac tran- 
sistor circuits, filters, oscillators, and other ac circuits. In this section, we 
apply the concepts to develop two practical ac circuits: the capacitance 
multiplier and the sine wave oscillators. 


10.9.1 Capacitance Multiplier 

The op amp circuit in Fig. 10.41 is known as a capacitance multiplier, 
for reasons that will become obvious. Such a circuit is used in integrated- 
circuit technology to produce a multiple of a small physical capacitance 
C when a large capacitance is needed. The circuit in Fig. 10.41 can be 
used to multiply capacitance values by a factor up to 1000. For example, 
a 10-pF capacitor can be made to behave like a 100-nF capacitor. 

In Fig. 10.41, the first op amp operates as a voltage follower, while 
the second one is an inverting amplifier. The voltage follower isolates 
the capacitance formed by the circuit from the loading imposed by the 
inverting amplifier. Since no current enters the input terminals of the op 
amp, the input current I; flows through the feedback capacitor. Hence, at 
node 1, 


_Vi-Vo 


; = —— = JaC(V; — Vo 10.3 
i/jwC joCc( ) (10.3) 
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v, * ov ®& 














LF 
—r» | 
v, 
+ 
V; 
Z; [ O ’ 
Figure 10.41 Capacitance multiplier. 
Applying KCL at node 2 gives 
V;-0 O-V, 
Ri — Rp 
or 
Ro 
===); (10.4) 
Ri 
Substituting Eq. (10.4) into (10.3) gives 
P= joC ite 79 
ty a i 
J R, 
or 
I 1+ * C (10.5) 
— = ]@ — : 
vi? Ri 
The input impedance is 
Vi 1 
Z,=—=- (10.6) 
I; JoCeq 
where 
Ro 
C= (: + =] C (10.7) 
Ri 


Thus, by a proper selection of the values of R; and R», the op amp 
circuit in Fig. 10.41 can be made to produce an effective capacitance 
between the input terminal and ground, which is a multiple of the physical 
capacitance C. The size of the effective capacitance 1s practically limited 
by the inverted output voltage limitation. Thus, the larger the capacitance 
multiplication, the smaller is the allowable input voltage to prevent the 
op amps from reaching saturation. 

A similar op amp circuit can be designed to simulate inductance. 
(See Prob. 10.69.) There is also an op amp circuit configuration to create 
a resistance multiplier. 


10.15 


Calculate C., in Fig. 10.41 when Ry = 10kQ, Ry = 1MQ,andC = Ink. 
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Solution: 
From Eq. (10.7) 


C feet aie tae 
— —— — nN = n 
7 R, 10 x 103 


PRACTICE PROBLE MM URES 
Determine the equivalent capacitance of the op amp circuit in Fig. 10.41 
if Ry = 10 kQ, Rp = 10 MQ, and C = 10 nF. 
Answer: 10 uF. 


0.9.2 Oscillators 


We know that dc is produced by batteries. But how do we produce ac? 
One way is using oscillators, which are circuits that convert dc to ac. 


An oscillator is a circuit that produces an ac waveform as output 


when powered by a dc input. 





The only external source an oscillator needs is the dc power supply. 
Ironically, the dc power supply is usually obtained by converting the ac 
supplied by the electric utility company to dc. Having gone through the 
trouble of conversion, one may wonder why we need to use the oscillator 
to convert the dc to ac again. The problem is that the ac supplied by the 

This corresponds to w = 2nf =377 rads. utility company operates at a preset frequency of 60 Hz in the United 
States (50 Hz in some other nations), whereas many applications such 
as electronic circuits, communication systems, and microwave devices 
require internally generated frequencies that range from 0 to 10 GHz or 
higher. Oscillators are used for generating these frequencies. 

In order for sine wave oscillators to sustain oscillations, they must 
meet the Barkhausen criteria: 


1. The overall gain of the oscillator must be unity or greater. 
Therefore, losses must be compensated for by an amplifying 
device. 


Negative feedback 
path to control gain 


2. The overall phase shift (from input to output and back to the 
input) must be zero. 


Three common types of sine wave oscillators are phase-shift, twin 7, 

and Wien-bridge oscillators. Here we consider only the Wien-bridge 
oscillator. 

The Wien-bridge oscillator is widely used for generating sinusoids 

in the frequency range below 1 MHz. Itis an RC op amp circuit with only 

Positive feedback path a few components, easily tunable and easy to design. As shown in Fig. 

+ to create oscillations 10.42, the oscillator essentially consists of a noninverting amplifier with 

two feedback paths: the positive feedback path to the noninverting input 

Figure 10.42 — Wien-bridge oscillator. creates oscillations, while the negative feedback path to the inverting 
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input controls the gain. If we define the impedances of the RC series and 
parallel combinations as Z, and Z,, then 


1 
Z, = Rk; + —— =R, - 10.8 
1 160) 1 aC, (10.8) 


Zy = R> || (10.9) 


joC, 1+ jwRrC> 
The feedback ratio is 


V> Zp 
a ert (10.10) 
Vo 24+Z, 
Substituting Eqs. (10.8) and (10.9) into Eq. (10.10) gives 
Vo Ry 


V. «= -fw . 7 Nec nee 
Ry + (2 = =) (1 + JoR2C2) 
wC| (10.11) 
WRC, 
(RoC; + RyCy + RoC2) + j (@*R{C) RoC2 — 1) 


To satisfy the second Barkhausen criterion, V2 must be in phase with V,, 
which implies that the ratio in Eq. (10.11) must be purely real. Hence, 
the imaginary part must be zero. Setting the imaginary part equal to zero 
gives the oscillation frequency @, as 


w> Ri C, R2Cp = 10 


Or 


] 
Vg = = (10.12) 


~ GRECO 


In most practical applications, Ry = Ry = R and C; = Cy = C, so that 


1 
o= — = 207f, 10.13 
w RC yi (10.13) 


Or 


(10.14) 





Substituting Eq. (10.13) and Rj = Ro = R, Cy = Cy = C into Eq. 
(10.11) yields 


V> 1 
ic rea (10.15) 
Vv, 3 


Thus in order to satisfy the first Barkhausen criterion, the op amp must 
compensate by providing a gain of 3 or greater so that the overall gain is 
at least 1 or unity. We recall that for a noninverting amplifier, 


V. Ry 
— =|1+4—=3 10.16 
V> R, ee 


Or 


Ry =2R, (10.17) 
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Due to the inherent delay caused by the op amp, Wien-bridge oscil- 
lators are limited to operating in the frequency range of 1 MHz or less. 





Design a Wien-bridge circuit to oscillate at 100 kHz. 

Solution: 

Using Eq. (10.14), we obtain the time constant of the circuit as 
1 1 

~ Inf,  2n x 100 x 103 


If we select R = 10 kQ, then we can select C = 159 pF to satisfy Eq. 
(10.16.1). Since the gain must be 3, R¢/R, = 2. We could select Rr = 
20 kQ2 while Ry = 10 kQ. 


RC —1.59x10°° = (0.16.1) 


aw een man eem manus | 0. | 6 


In the Wien-bridge oscillator circuit in Fig. 10.42, let Ry; = Rp =2.5kQ, 
C,; = Cy = | nF Determine the frequency f, of the oscillator. 


Answer: 63.66 kHz. 


10.10 SUMMARY 


1. We apply nodal and mesh analysis to ac circuits by applying KCL 
and KVL to the phasor form of the circuits. 


2. In solving for the steady-state response of a circuit that has indepen- 
dent sources with different frequencies, each independent source 
must be considered separately. The most natural approach to analyz- 
ing such circuits is to apply the superposition theorem. A separate 
phasor circuit for each frequency must be solved independently, and 
the corresponding response should be obtained in the time domain. 
The overall response is the sum of the time-domain responses of all 
the individual phasor circuits. 


3. The concept of source transformation is also applicable in the fre- 
quency domain. 


4. The Thevenin equivalent of an ac circuit consists of a voltage source 
Vn in series with the Thevenin impedance Zp. 


5. The Norton equivalent of an ac circuit consists of a current source I 
in parallel with the Norton impedance Zy (= Zry). 


6. PSpice is a simple and powerful tool for solving ac circuit problems. 
It relieves us of the tedious task of working with the complex num- 
bers involved in steady-state analysis. 


7. The capacitance multiplier and the ac oscillator provide two typical 
applications for the concepts presented in this chapter. A capacitance 
multiplier is an op amp circuit used in producing a multiple of a 
physical capacitance. An oscillator is a device that uses a dc input to 
generate an ac output. 
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REVIEW QUESTIONS 


10.1. The voltage V, across the capacitor in Fig. 10.43 is: 10.5 ~~‘ Refer to the circuit in Fig. 10.47 and observe that the 
(a) 5/0°V (b) 7.071 /45° V two sources do not have the same frequency. The 
current 7,(t) can be obtained by: 


(c) 7.0717 — 45° V (d) 57 —45° Vv (a) source transformation 


(b) the superposition theorem 


es (c) PSpice 


| Sot 


10/0° V ~j1Q 


sin 2t V sin 10t V 


Figure 10.43 For Review Question 10.1. 





10.2. The value of the current I, in the circuit in Fig. 


10.44 is: 
(a) 4/0° A (b) 2.4/—90° A Figure 10.47 For Review Question 10.5. 
0.070" & (d) -1A 10.6 ‘For the circuit in Fig. 10.48, the Thevenin 


impedance at terminals a-b is: 


\1, (a) 12 (b) 0.5 — j0.52 
3/0° A j8Q ~j2Q (c) 0.5 + j0.5 Q (dq) 14+ 72 Q 
(ec) 1— j22 


1Q 1H 
Figure 10.44 — For Review Question 10.2. | . 
10.3. Using nodal analysis, the value of V, in the circuit 5 cost V LF 
of Fig. 10.45 is: b 
(a) —24V (b) —8 V 
(c) 8V (d) 24V Figure 10.48 For Review Questions 10.6 and 10.7. 
Vo 
10.7. ~—‘In the circuit of Fig. 10.48, the Thevenin voltage at 

. i . terminals a-b is: 
i a gen (a) 3.535/—45° V(b) 3.535 /45° V 

(c) 7.0717 —45° V (d) 7.071 745° V 
Figure 10.45 For Review Question 10.3. 10.8 Refer to the circuit in Fig. 10.49. The Norton 

10.4 = Inthe circuit of Fig. 10.46, current i(t) is: tis edanes a! ee oe 
(a) 10cost A (b) 10sint A (c) Scost A 3 ape . - 
(d) Ssint A —(e) 4.472 cos(t — 63.43°) A rl 
iH = =6LF ~j2Q 
| a 
10 cost V («) 1Q 6/0° V j4Q 
b 

Figure 10.46 — For Review Question 10.4. Figure 10.49 — For Review Questions 10.8 and 10.9. 


<q =| D> | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


42 PART 2 


10.9 The Norton current at terminals a-b in the circuit of 


Fig. 10.49 is: 
(a) 1/0°A (b) 1.57 —90° A 
(c) 1.5790° A (d) 3/90° A 
PROBLEMS 
Section 10.2 Nodal Analysis 


10.1. ~—‘Find v, in the circuit in Fig. 10.50. 


3.Q 1H 


) 0 0 


10 cos(t — 45°) V 1F Vo 5 sin(t + 30°) V 


Figure 10.50 


For Prob. 10.1. 


10.2  ~—For the circuit depicted in Fig. 10.51 below, 
determine /,. 


10.3. Determine v, in the circuit of Fig. 10.52. 


16 sin 4t V 





Figure 10.52 


For Prob. 10.3. 


10 Q 


20 sin (101 - =) V 


Figure 10.5] 


For Prob. 10.2. 





AC Circuits 


10.10 PSpice can handle a circuit with two independent 
sources of different frequencies. 


(a) True (b) False 


Answers: 10.1c, 10.2a, 10.3d, 10.4a, 10.5b, 10.6c, 10.7a, 10.8a, 
10.9d, 10.10b. 


10.4 Compute v,(t) in the circuit of Fig. 10.53. 


0.25 F 


16 sin (4t-— 10°) V 





For Prob. 10.4. 


Figure 10.53 


10.5 Use nodal analysis to find v, in the circuit of Fig. 
10.54. 


10 mH 


20 Q 


10 cos 10°t V 





Figure 10.54 


For Prob. 10.5. 


10.6 Using nodal analysis, find 7,(t) in the circuit in Fig. 
10.55. 


4 cos (10r- 1) A 
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0.25 F 2H 


8 sin (2¢ + 30°) V cos 2tA 





Figure 10.55 


For Prob. 10.6. 


10.7. ~—By nodal analysis, find 7, in the circuit in Fig. 10.56. 


2i, 
109 
V0 
20 sin1000t A 20 Q 50uF 3 10mH 


Figure 10.56 


For Prob. 10.7. 


10.8 Calculate the voltage at nodes | and 2 in the circuit 
of Fig. 10.57 using nodal analysis. 


J4AQ 
mn 


20730° A 





~j2.Q ~j5Q 


For Prob. 10.8. 


Figure 10.57 


4 /45° A 


Figure 10.61 


For Prob. 10.12. 
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10.9  —Solve for the current I in the circuit of Fig. 10.58 


using nodal analysis. 


20 /-90° V 





Figure 10.58 


Using nodal analysis, find V,; and V> in the circuit 
of Fig. 10.59. 


For Prob. 10.9. 


10.10 


10 Q 








j2A 147A 
Figure 10.59 — For Prob. 10.10. 
10.11 By nodal analysis, obtain current I, in the circuit in 
Fig. 10.60. 
1Q 
100720° V 
~j2Q 
Figure 10.60 For Prob. 10.11. 
10.12 Use nodal analysis to obtain V, in the circuit of Fig. 


10.61 below. 
ra 
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10.13 Obtain V, in Fig. 10.62 using nodal analysis. Section 10.3 Mesh Analysis 
10.17 Obtain the mesh currents I, and I, in the circuit of 


j2Q 


0.2V, 





Figure 10.62 — For Prob. 10.13. 
10.14 Refer to Fig. 10.63. If v,(t) = V,, sin wt and 
U,(t) = A sin(wt + @), derive the expressions for A 
and @. 
R 
+ 
v(t) ; Cee 
Figure 10.63 For Prob. 10.14. 
10.15 For each of the circuits in Fig. 10.64, find V,/V; for 
w=0,@ > oo,anda’? = 1/LC. 
R L R © 
+ | + + i + 
Vi C ve V; L No 





(a) (b) 
Figure 10.64 


For Prob. 10.15. 


10.16 For the circuit in Fig. 10.65, determine V,/V;. 


Ry 
Ry + 
V, CaN, 
: _ 
Figure 10.65 — For Prob. 10.16. 


Fig. 10.66. 





For Prob. 10.17. 


Figure 10.66 


10.18 Solve for i, in Fig. 10.67 using mesh analysis. 


10 cos 2t V 6 sin 2t V 








Figure 10.67 For Prob. 10.18. 

10.19 Rework Prob. 10.5 using mesh analysis. 

10.20 Using mesh analysis, find I, and I, in the circuit of 
Fig. 10.68. 

40/30° V 500° V 
Figure 10.68 — For Prob. 10.20. 

10.21 By using mesh analysis, find I, and I, in the circuit 


depicted in Fig. 10.69. 


j4Q 32 





~j6Q 


30720° V 
Figure 10.69 


For Prob. 10.21. 
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10.22 Repeat Prob. 10.11 using mesh analysis. 


10.23. Use mesh analysis to determine current I, in the 
circuit of Fig. 10.70 below. 


10.24 Determine V, and I, in the circuit of Fig. 10.71 
using mesh analysis. 


4 7-30° A 





Figure 10.71 


For Prob. 10.24. 


10.25 Compute I in Prob. 10.9 using mesh analysis. 


10.26 Use mesh analysis to find I, in Fig. 10.28 (for 
Example 10.10). 


10.27 Calculate I, in Fig. 10.30 (for Practice Prob. 10.10) 
using mesh analysis. 


10.28 Compute V, in the circuit of Fig. 10.72 using mesh 
analysis. 





4/90° A 12/0° V 
270° A 
Figure 10.72 — For Prob. 10.28. 


10.29 Using mesh analysis, obtain I, in the circuit shown 
in Fig. 10.73. 


1007120° V 


Figure 10.70 


For Prob. 10.23. 
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2/0° A 10790° V 


1Q 1Q 





Figure 10.73 


For Prob. 10.29. 


Section 10.4 Superposition Theorem 


10.30 Find i, in the circuit shown in Fig. 10.74 using 


‘> superposition. 


4Q 





10 cos 4t V 


Figure 10.74 


For Prob. 10.30. 


10.31 Using the superposition principle, find 7, in the 


(> circuit of Fig. 10.75. 


F 


oo| 


3Q Ix 


—_ 


5 cos(2t+ 10°) A 4H 10 cos(2t — 60°) V 


Figure 10.75 


For Prob. 10.31. 


10.32 Rework Prob. 10.2 using the superposition theorem. 


10.33 Solve for v,(t) in the circuit of Fig. 10.76 using the 
superposition principle. 


j602 20.2 


60 730° V 
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20 Q 0.4 mH 
) 0 9 
+ 
12 cos 3t V 4 sin 2tA 10 V 5 cos 1054 V 0.2 pF s00s Vv 
Figure 10.76 — For Prob. 10.33. . 
b — Figure 10.80 For Prob. 10.37. 
10.34 Determine 7, in the circuit of Fig. 10.77. 
1 
6F 24V ; 
1Q 2H 10.38 Solve Prob. 10.20 using source transformation. 
mn ; 
io 10.39 Use the method of source transformation to find I, 
10 sin(3¢ — 30°) V 5G pia: ao in the circuit of Fig. 10.81. 
Figure 10.77 For Prob. 10.34. 
22 j4Q —J2Q 
10.35 Find i, in the circuit in Fig. 10.78 using 
superposition. 
60/0° V 5/90° A 
20 wR 
ti. | 
ee ae Figure 10.81 — For Prob. 10.39. 
2 sin 40001 A 24V 
10.40 Use the concept of source transformation to find V, 
in the circuit of Fig. 10.82. 
Figure 10.78 — For Prob. 10.35. 
Section 10.5 Source Transformation 
10.36 Using source transformation, find i in the circuit of 
Fig. 10.79. 
20/0° V 
Sad Figure 10.82 For Prob. 10.40. 
8 sin(200t + 30°) A 
1 mF 
Figure 10.79 For Prob. 10.36. Section 10.6 Thevenin and Norton Equivalent 


10.37 Use source transformation to find v, in the circuit in 
Fig. 10.80. 


Circuits 


10.41 Find the Thevenin and Norton equivalent circuits at 
terminals a-b for each of the circuits in Fig. 10.83. 
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j20Q 10 10.44 For the circuit depicted in Fig. 10.86, find the 


Q 
a Thevenin equivalent circuit at terminals a-b. 
50,730° V 10. Q 
b 5S/A5° A 


ee) 
(a) 





Figure 10.86 — For Prob. 10.44. 





470° A 10.45 Repeat Prob. 10.1 using Thevenin’s theorem. 
10.46 Find the Thevenin equivalent of the circuit in Fig. 
10.87 as seen from: 
(b) & (a) terminals a-b (b) terminals c-d 
Figure 10.83 For Prob. 10.41. 2 d 


10.42 For each of the circuits in Fig. 10.84, obtain 
Thevenin and Norton equivalent circuits at terminals 








a-b. 
40 20/0° V 
6Q roy 
Od 
Figure 10.87 For Prob. 10.46. 
10.47 Solve Prob. 10.3 using Thevenin’s theorem. 
ob 10.48 Using Thevenin’s theorem, find v, in the circuit in 
Fig. 10.88. 
(a) 
30 Q 
120 /45° V 
12 cost V 
(b) 
Figure 10.84 — For Prob. 10.42. Figure 10.88 — For Prob. 10.48. 


10.43 Find the Thevenin and Norton equivalent circuits for 10.49 


ihe circa éhown ni Fie, 10/85. Obtain the Norton equivalent of the circuit depicted 


in Fig. 10.89 at terminals a-b. 





5Q S102 22 
60/120° V J20 Q 4 cos(200f + 30°) V 
Figure 10.85 — For Prob. 10.43. Figure 10.89 For Prob. 10.49. 
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10.50 For the circuit shown in Fig. 10.90, find the Norton 


equivalent circuit at terminals a-b. 


40 Q 


60 Q 


3/602 A a 
j80Q 


b o— 


~j30.Q 








Figure 10.90 — For Prob. 10.50. 
10.51 Compute i, in Fig. 10.91 using Norton’s theorem. 
10 5 cos 2t V 
1 
i 2 F 
Figure 10.91 For Prob. 10.51. 
10.52 At terminals a-b, obtain Thevenin and Norton 
equivalent circuits for the network depicted in Fig. 
10.92. Take m = 10 rad/s. 
10mF- 12cos at 
2 sin wt V 
Figure 10.92 For Prob. 10.52. 
Section 10.7 Op Amp AC Circuits 
10.53 For the differentiator shown in Fig. 10.93, obtain 
V.,/V;. Find v,(t) when v;(t) = V,, sin @t and 
w= 1/RC. 
+ 
V, V, 
Figure 10.93 For Prob. 10.53. 
10.54 The circuit in Fig. 10.94 is an integrator with a 


feedback resistor. Calculate v,(t) if 
v, = 2cos4 x 10*t V. 


10.55 


10.56 


€ 





10.57 


100 kQ 


50 kQ 


ie 
< +0 


fon) 


Figure 10.94 


Compute 7,(t) in the op amp circuit in Fig. 10.95 if 
v, = 4cos 10*t V. 


For Prob. 10.54. 


50 kQ 


Figure 10.95 


If the input impedance is defined as Z;, = V,/I,, 
find the input impedance of the op amp circuit in 
Fig. 10.96 when R; = 10 kQ2, Rp = 20 kQ, 

C, = 10 nF, C, = 20 nk, and wm = 5000 rad/s. 


For Prob. 10.55. 


Cy 





Figure 10.96 


Evaluate the voltage gain A, = V,/V, in the op 
amp circuit of Fig. 10.97. Find A, at m = 0, 
O—> 0,0 = 1/R,C,, and w = 1/R2Cd. 


For Prob. 10.56. 


R 2 C, 





Figure 10.97 


For Prob. 10.57. 
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10.58 In the op amp circuit of Fig. 10.98, find the 10.61 For the op amp circuit in Fig. 10.101, obtain v, (rt). 
closed-loop gain and phase shift if Cj; = Cy = 1 nF, 

(> R, = R2 = 100 kQ, R3 = 20 kQ, Ry = 40 kQ, and 
@ = 2000 rad/s. 20 kQ 


5 cos 10°t V 





Figure 10.101 For Prob. 10.61. 


Figure 10.98 — For Prob. 10.58. 


10.62 Obtain v,(t) for the op amp circuit in Fig. 10.102 if 
v, = 4cos(1000t — 60°) V. 


10.59 Compute the closed-loop gain V,/V, for the op amp 


circuit of Fig. 10.99. 
50 kQ 





| Figure 10.102 For Prob. 10.62. 
Figure 10.99 For Prob. 10.59. 
Section 10.8 AC Analysis Using PSpice 


a Ae 10.63 Use PSpice to solve Example 10.10. 
10.60 Determine v,(t) in the op amp circuit in Fig. 10.100 
below. 10.64 Solve Prob. 10.13 using PSpice. 


20 kQ 


2 sin 400t V 





Figure 10.100 — For Prob. 10.60. 
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10.65 Obtain V, in the circuit of Fig. 10.103 using PSpice. 





370° A 
Figure 10.103 For Prob. 10.65. 
10.66 Use PSpice to find V,, V2, and V3 in the network of 
Fig. 10.104. 
vi 
60,30° V 4/0° A 





Figure 10.104 


For Prob. 10.66. 


10.67 Determine V,, V2, and V3 in the circuit of Fig. 
10.105 using PSpice. 


2/0° A 





For Prob. 10.67. 


Figure 10.105 


6 cos 4t V 


For Prob. 10.68. 


Figure 10.106 


AC Circuits 


10.68 Use PSpice to find v, and i, in the circuit of Fig. 
10.106 below. 


Section 10.9 


10.69 The op amp circuit in Fig. 10.107 is called an 
inductance simulator. Show that the input 
impedance is given by 


Applications 





Vin : 
Zi, = , = JoOLeg 


in 


where 


R, R3Rs 
eq — R; 


L C 








Figure 10.107 For Prob. 10.69. 

10.70 Figure 10.108 shows a Wien-bridge network. Show 
that the frequency at which the phase shift between 
the input and output signals is zero is f = +R C, 
and that the necessary gain is A, = V,/V; = 3 at 
that frequency. 
Vi 
Figure 10.108 For Prob. 10.70. 

10.71 Consider the oscillator in Fig. 10.109. 


(a) Determine the oscillation frequency. 





<q | D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 10 Sinusoidal Steady-State Analysis 43| 


(b) Obtain the minimum value of R for which (Hint: Set the imaginary part of the impedance in 
(> oscillation takes place. the feedback circuit equal to zero.) 
80 kQ 10.74 Design a Colpitts oscillator that will operate at 


50 kHz. 


10.75 Figure 10.112 shows a Hartley oscillator. Show that 
the frequency of oscillation 1s 


1 
On J/C(L, + Lo) 


fo 





Figure 10.109 For Prob. 10.71. 


10.72 The oscillator circuit in Fig. 10.110 uses an ideal op 


amp. 
(> (a) Calculate the minimum value of R, that will 


cause oscillation to occur. 
(b) Find the frequency of oscillation. 





1 MQ Figure 10.112 A Hartley oscillator; for Prob. 10.75. 


10.76 Refer to the oscillator in Fig. 10.113. 
(a) Show that 
V> 1 
V, 3+ j(@L/R— R/oL) 


(b) Determine the oscillation frequency f,. 





(c) Obtain the relationship between R, and R> in 
= order for oscillation to occur. 


Figure 10.110 For Prob. 10.72. Z 
2 


10.73 Figure 10.111 shows a Colpitts oscillator. Show 
that the oscillation frequency is 


1 
fo= Qn /LCr 


where Cr = C;C2/(C; + Cz). Assume R; > Xc,. 





Figure 10.113 For Prob. 10.76. 





Figure 10.11 | A Colpitts oscillator; for Prob. 10.73. Go to the Student OLC 
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AC POWER ANALYSIS 


An engineer is an unordinary person who can do for one dollar what any 
ordinary person can do for two dollars. 
—Anonymous 


Enhancing Your Career 


Career in Power Systems The discovery of the principle 
of an ac generator by Michael Faraday in 1831 was a major 
breakthrough in engineering; it provided a convenient way 
of generating the electric power that is needed in every elec- 
tronic, electrical, or electromechanical device we use now. 
Electric power is obtained by converting energy from 
sources such as fossil fuels (gas, oil, and coal), nuclear 
fuel (uranium), hydro energy (water falling through a head), 
geothermal energy (hot water, steam), wind energy, tidal en- 
ergy, and biomass energy (wastes). These various ways of 
generating electric power are studied in detail in the field of 
power engineering, which has become an indispensable sub- 
discipline of electrical engineering. An electrical engineer 
should be familiar with the analysis, generation, transmis- 
sion, distribution, and cost of electric power. 
The electric power industry is a very large employer 
of electrical engineers. The industry includes thousands of 
electric utility systems ranging from large, interconnected 
systems serving large regional areas to small power 
companies serving individual communities or factories. 7 
Due to the complexity of the power industry, there are A pole-type transformer with a low-voltage, three-wire distribution 
numerous electrical engineering jobs in different areas of System. Source: W. N. Alerich, Electricity, 3rd ed. Albany, NY: 
the industry: power plant (generation), transmission and Delmar Publishers, 1981, p. 152. (Courtesy of General Electric.) 
distribution, maintenance, research, data acquisition and 
flow control, and management. Since electric power is used 
everywhere, electric utility companies are everywhere, of- 
fering exciting training and steady employment for men and 
women in thousands of communities throughout the world. 
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Electronic Testing Tutorials 


We can also think of the instantaneous power 
as the power absorbed by the element at a spe- 
cific instant of time. Instantaneous quantities are 
denoted by lowercase letters. 


i(t) 


——— 





Passive 
linear 
network 


Sinusoidal 


source 


Sinusoidal source and passive 
linear circuit. 


Figure I I.| 


PART 2 AC Circuits 


I].1 INTRODUCTION 


Our effort in ac circuit analysis so far has been focused mainly on cal- 
culating voltage and current. Our major concern in this chapter is power 
analysis. 

Power analysis is of paramount importance. Power is the most 
important quantity in electric utilities, electronic, and communication 
systems, because such systems involve transmission of power from one 
point to another. Also, every industrial and household electrical device— 
every fan, motor, lamp, pressing iron, TV, personal computer—has a 
power rating that indicates how much power the equipment requires; 
exceeding the power rating can do permanent damage to an appliance. 
The most common form of electric power is 50- or 60-Hz ac power. The 
choice of ac over dc allowed high-voltage power transmission from the 
power generating plant to the consumer. 

We will begin by defining and deriving instantaneous power and 
average power. We will then introduce other power concepts. As practi- 
cal applications of these concepts, we will discuss how power is measured 
and reconsider how electric utility companies charge their customers. 


11.2 INSTANTANEOUS AND AVERAGE POWER 


As mentioned in Chapter 2, the instantaneous power p(t) absorbed by an 
element is the product of the instantaneous voltage v(t) across the element 
and the instantaneous current i(t) through it. Assuming the passive sign 


convention, 
p(t) = v(t)i(t) 


The instantaneous power is the power at any instant of time. It is the rate 
at which an element absorbs energy. 

Consider the general case of instantaneous power absorbed by an 
arbitrary combination of circuit elements under sinusoidal excitation, as 
shown in Fig. 11.1. Let the voltage and current at the terminals of the 
circuit be 


(11.1) 


v(t) = V,, cos(wt + 6,) 
i(t) = 1, cos(@t + 6;) 


(11.2a) 
(11.2b) 


where V,,, and /,,, are the amplitudes (or peak values), and 6, and 6; are the 
phase angles of the voltage and current, respectively. The instantaneous 
power absorbed by the circuit is 


p(t) = v(t)i(t) = Vintm cos(@t + 6,) cos(@t + 6; ) (11.3) 


We apply the trigonometric identity 
1 
cos Acos B = 5 [cos(A — B)+ cos(A + B)] (11.4) 
and express Eq. (11.3) as 


1 1 
p(t) = 5 Yndm cos(@, — 6;) + 5 Vind cos(2w@t +6, +6;) (11.5) 
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This shows us that the instantaneous power has two parts. The first part is 
constant or time independent. Its value depends on the phase difference 
between the voltage and the current. The second part is a sinusoidal 
function whose frequency is 2, which is twice the angular frequency of 
the voltage or current. 

A sketch of p(t) in Eq. (11.5) is shown in Fig. 11.2, where T = 
27 /w is the period of voltage or current. We observe that p(t) is periodic, 
p(t) = p(t + To), and has a period of 7p = 7/2, since its frequency 
is twice that of voltage or current. We also observe that p(t) is positive 
for some part of each cycle and negative for the rest of the cycle. When 
p(t) 1s positive, power is absorbed by the circuit. When p(t) is negative, 
power is absorbed by the source; that is, power is transferred from the 
circuit to the source. This is possible because of the storage elements 
(capacitors and inductors) in the circuit. 


p(t) 






eee cos(0, — 6;) 


Figure ||.2 The instantaneous power p(t) entering a circuit. 


The instantaneous power changes with time and is therefore difficult 
to measure. The average power is more convenient to measure. In fact, 
the wattmeter, the instrument for measuring power, responds to average 
power. 





Thus, the average power is given by 


1 T 
= a p(t) dt (11.6) 
I Jo 


Although Eq. (11.6) shows the averaging done over 7, we would get the 
same result if we performed the integration over the actual period of p(t) 
which is To = T/2. 

Substituting p(t) in Eq. (11.5) into Eq. (11.6) gives 


1 


‘a 
1 
TJ, 2 


1% 
te | ~Vinlm Cos(2wt + 6, + 6;) dt 
T Jo 2 
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1 1 7 
2 T Jo 


l tf 
+ =Vialn= | cos(2wt + 6, + 6;) dt (11.7) 
2 T Jo 


The first integrand is constant, and the average of a constant is the same 
constant. The second integrand is a sinusoid. We know that the average of 
a sinusoid over its period is zero because the area under the sinusoid during 
a positive half-cycle is canceled by the area under it during the following 
negative half-cycle. Thus, the second term in Eq. (11.7) vanishes and the 
average power becomes 


1 
= 5 Yn dm cos(@, — 6;) (11.8) 


Since cos(@, — 6;) = cos(@; — 8,), what is important is the difference in 
the phases of the voltage and current. 

Note that p(t) is time-varying while P does not depend on time. 
To find the instantaneous power, we must necessarily have v(t) and i (ft) 
in the time domain. But we can find the average power when voltage 
and current are expressed in the time domain, as in Eq. (11.2), or when 
they are expressed in the frequency domain. The phasor forms of v(t) 
and i(t) in Eq. (11.2) are V = V,, /O. and I = [,, /6;, respectively. P is 
calculated using Eq. (11.8) or using phasors V and I. To use phasors, we 
notice that 


] ] 


1 
— 5 Vind [cos(0, — 6;) + j sin(@, — 6;)] 


(11.9) 


We recognize the real part of this expression as the average power P 
according to Eq. (11.8). Thus, 


1 1 
P= Re[VI*] = 5 Vind cos(0, — 6;) (11.10) 





Consider two special cases of Eq. (11.10). When 6, = 6,;, the 
voltage and current are in phase. This implies a purely resistive circuit 
or resistive load R, and 


ne _!pr—inpr Wl 

= 5 Vint = Fim = 5 (11.11) 

where |I|* = I x I*. Equation (11.11) shows that a purely resistive 

circuit absorbs power at all times. When 6, — 6; = +90°, we have a 
purely reactive circuit, and 


1 
P= 5 Vind cos 90° = 0 (11.12) 
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showing that a purely reactive circuit absorbs no average power. In sum- 
mary, 


A resistive load (R) absorbs power at all times, while a reactive load (L or C) 
absorbs zero average power. 








Given that 
v(t) = 120cos(377t + 45°) V and i(t) = 10 cos(377t — 10°) A 


find the instantaneous power and the average power absorbed by the 
passive linear network of Fig. 11.1. 


Solution: 


The instantaneous power is given by 
p = vi = 1200cos(377t + 45°) cos(377t — 10°) 
Applying the trigonometric identity 
cos Acos B = : [cos(A + B) + cos(A — B)] 
gives 
p = 600[cos(754t + 35°) + cos 55°] 
or 
p(t) = 344.2 + 600 cos(754t + 35°) W 


The average power is 
1 ] 
P = >Vinlm Cos(@, — 4;) = 5120(10) cos[45° — (—10°) 


= 600 cos 55° = 344.2 W 


which is the constant part of p(t) above. 
a CC an en maaave | | | 


Calculate the instantaneous power and average power absorbed by the 
passive linear network of Fig. 11.1 if 


v(t) = 80cos(10t + 20°) V and i(t) = 15sin(10t + 60°) A 
Answer: 385.7 + 600cos(20t — 10°) W, 385.7 W. 


| 1.2 


Calculate the average power absorbed by an impedance Z = 30 — 770 Q 
when a voltage V = 120//0° is applied across it. 
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Solution: 
The current through the impedance is 


Vv 120/70 120 /0° 
= Oo = 576 66.8" A 
ZL 30-—j10  76.16/ — 66.8° 


The average power is 
P= Val cos(@, — 6;) = 5 (120)(1.576) cos(O — 66.8°) = 37.24 W 
PRACTICE PROBLE ™ ii 


A current I = 10/30° flows through an impedance Z = 20/7 — 22° Q. 
Find the average power delivered to the impedance. 


Answer: 927.2 W. 





kad 
I 40 For the circuit shown in Fig. 11.3, find the average power supplied by the 

source and the average power absorbed by the resistor. 

ee 6 Solution: 

VA J 
The current I is given by 
5 /30° 5 /30° 
p_ eS Lig s6.57 A 
Figure 11.3 For Example 11.3. wale AA P65) 


The average power supplied by the voltage source is 
1 
p= 5 O)C.118) cos(30° — 56.57°) = 2.5 W 
The current through the resistor is 
I= Ip = 1.118 /56.57° A 

and the voltage across it is 

Vr = 4p = 4.472 /56.57° V 
The average power absorbed by the resistor 1s 

1 
P= qe ah 8) = 2.5 W 


which is the same as the average power supplied. Zero average power is 
absorbed by the capacitor. 


PRACTICE PROBLE ™ SRS 








3Q In the circuit of Fig. 11.4, calculate the average power absorbed by the 
resistor and inductor. Find the average power supplied by the voltage 
source. 


8/45° V j1Q 
Answer: 9.6 W, 0 W, 9.6 W. 


Figure 11.4 For Practice Prob. 11.3. 
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||. 4 


Determine the power generated by each source and the average power ab- 
sorbed by each passive element in the circuit of Fig. 11.5(a). 


20 Q JS Q 


4/0° A 60/30° V 4/0° A 60/30° V 





(a) (b) 


Figure I1.5 For Example 11.4. 


Solution: 
We apply mesh analysis as shown in Fig. 11.5(b). For mesh 1, 
I=4A 
For mesh 2, 
(j10 — j5)I, — j101, + 60 730° = 0, I=4A 
or 
j5In = —60/30° + j40 —> I, = —-12/—60°+8 
= 10.58 /79.1° A 


For the voltage source, the current flowing from itis Ih = 10.58 /79.1° A 
and the voltage across it is 60 /30° V, so that the average power is 


] 
Ps = 5 ONO8) cos(30° — 79.1°) = 207.8 W 


Following the passive sign convention (see Fig. 1.8), this average power 
is absorbed by the source, in view of the direction of Ip and the polarity 
of the voltage source. That is, the circuit is delivering average power to 
the voltage source. 

For the current source, the current through it is I; = 4//0° and the 
voltage across it 1s 


V, = 201, + j100, — LL) = 80 + j10(4 — 2 — j10.39) 
— 183.9 + j20 = 184.984 /6.21° V 


The average power supplied by the current source is 
1 
i — 5 184.984) (4) cos(6.21° — 0) = —367.8 W 
It is negative according to the passive sign convention, meaning that the 
current source 1s supplying power to the circuit. 
For the resistor, the current through it is I; = 4,/0° and the voltage 
across it is 201; = 80,//0°, so that the power absorbed by the resistor is 


= 5 (80)(4) = 160 W 
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For the capacitor, the current through it is Ir = 10.58 /79.1° and the 
voltage across it is — Joly = (5/7 — 90°)(10.58/79.1°) = 
52.9/79.1° — 90°. The average power absorbed by the capacitor is 
1 
P= Ber ee) cos(—90°) = 0 


For the inductor, the current through it is I; —Ih =2-— j10.39 = 
10.587 —79.1°. The voltage across it is j100, —lL)= 


105.87 — 79.1° + 90°. Hence, the average power absorbed by the in- 
ductor is 


] 
Pz = Bae) cos 90° = 0 


Notice that the inductor and the capacitor absorb zero average power 
and that the total power supplied by the current source equals the power 
absorbed by the resistor and the voltage source, or 


Pi + Py + P3 + Py t+ Ps = —367.8 + 160+0+0-+4 207.8 =0 


indicating that power is conserved. 
PRACTICE PROBLE ™ SiG 


Calculate the average power absorbed by each of the five elements in the 
circuit of Fig. 11.6. 


8a j4Q 


) 0 0 


40/0° V ~j2Q 20/90° V 


Figure 11.6 For Practice Prob. 11.4. 


Answer: 40-V Voltage source: —100 W; resistor: 100 W; others: 0 W. 


11.3 MAXIMUM AVERAGE POWER TRANSFER 


In Section 4.8 we solved the problem of maximizing the power deliv- 
ered by a power-supplying resistive network to a load R,. Represent- 
ing the circuit by its Thevenin equivalent, we proved that the maximum 
power would be delivered to the load if the load resistance is equal to the 
Thevenin resistance R; = Ry. We now extend that result to ac circuits. 

Consider the circuit in Fig. 11.7, where an ac circuit is connected 
to a load Z, and is represented by its Thevenin equivalent. The load 
is usually represented by an impedance, which may model an electric 
motor, an antenna, a TV, and so forth. In rectangular form, the Thevenin 
impedance Zp and the load impedance Z,; are 


Zorn = Ron + jXtn (11.13a) 
Z,—=Rr+ JXL (11.13b) 
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The current through the load is 








Vth Vth Linear 
ee yr a ae. a aa ae eo (11.14) circuit 
Zrr+4Z,  (Rm+ JX) + (Rt + J Xz) 
From Eq. (11.11), the average power delivered to the load is 
1 Vrnl?Rz/2 (a) 
P= -—|I|?R; = a (11.15) 
2 (Ron + Rx)* + (Xt + Xz) Zr I 
Our objective is to adjust the load parameters R; and X, so that P is — 
maximum. To do this we set dP /dR, and dP/dX, equal to zero. From 
Eq. (11.15), we obtain Von Z, 
dP |Vonl? Re (Xth + Xz) 
__ ie (11.16a) 
dX, [(Ron + Ri)? + (Xt + X71)? (b) 
oP Vrnl-[(R R,)? xX X,)? — 2R,(R R , 
a UG ne (11.16b) Figure [1.7 Finding the 
OR, 2[(Rrm + Rx) + (Xm + X7)*) maximum average power transfer: 
: . (a) circuit with a load, (b) the 
Setting dP/d X7, to zero gives Thevenin equivalent. 
X, =—Xtn (11.17) 


and setting 0 P/dR, to zero results in 


Rp = Rp, + (Xm + Xi)’ (11.18) 


Combining Eqs. (11.17) and (11.18) leads to the conclusion that for max- 
imum average power transfer, Z, must be selected so that X, = —X7qy 
and R; = Rr, 1.€., 


Zp = Ri, t+ jX_ = Rn — jXm = Zp, (11.19) 





For maximum average power transfer, the load impedance Z, must be equal to the 
complex conjugate of the Thevenin impedance Z7p. 


When Z; = ie we say that the load is matched 
to the source. 





This result is known as the maximum average power transfer theorem for 
the sinusoidal steady state. Setting R; = Ry, and X, = —Xpqp in Eq. 
(11.15) gives us the maximum average power as 


(11.20) 





In a situation in which the load is purely real, the condition for 
maximum power transfer is obtained from Eq. (11.18) by setting X¥;, = 0; 


that is, 
Rp = Ro, + XG, = |Znl (11.21) 


This means that for maximum average power transfer to a purely resistive 
load, the load impedance (or resistance) is equal to the magnitude of the 
Thevenin impedance. 
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Eq. 
4Q J5 Q. Determine the load impedance Z, that maximizes the average power 
ov drawn from the circuit of Fig. 11.8. What is the maximum average power? 
8 Q ion: 
10/0° V Z, Solution 
~j6.2 First we obtain the Thevenin equivalent at the load terminals. To get Zr, 
consider the circuit shown in Fig. 11.9(a). We find 
: 4(8 — j6 
Figure 11.8 For Example 11.5. Zr = j5+4 || (8 — j6) = j5+ : - : J : — 2.933 + j4.467 Q 
= 


To find Vy, consider the circuit in Fig. 11.8(b). By voltage division, 


8 — j6 
Vin = ——— (10) = 7.454 / — 10.3° V 
eee 


The load impedance draws the maximum power from the circuit when 
Zy, = Ly, = 2.933 — 74.467 Q 
According to Eq. (11.20), the maximum average power 1s 


— |Wml? (7.454)? 





oo — —_— = 2,368 W 
SRrn §(2.933) 
42 j5Q 
80 Zth 
~j6.Q 





(a) (b) 


Figure 9 Finding the Thevenin equivalent of the circuit in Fig. 11.8. 


PRACTICE PROBLE ™ RS 


j4.Q j10Q For the circuit shown in Fig. 11.10, find the load impedance Z, that ab- 
ov sorbs the maximum average power. Calculate that maximum average 
power. 


8 Q 5Q Z, Answer: 3.415 — j0.7317 Q, 1.429 W. 


Figure | l.10 For Practice Prob. 11.5. 


In the circuit in Fig. 11.11, find the value of R; that will absorb the max- 
imum average power. Calculate that power. 
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Solution: 


We first find the Thevenin equivalent at the terminals of R_;. 


Zn = (40 — 730) || 720 = EZ Gee A = 9.412 + j22.35 Q 40Q 1302 
j20 + 40 — 730 
By voltage division, 
720 150/30° V j20Q R, 


Fae Ma = 72.76/134° V 


ae 
me 720 +40 = j 


The value of R; that will absorb the maximum average power is 


Ry, = |Zm| = V 9.412? + 22.357 = 24.25 Q 


The current through the load is 


: Vin 72.76 /134° 
— ZmtR, 33.39 + 722.35 


Figure Hl] For Example 11.6. 


= 1.8/100.2° A 
The maximum average power absorbed by Ry is 


1 1 
Pax = SHEP Rr — 5 (1.8)°(24.25) = 39.29 W 


PRACTICE PROBLE M SRS 


In Fig. 11.12, the resistor Rz is adjusted until it absorbs the maximum 
average power. Calculate R; and the maximum average power absorbed 
by it. 


802 j602 


120/60° V 90 Q ~30 Q R, 


Figure ||.12 For Practice Prob. 11.6. 


Answer: 30 Q, 9.883 W. 


11.4 EFFECTIVE OR RMS VALUE 


The idea of effective value arises from the need to measure the effec- 
tiveness of a voltage or current source in delivering power to a resistive 
load. 


The effective value of a periodic current is the dc current that delivers the same 


average power to a resistor as the periodic current. 
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i(t) In Fig. 11.13, the circuit in (a) is ac while that of (b) is dc. Our objective 
is to find Jeg that will transfer the same power to resistor R as the sinusoid 
i. The average power absorbed by the resistor in the ac circuit is 
v(t) R 
1 7 re R . Po. 
P=— imRdt = — i dt (11.22) 
I Jo T’ Jo 
2 while the power absorbed by the resistor in the dc circuit is 
Lote P = [ieR (11.23) 
2: Equating the expressions in Eqs. (11.22) and (11.23) and solving for Jer, 
Vere R we obtain 


—F 
lege = 7 | i2 dt (11.24) 
(b) I Jo 


The effective value of the voltage is found in the same way as current; 
Figure ||.13 Finding the 
ae that is, 
effective current: (a) ac circuit, 
(b) de circuit. 


1 T 
Vere = =| v- dt (11.25) 
I’ Jo 


This indicates that the effective value is the (square) root of the mean (or 
average) of the square of the periodic signal. Thus, the effective value is 
often known as the root-mean-square value, or rms value for short; and 
we write 


Lege = lems; Vert = Vims (11.26) 


For any periodic function x(t) in general, the rms value is given by 


(11.27) 















‘ The effective value of a periodic signal is its root mean square (rms) value. 


Equation 11.27 states that to find the rms value of x(t), we first find 
its square x* and then find the mean of that, or 


1 i‘ 
; | x? dt 
T’ Jo 


and then the square root (./__) of that mean. The rms value of a 
constant 1s the constant itself. For the sinusoid i(t) = J, cos@t, the 
effective or rms value is 


1 T 
lms =./ = | I? cos? wt dt 
T Jo 


In [fas 2ut) dt fm 
= ——- = COS 2M = ~— 
T Jo 2 /2 


(11.28) 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER I | AC Power Analysis 44° 


Similarly, for v(t) = V,, cos at, 

Vin 
a2 
Keep in mind that Eqs. (11.28) and (11.29) are only valid for sinusoidal 
signals. 


The average power in Eq. (11.8) can be written in terms of the rms 
values. 


Vins = (11.29) 


0, — 6; 
B A rien : (11.30) 


— Vis dims cos(6, _ 0; ) 


1 
P= 5 Vind cos(@, — 6;) = 


Similarly, the average power absorbed by a resistor R in Eq. (11.11) can 
be written as 


V2 
P=I2 R= a (11.31) 


When a sinusoidal voltage or current is specified, it is often in terms 
of its maximum (or peak) value or its rms value, since its average value 
is zero. The power industries specify phasor magnitudes in terms of their 
rms values rather than peak values. For instance, the 110 V available at 
every household is the rms value of the voltage from the power company. 
It is convenient in power analysis to express voltage and current in their 
rms values. Also, analog voltmeters and ammeters are designed to read 
directly the rms value of voltage and current, respectively. 


Lad 


Determine the rms value of the current waveform in Fig. 11.14. If the © 
current is passed through a 2-2 resistor, find the average power absorbed 
by the resistor. 10 


Solution: 


The period of the waveform is JT = 4. Over a period, we can write the 
current waveform as 





(t) = 5t, O<t<2 
-10, 2<t<4 


The rms value is Figure 11.14 For Example 11.7. 


jin = 7 " 2dt = iF [[ onrar+ fe 10)? dr 


if pe. 1 (200 
it 100r| | = ./— {| — +200) = 8.165 A 
; A\ 3 


| ast 
| 








The power absorbed by a 2-Q resistor is 


P =17_R = (8.165)*(2) = 133.3 W 


my i 
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PRACTICE PROBLE ™ (RRM 


i(t) Find the rms value of the current waveform of Fig. 11.15. If the current 
flows through a 9-Q resistor, calculate the average power absorbed by the 
4 resistor. 


Answer: 2.309 A, 48 W. 


0 1 b) a 4 5 6 ¢ 


Figure ||.15 For Practice Prob. 11.7. 


||. 8 

V(t) The waveform shown in Fig. 11.16 is a half-wave rectified sine wave. 

iG Find the rms value and the amount of average power dissipated in a 10-Q 
resistor. 
Solution: 
The period of the voltage waveform is T = 277, and 

0 7 27 oT 1 
() = 10sint, O<t<az 
Figure 1.16 | For Example 11.8. w= VO, m<t<2n 


The rms value is obtained as 


1 T 1 rs 2 
V2 = 7 | v°(t)dt = =f (Osiny dr + | Par 
0 wT LJO 1 


But sin? t = (1 — cos 2t). Hence 


IU 








; 1 7 100 50 sin 2t 
\ ee res — (1 —cos2t)dt = — |t- 
2m Jo 2 20 2 0 
50 1 
= 5 (x - 5 sindn -0) =25, Vig =o: V 
Tk 2 
The average power absorbed is 
Ve. 
R 10 
PRACTICE PROBLE MM (RR 
v(t) Find the rms value of the full-wave rectified sine wave in Fig. 11.17. Cal- 
; culate the average power dissipated in a 6-Q resistor. 
Answer: 5.657 V, 5.334 W. 
0 7 277 37 —Ctsit 


Figure ||.17 For Practice Prob. 11.8. 


q | > | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER II AC Power Analysis 447 


11.5 APPARENT POWER AND POWER FACTOR 


In Section 11.2 we see that if the voltage and current at the terminals of 
a circuit are 


v(t) = V,, cos(wt + 6,) and i(t) = I, cos(@t +6;) (11.32) 
or, in phasor form, V = V,, /O. and I = [,, /0i, the average power is 


Electronic Testing Tutorials 


1 
P= 5 Yndm cos(0, — 6;) (11.33) 


In Section 11.4, we saw that 
P = Vimslims COS(@y — 6;) = S cos(@, — 9;) (11.34) 


We have added a new term to the equation: 


The average power is a product of two terms. The product Vims/ims 18 
known as the apparent power S. The factor cos(@, — 6;) 1s called the 


power factor (pf). 


eo 
, The apparent power (in VA) is the product of the rms values of voltage and current. | 


The apparent power is so called because it seems apparent that the power 
should be the voltage-current product, by analogy with dc resistive cir- 
cuits. It is measured in volt-amperes or VA to distinguish it from the 
average or real power, which is measured in watts. The power factor is 
dimensionless, since it is the ratio of the average power to the apparent 
power, 


P 
pf = + = cos(6, — 0;) (11.36) 


The angle 6, — 6; is called the power factor angle, since it is the 
angle whose cosine is the power factor. The power factor angle is equal 
to the angle of the load impedance if V is the voltage across the load and 
I is the current through it. This is evident from the fact that 


Vi Vnfoy _ V 


—" /6, — 6; (11.37) 
I In /0i Li 


Alternatively, since 





. 
Vims = Fe = Vems / Oy (11.38a) 
and 
I 
Ims = 5 = lems /9i (11.38b) 


the impedance is 








Vv V ai View 
Le —_ ; ~ /0, — 6; (11.39) 
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The power factor is the cosine of the phase difference between voltage and current. 


It is also the cosine of the angle of the load impedance. 





From Eq, (11.36), the power factor may also be From Eq. (11.36), the power factor may be seen as that factor by which the 
regarded as the ratio of the real power dissipated apparent power must be multiplied to obtain the real or average power. 
in the load to the apparent power of the load. The value of pf ranges between zero and unity. For a purely resistive 

load, the voltage and current are in phase, so that 6, — 6; = O and pf 


= |. This implies that the apparent power is equal to the average power. 
For a purely reactive load, 6, — 6; = +90° and pf = O. In this case the 
average power is zero. In between these two extreme cases, pf is said 
to be leading or lagging. Leading power factor means that current leads 
voltage, which implies a capacitive load. Lagging power factor means 
that current lags voltage, implying an inductive load. Power factor affects 
the electric bills consumers pay the electric utility companies, as we will 
see in Section 11.9.2. 


A series-connected load draws a current i(t) = 4cos(100zt + 10°) A 
when the applied voltage is v(t) = 120 cos(100zt — 20°) V. Find the 
apparent power and the power factor of the load. Determine the element 
values that form the series-connected load. 


Solution: 


The apparent power is 


S = Vins nie= a = 240 VA 
= ms*rms ~— a ao — 
The power factor 1s 
pf = cos(@, — 0;) = cos(—20° — 10°) = 0.866 (leading) 
The pf is leading because the current leads the voltage. The pf may also 
be obtained from the load impedance. 
VV 120/7 — 20° 
Z= — = ——__ = 307 — 30° = 25.98 — f15 22 
I 4/10° 
pf = cos(—30°) = 0.866 (leading) 
The load impedance Z can be modeled by a 25.98-Q resistor in series 
with a capacitor with 
1 
Xc = -15 = —-— 


wC 
or 


1 


C= _—=—SS>_ _  ———  — — __ 
15a 15 x 100z 


=2122 1F 
PRACTICE PROBLE ™ SiR 
Obtain the power factor and the apparent power of a load whose imped- 


ance is Z = 60+ j40 Q when the applied voltage is v(t) = 
150 cos(377t + 10°) V. 


Answer: 0.832 lagging, 156 VA. 
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||. 10 


Determine the power factor of the entire circuit of Fig. 11.18 as seen by 6Q 
the source. Calculate the average power delivered by the source. 


Solution: 30/0° Vrms ¢ ~j2Q2 4Q 


The total impedance is 


—j2xa4 
Z=6+4+4 || (—j2) =6 + ——~—_ = 68 — j1.6=7/— 13.242 
nie Figure ||.18 For Example 11.10. 


The power factor 1s 
pf = cos(—13.24) = 0.9734 (leading) 


since the impedance is capacitive. The rms value of the current is 


Vis 30/0° 


— = —_—— = 4.286 /13.24° A 
ZL 1/—13.24° 
The average power supplied by the source is 


P = Vimslims pf = (30)(4.286)0.9734 = 125 W 





Or 
P = I-.R = (4.286)° (6.8) = 125 W 


where R is the resistive part of Z. 
PRACTICE PROBLE ™ iY 


Calculate the power factor of the entire circuit of Fig. 11.19 as seen by 10 Q 8 Q 
the source. What is the average power supplied by the source? 


Answer: 0.936 lagging, 118 W. 40,/0° V rms j4Q ~j6 Q 


Figure 11.19 For Practice Prob. 11.10. 


11.6 COMPLEX POWER 


Considerable effort has been expended over the years to express power 
relations as simply as possible. Power engineers have coined the term 
complex power, which they use to find the total effect of parallel loads. 
Complex power is important in power analysis because it contains all the 
information pertaining to the power absorbed by a given load. 

Consider the ac load in Fig. 11.20. Given the phasor form V = 
Vin/9O, and I = I, /9i of voltage u(t) and current i(t), the complex 
power S absorbed by the ac load is the product of the voltage and the 
complex conjugate of the current, or 


1 


Electronic Testing Tutorials 





S = —-VI* (11.40) 
2 
assuming the passive sign convention (see Fig. 11.20). In terms of the Figure 11.20 The 
rms values, voltage and current 
phasors associated 
8 = Vicks (11.41) with a load. 


<q =| D» | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


450 


When working with the rms values of currents 


or voltages, we may drop the subscript rms if no 
confusion will be caused by doing so. 


PART 2 AC Circuits 


where 
Vins = ae Vins / Ov (11.42) 
/2 
and 
Lms = we Line O} (11.43) 
/2 


Thus we may write Eq. (11.41) as 


S= Vims fms / Oy — 0; 


= Vielen cos(6,, = 0; ) “ J Vems fms sin(O, _ 0; ) 


(11.44) 


This equation can also be obtained from Eq. (11.9). We notice from Eq. 
(11.44) that the magnitude of the complex power is the apparent power; 
hence, the complex power is measured in volt-amperes (VA). Also, we 
notice that the angle of the complex power is the power factor angle. 

The complex power may be expressed in terms of the load impedance 
Z. From Eq. (11.37), the load impedance Z may be written as 


Vv V; mS Viens 


ZL= I> a {Oy — 0; (11.45) 


Ls Lems 








Thus, Vims = Zlms. Substituting this into Eq. (11.41) gives 


(11.46) 





Since Z = R+ /X, Eq. (11.46) becomes 
S=17,(R+jX)=P+j0 (11.47) 


where P and @Q are the real and imaginary parts of the complex power; 
that 1s, 


P =Re(S)=/2..R (11.48) 
QO = Im(S) = 17__X (11.49) 


rms 


P is the average or real power and it depends on the load’s resistance 
R. Q depends on the load’s reactance X and is called the reactive (or 
quadrature) power. 

Comparing Eq. (11.44) with Eq. (11.47), we notice that 


P= Vims /ims cos(O, 7 0; ), OQ — Vims /rms sin(0, _ 0; ) (11.50) 


The real power P is the average power in watts delivered to a load; it 
is the only useful power. It is the actual power dissipated by the load. 
The reactive power Q is a measure of the energy exchange between the 
source and the reactive part of the load. The unit of Q is the volt-ampere 
reactive (VAR) to distinguish it from the real power, whose unit is the watt. 
We know from Chapter 6 that energy storage elements neither dissipate 
nor supply power, but exchange power back and forth with the rest of 
the network. In the same way, the reactive power is being transferred 
back and forth between the load and the source. It represents a lossless 
interchange between the load and the source. Notice that: 
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1. Q = 0 for resistive loads (unity pf). 

2. Q < 0 for capacitive loads (leading pf). 

3. Q > O for inductive loads (lagging pf). 
Thus, 


Complex power (in VA) is the product of the rms voltage phasor and the 


complex conjugate of the rms current phasor. As a complex quantity, its 
real part is real power P and its imaginary part is reactive power Q. 





Introducing the complex power enables us to obtain the real and reactive 
powers directly from voltage and current phasors. 


1 
Complex Power = S = P+ jQ = a 


= Viral ena Vu 
Apparent Power = S = |S] = Vims/ims = ¥ P? + Q? 
Real Power = P = Re(S) = Scos(@, — 6;) 
Reactive Power = O = Im(S) = Ssin(O, — 6;) 


(11.51) 





P 
Power Factor = 3 = cos(6, — 6;) 


This shows how the complex power contains all the relevant power in- 


formation in a given load. S contains all power information of a load. The 

It is a standard practice to represent S, P, and Q in the form of real part of $ is the real power P; its imaginary 
a triangle, known as the power triangle, shown in Fig. 11.21(a). This part is the reactive power Q; its magnitude is the 
is similar to the impedance triangle showing the relationship between apparent power S; and the cosine of its phase 
Z, R, and X, illustrated in Fig. 11.21(b). The power triangle has four angle is the power factor pf. 





items—the apparent/complex power, real power, reactive power, and the 

power factor angle. Given two of these items, the other two can easily 

be obtained from the triangle. As shown in Fig. 11.22, when S lies in the 

first quadrant, we have an inductive load and a lagging pf. When S lies 

in the fourth quadrant, the load is capacitive and the pf is leading. It is 

also possible for the complex power to lie in the second or third quadrant. 

This requires that the load impedance have a negative resistance, which Im 
is possible with active circuits. 






+Q (lagging pf) 


Re 


P R 


(a) (b) —Q (leading pf) 


Figure 11.2 (a) Power triangle, 
(b) impedance triangle. Figure 11.22 = Power triangle. 
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The voltage across a load is v(t) = 60cos(wt — 10°) V and the cur- 
rent through the element in the direction of the voltage drop is i(t) = 
1.5 cos(wt + 50°) A. Find: (a) the complex and apparent powers, (b) the 
real and reactive powers, and (c) the power factor and the load impedance. 


Solution: 
(a) For the rms values of the voltage and current, we write 
The complex power is 
S = VimsI*,. = (SZ-10°) (= 7-0") = 45 /— 60° VA 
V2 V2 
The apparent power is 
S = |S| = 45 VA 
(b) We can express the complex power in rectangular form as 
S = 45 / — 60° = 45[cos(—60°) + j sin(—60°)] = 22.5 — 738.97 
Since S = P + jQ, the real power is 
P=22.5W 
while the reactive power is 
QO = —38.97 VAR 
(c) The power factor is 
pf = cos(—60°) = 0.5 (leading) 


It is leading, because the reactive power is negative. The load impedance 
1S 

Vv 60/7 — 10° 

= = — — = 40/ — 60° 2 

Po 1.5/4 50° 


which is a capacitive impedance. 


PRACTICE PROBLE 


For a load, Vims = 110/85° V, Tims = 0.4/15° A. Determine: (a) the 
complex and apparent powers, (b) the real and reactive powers, and (c) 
the power factor and the load impedance. 


Answer: (a) 44/70° VA, 44 VA, (b) 15.05 W, 41.35 VAR, 
(c) 0.342 lagging, 94.06 + 7258.4 Q. 


A load Z draws 12 kVA at a power factor of 0.856 lagging from a 120-V 
rms sinusoidal source. Calculate: (a) the average and reactive powers 
delivered to the load, (b) the peak current, and (c) the load impedance. 


q | » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER I | AC Power Analysis 453 


Solution: 


(a) Given that pf = cos@ = 0.856, we obtain the power angle as 0 = 
cos! 0.856 = 31.13°. If the apparent power is § = 12,000 VA, then the 
average or real power is 


P = Scos@ = 12,000 x 0.856 = 10.272 kW 
while the reactive power is 
QO = Ssin@ = 12,000 x 0.517 = 6.204 kVA 
(b) Since the pf is lagging, the complex power is 
S= P+ jQ = 10.272 + j6.204 kVA 


From S = VimsIi,,, we obtain 


. S 10,272 + j6204 
| bia — V — COS 
rms 120 /o° 





= 85.64 j51.7 A = 100/31.13° A 


Thus Im; = 1007 — 31.13° and the peak current is 


Im = V2Inms = V2(100) = 141.4 A 
(c) The load impedance 


Vem 120 /0° 
Z= 2 = ——— 1 I /31.13° 


Ims 100 /— 31.13° 





which is an inductive impedance. 
PRACTICE PROBLE MM Si: 


A sinusoidal source supplies 10 kVA reactive power to load Z = 
250 / — 75° (2. Determine: (a) the power factor, (b) the apparent power 
delivered to the load, and (c) the peak voltage. 


Answer: (a) 0.2588 leading, (b) —10.35 kVAR, (c) 2.275 kV. 


‘11.7 CONSERVATION OF AC POWER 


The principle of conservation of power applies to ac circuits as well as to in fact, we already saw in Examples I1.3 and 11.4 


de circuits (see Section 1.5). that average power is conserved in ac circuits. 
To see this, consider the circuit in Fig. 11.23(a), where two load 


impedances Z, and Z» are connected in parallel across an ac source V. 
KCL gives 


I=L+1L (11.52) 


The complex power supplied by the source is 


1 1 1 1 
S= -VI = -V +0) ==Vi+=Vvb5=Ss,+S8 11.53 
7 5) ( 1 = >) 7 1 = 9 1 — a. i ) 


where S; and S» denote the complex powers delivered to loads Z, and 
Z>, respectively. 
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(a) (b) 


Figure 11.23 Anac voltage source supplied loads connected in: 
(a) parallel, (b) series. 


If the loads are connected in series with the voltage source, as shown 
in Fig. 11.23(b), KVL yields 


V=Vi+V> (11.54) 


The complex power supplied by the source is 


s= =vr = “M1 +V>,)I* = svi" + svi" =§,+S8) = (11.55) 
where S; and S» denote the complex powers delivered to loads Z, and 
Z>, respectively. 

We conclude from Eqs. (11.53) and (11.55) that whether the loads 
are connected in series or in parallel (or in general), the total power 
supplied by the source equals the total power delivered to the load. Thus, 
in general, for a source connected to N loads, 


S=8,+8,4+---+Sy (11.56) 


This means that the total complex power in a network is the sum of the 

complex powers of the individual components. (This is also true of real 

power and reactive power, but not true of apparent power.) This expresses 
In fact, all forms of ac power are conserved: in- the principle of conservation of ac power: 


stantaneous, real, reactive, and complex. 


The complex, real, and reactive powers of the sources equal the respective sums 
of the complex, real, and reactive powers of the individual loads. 





From this we imply that the real (or reactive) power flow from sources in 
a network equals the real (or reactive) power flow into the other elements 
in the network. 





Figure 11.24 shows a load being fed by a voltage source through a trans- 
mission line. The impedance of the line is represented by the (4 + j2) Q 
impedance and a return path. Find the real power and reactive power 
absorbed by: (a) the source, (b) the line, and (c) the load. 
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15 Q 
220/0° V rms 





~j10.Q 


Source ~—\—— Line — Load 


Figure 11.24 For Example 11.13. 


Solution: 


The total impedance is 
Z= (4+ j2) + 15 — j10) = 19 — 78 = 20.62 / — 22.83° Q 
The current through the circuit is 
V, 220 /0° 


[= — = ——_ ——_ —_ = 10.67 /22.83° Arms 
ZL 20.62 / — 22.83° 


(a) For the source, the complex power is 
S, = V.I* = (220/0°) (10.67 / — 22.83°) 
= 2347.4 / — 22.83° = (2163.5 — 7910.8) VA 


From this, we obtain the real power as 2163.5 W and the reactive power 
as 910.8 VAR (leading). 
(b) For the line, the voltage is 


Viine = (4+ j2)I = (4.472 /26.57°) (10.67 /22.83°) 
= 47.72 /49.4° V rms 
The complex power absorbed by the line is 
Stine = Viinel* = (47.72 /49.4°) (10.67 / — 22.83°) 
= 509.2 /26.57° = 455.4 + j227.7 VA 
OT 
Stine = |I|?Ztine = (10.67)7(4 + j2) = 455.4 + j227.7 VA 


That is, the real power is 455.4 W and the reactive power is 227.76 VAR 


(lagging). 
(c) For the load, the voltage is 


V, = (15 — j10)1 = (18.03 7 — 33.77) (10.67 722.83") 


= 192.38 / — 10.87° V rms 


The complex power absorbed by the load is 


SS, = VLI* = (192.387 — 10.87°)(10.67/ — 22.83") 


= 2053 / — 33.7° = (1708 — 71139) VA 
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The real power is 1708 W and the reactive power is 1139 VAR (leading). 
Note that S, = Sjine + Sz, as expected. We have used the rms values of 
voltages and currents. 


| 1.13 


PRACTICE PROBLEM 





For Practice Prob. 11.13. 








For Example 11.14. 


In the circuit in Fig. 11.25, the 60-Q resistor absorbs an average power 
of 240 W. Find V and the complex power of each branch of the circuit. 
What is the overall complex power of the circuit? 


Answer: 240.67/21.45° V (rms); the 20-2 resistor: 656 VA; the 
(30 — 710) Q impedance: 480 — 7160 VA; the (60+ 720) Q impedance: 
240 + 780 VA; overall: 1376 — 780 VA. 


In the circuit of Fig. 11.26, Z, = 60/7 — 30° Q and Z. = 40/45° Q. 
Calculate the total: (a) apparent power, (b) real power, (c) reactive power, 
and (d) pf. 


Solution: 


The current through Z; is 


V 120 710° 
I, = ——— = 2 /40° Arms 


Zi 60 / — 30° 


while the current through Zp is 
V 120 710° 


Dy 40 /a5° 


The complex powers absorbed by the impedances are 


L — 3/ — 35° Arms 


v2 (120)? 








S,=—= = 240 / — 30° = 207.85 — j120 VA 
Zi 60/308 
V2 120) 

S, = ms = ee = 360 /45° = 254.6 + 7254.6 VA 


Z,  40/—45° 
The total complex power is 


S, =S; +S) = 462.4 + j134.6 VA 


(a) The total apparent power is 


IS;| = / 462.42 + 134.62 = 481.6 VA. 
(b) The total real power is 
P, = Re(S;) = 462.4 W or P,; = P; oe Po. 
(c) The total reactive power is 
O, = Im(S,) = 134.6 VAR or O; = Q; + Qo. 
(d) The pf = P,/|S;| = 462.4/481.6 = 0.96 (lagging). 
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We may cross check the result by finding the complex power S, supplied 
by the source. 


I =1, +b = (1.532 + 1.286) + (2.457 — 1.721) 
= 4— j0.435 = 4.024 /— 6.21° Arms 
S, = VIF = (120/10°)(4.024 /6.21°) 
= 482.88 /16.21° = 463 + 7135 VA 


which is the same as before. 


PRACTICE PROBLE ™ RRS 


Two loads connected in parallel are respectively 2 kW at a pf of 0.75 lead- 
ing and 4 kW ata pf of 0.95 lagging. Calculate the pf of the two loads. 
Find the complex power supplied by the source. 


Answer: 0.9972 (leading), 6 — 70.4495 kVA. 


[1.8 POWER FACTOR CORRECTION 


Most domestic loads (such as washing machines, air conditioners, and 
refrigerators) and industrial loads (such as induction motors) are inductive 
and operate at a low lagging power factor. Although the inductive nature 
of the load cannot be changed, we can increase its power factor. 


Alternatively, power factor correction may be 
viewed as the addition of a reactive element (usu- 





The process of increasing the power factor without altering the voltage or current ally a capacitor) in parallel with the load in order 
to the original load is known as power factor correction. to make the power factor closer to unity, 
Since most loads are inductive, as shown in Fig. 11.27(a), a load’s An inductive load is modeled as a series combi- 
power factor 1s improved or corrected by deliberately installing a capacitor nation of an inductor and a resistor. 


in parallel with the load, as shown in Fig. 11.27(b). The effect of adding 
the capacitor can be illustrated using either the power triangle or the 
phasor diagram of the currents involved. Figure 11.28 shows the latter, 
where it is assumed that the circuit in Fig. 11.27(a) has a power factor of 
cos 6;, while the one in Fig. 11.27(b) has a power factor of cos 62. It is 


I Ic 
Vi 


! Inductive Vv 
' load 






Inductive ! 
load 





(a) (b) 


Figure 11.28  Phasor diagram showing the 
effect of adding a capacitor in parallel with 
the inductive load. 


Figure 1|.27 Power factor correction: (a) original inductive load, 
(b) inductive load with improved power factor. 


q | » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


458 PART 2 AC Circuits 


evident from Fig. 11.28 that adding the capacitor has caused the phase 
angle between the supplied voltage and current to reduce from 6 to 62, 
thereby increasing the power factor. We also notice from the magnitudes 
of the vectors in Fig. 11.28 that with the same supplied voltage, the circuit 
in Fig. 11.27(a) draws larger current J; than the current 7 drawn by the 
circuitin Fig. 11.27(b). Power companies charge more for larger currents, 
because they result in increased power losses (by a squared factor, since 
P =17R). Therefore, it is beneficial to both the power company and the 
consumer that every effort is made to minimize current level or keep the 
power factor as close to unity as possible. By choosing a suitable size for 
the capacitor, the current can be made to be completely in phase with the 
voltage, implying unity power factor. 

We can look at the power factor correction from another perspective. 


Consider the power triangle in Fig. 11.29. If the original inductive load 
Fe has apparent power 51, then 
Cc 
P = S; cos}, QO, = S; sin@,; = P tan, (11.57) 
S; If we desire to increase the power factor from cos 6; to cos 62 without 
Q, altering the real power (1.e., P = S> cos 62), then the new reactive power 
i 
Q 
: QO. = P tan6, (11.58) 
ws r\ The reduction in the reactive power is caused by the shunt capacitor, that 
Jo 1S, 
P 


Oc =O0,;-Q.= P (tan 6; — tan 62) (11.59) 


Figure 1.29 Power triangle illustrating power But from Eq. (11.49), Oc = V : /Xc = oC Ve. as The value of the 
factor correction. ; ; ; 
required shunt capacitance C is determined as 


”N 


_ Qc _ P(tan 6; — tan 62) 


(11.60) 


— 2 
w Vins w Vis 





Note that the real power P dissipated by the load is not affected by the 
power factor correction because the average power due to the capacitance 
iS Zero. 

Although the most common situation in practice is that of an in- 
ductive load, it is also possible that the load is capacitive, that is, the load 
is Operating at a leading power factor. In this case, an inductor should 
be connected across the load for power factor correction. The required 
shunt inductance L can be calculated from 


Vis, Vern Va 
= as ——* | 11.61 
QO, X, ol 201 (11.61) 
where QO; = Q| — Qo, the difference between the new and old reactive 


powers. 


When connected to a 120-V (rms), 60-Hz power line, a load absorbs 4 kW 
at a lagging power factor of 0.8. Find the value of capacitance necessary 
to raise the pf to 0.95. 
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Solution: 
If the pf = 0.8, then 
cos 0; = 0.8 => 0, = 36.87° 
where 6; is the phase difference between voltage and current. We obtain 
the apparent power from the real power and the pf as 
P  __ 4000 


= — = 5000 VA 
cos 0; 0.8 





The reactive power is 
QO, = S; siné = 5000 sin 36.87 = 3000 VAR 
When the pf is raised to 0.95, 
cos 6, = 0.95 => 0, = 18.19° 


The real power P has not changed. But the apparent power has changed; 
its new value is 


P 4000 
= —— = 4210.5 VA 
COS 05 0.95 


The new reactive power is 


QO, = So sin 6) = 1314.4 VAR 





The difference between the new and old reactive powers is due to the 
parallel addition of the capacitor to the load. The reactive power due to 
the capacitor 1s 


Oc = Q; — Q2 = 3000 — 1314.4 = 1685.6 VAR 


and 


Oc 1685.6 


C= = —___—__. = 310.5 wF 
wV2,, 2m x 60 x 1202 - @ 


Network Analysis 





PRACTICE PROBLE ™ (RRR 





Find the value of parallel capacitance needed to correct a load of 
140 kVAR at 0.85 lagging pf to unity pf. Assume that the load is supplied 
by a 110-V (rms), 60-Hz line. 


Answer: 30.69 mF. 


11.9 APPLICATIONS 


In this section, we consider two important application areas: how power 
is measured and how electric utility companies determine the cost of 


electricity consumption. —<————— 
Reactive power is measured by an instrument 


called the varmeter. The varmeter is often con- 
nected to the load in the same way as the 
wattmeter. 


11.9.1 Power Measurement 
The average power absorbed by a load is measured by an instrument 
called the wattmeter. 
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The wattmeter is the instrument for measuring the average power. 





Figure 11.30 shows a wattmeter that consists essentially of two 
coils: the current coil and the voltage coil. A current coil with very 
low impedance (ideally zero) is connected in series with the load (Fig. 
11.31) and responds to the load current. The voltage coil with very high 
impedance (ideally infinite) is connected in parallel with the load as shown 
in Fig. 11.31 and responds to the load voltage. The current coil acts like 
a short circuit because of its low impedance; the voltage coil behaves like 
an open circuit because of its high impedance. As a result, the presence 
of the wattmeter does not disturb the circuit or have an effect on the power 
measurement. 


Some wattmeters do not have coils; the watt- 
meter considered here is the electromagnetic 


type. 









Current coil 
as 


LZ, 





Voltage coil {= 


<> 





Figure | 31 The wattmeter connected to the load. 


i 


I+ 


When the two coils are energized, the mechanical inertia of the 
Figure 11.30 A wattmeter. moving system produces a deflection angle that is proportional to the 
average value of the product v(t)i(t). If the current and voltage of the 
load are v(t) = V,, cos(wt + 6,) and i(t) = I, cos(@t + 6;), their corre- 
sponding rms phasors are 


Va f, 
Vims = = / 9 and Lae = — 70; (11.62) 
S vo S lt 
and the wattmeter measures the average power given by 
1 
P= | Vims| ims | cos(O, ~ 6; ) — 5 Yim cos(, ~ 6; ) (11.63) 


As shown in Fig. 11.31, each wattmeter coil has two terminals 
with one marked +. To ensure upscale deflection, the + terminal of the 
current coil is toward the source, while the + terminal of the voltage coil 
is connected to the same line as the current coil. Reversing both coil 
connections still results in upscale deflection. However, reversing one 
coil and not the other results in downscale deflection and no wattmeter 
reading. 
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||. 16 


Find the wattmeter reading of the circuit in Fig. 11.32. 


122 j10Q 


150/0° V rms 





Figure 11.32 For Example 11.16. 


Solution: 


In Fig. 11.32, the wattmeter reads the average power absorbed by the 
(8 — j6) {2 impedance because the current coil is in series with the 
impedance while the voltage coil is in parallel with it. The current through 
the circuit is 





150 /0° 150 
t= S_ = — Arms 
(12+ j10)+(8—j6) 20+ /4 
The voltage across the (8 — 76) &2 impedance is 
150(8 — j6 
Vai ae 
20+ j4 


The complex power is 
150(8 — 76) . 150) 150°(8 — j6) 
20+ j4 20 — j4 207 + 4 
= 423.7 — j324.6 VA 





S=VI* = 


The wattmeter reads 


P = Re(S) = 432.7 W 


PRACTICE PROBLE M RE 


For the circuit in Fig. 11.33, find the wattmeter reading. 


120/30° V rms 





Figure 11.33 For Practice Prob. 11.16. 


Answer: 1437 W. 
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11.9.2 Electricity Consumption Cost 

In Section 1.7, we considered a simplified model of the way the cost of 
electricity consumption is determined. But the concept of power factor 
was not included in the calculations. Now we consider the importance of 
power factor in electricity consumption cost. 

Loads with low power factors are costly to serve because they re- 
quire large currents, as explained in Section 11.8. The ideal situation 
would be to draw minimum current from a supply so that S = P, OQ = 0, 
and pf = 1. Aload with nonzero Q means that energy flows forth and back 
between the load and the source, giving rise to additional power losses. 
In view of this, power companies often encourage their customers to have 
power factors as close to unity as possible and penalize some customers 
who do not improve their load power factors. 

Utility companies divide their customers into categories: as resi- 
dential (domestic), commercial, and industrial, or as small power, medium 
power, and large power. They have different rate structures for each 
category. The amount of energy consumed in units of kilowatt-hours 
(kWh) is measured using a kilowatt-hour meter installed at the customer’s 
premises. 

Although utility companies use different methods for charging cus- 
tomers, the tariff or charge to a consumer is often two-part. The first part 
is fixed and corresponds to the cost of generation, transmission, and dis- 
tribution of electricity to meet the load requirements of the consumers. 
This part of the tariff is generally expressed as a certain price per kW of 
maximum demand. Or it may instead be based on kVA of maximum de- 
mand, to account for the power factor (pf) of the consumer. A pf penalty 
charge may be imposed on the consumer whereby a certain percentage of 
kW or kVA maximum demand ts charged for every 0.01 fall in pf below 
a prescribed value, say 0.85 or 0.9. On the other hand, a pf credit may be 
given for every 0.01 that the pf exceeds the prescribed value. 

The second part is proportional to the energy consumed in kWh; it 
may be in graded form, for example, the first 100 kWh at 16 cents/kWh, 
the next 200 kWh at 10 cents/kWh and so forth. Thus, the bill is deter- 
mined based on the following equation: 


Total Cost = Fixed Cost + Cost of Energy (11.64) 


A manufacturing industry consumes 200 MWh in one month. If the 
maximum demand is 1600 kW, calculate the electricity bill based on the 
following two-part rate: 


Demand charge: $5.00 per month per kW of billing demand. 


Energy charge: 8 cents per kWh for the first 50,000 kWh, 5 cents 
per kWh for the remaining energy. 


Solution: 
The demand charge is 

$5.00 x 1600 = $8000 (11.17.1) 
The energy charge for the first 50,000 kWh is 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER I | AC Power Analysis 463 


$0.08 x 50,000 = $4000 (11.17.2) 


The remaining energy is 200,000 kWh — 50,000 kWh = 150,000 kWh, 
and the corresponding energy charge is 


$0.05 x 150,000 = $7500 (11.17.3) 
Adding Eqs. (11.17.1) to (11.17.3) gives 
Total bill for the month = $8000 + $4000 + $7500 = $19,500 


It may appear that the cost of electricity is too high. But this is often a 
small fraction of the overall cost of production of the goods manufactured 
or the selling price of the finished product. 


PRACTICE PROBLE M RE 


The monthly reading of a paper mill’s meter is as follows: 
Maximum demand: 32,000 kW 
Energy consumed: 500 MWh 


Using the two-part rate in Example 11.17, calculate the monthly bill for 
the paper mill. 


Answer: $186,500. 


ll. 18 


A 300-kW load supplied at 13 kV (rms) operates 520 hours a month at 
80 percent power factor. Calculate the average cost per month based on 
this simplified tariff: 


Energy charge: 6 cents per kWh 


Power-factor penalty: 0.1 percent of energy charge for every 0.01 
that pf falls below 0.85. 


Power-factor credit: 0.1 percent of energy charge for every 0.01 
that pf exceeds 0.85. 


Solution: 


The energy consumed is 
W = 300 kW x 520 h = 156,000 kWh 


The operating power factor pf = 80% = 0.8 is 5 x 0.01 below the 
prescribed power factor of 0.85. Since there is 0.1 percent energy charge 
for every 0.01, there is a power-factor penalty charge of 0.5 percent. This 
amounts to an energy charge of 


5 x 0.1 





AW = 156,000 x = 780 kWh 


The total energy is 
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W, = W+ AW = 156,000 + 780 = 156,780 kWh 
The cost per month is given by 


Cost = 6 cents x W, = $0.06 x 156,780 = $9406.80 


PRACTICE PROBLE ™ RRR: 


An 800-kW induction furnace at 0.88 power factor operates 20 hours per 
day for 26 days inamonth. Determine the electricity bill per month based 
on the tariff in Example 11.16. 


Answer: $24,885.12. 


11.10 SUMMARY 


1. The instantaneous power absorbed by an element is the product of 
the element’s terminal voltage and the current through the element: 


p= Ut. 
2. Average or real power P (in watts) is the average of instantaneous 


power p: 
1 T 
p==| p dt 
T’ Jo 


If v(t) = V,, cos(@t + 6,) andi(t) = [,, cos(wt + 6;), then Vins = 
Vin /W2, lims = a2 and 


1 
 — 5 Yim cos(6, = 0; ) = Vims Lims cos(@, = 0; ) 


Inductors and capacitors absorb no average power, while the aver- 
age power absorbed by a resistor is 1/2 17 R = I7,.R 


Tms ° 
3. Maximum average power is transferred to a load when the load 
impedance is the complex conjugate of the Thevenin impedance as 
seen from the load terminals, Z; = Z7,,. 


4. The effective value of a periodic signal x(t) is its root-mean-square 


(rms) value. 
1 ‘a 
Xeff = Xims = 7/ Pdi 


For a sinusoid, the effective or rms value is its amplitude divided by 


V2. 


5. The power factor is the cosine of the phase difference between volt- 
age and current: 


pf =cos(@, — 0;) 


It is also the cosine of the angle of the load impedance or the ratio 
of real power to apparent power. The pf is lagging if the current 
lags voltage (inductive load) and is leading when the current leads 
voltage (capacitive load). 
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6. Apparent power S (in VA) is the product of the rms values of volt- 
age and current: 


S= Vims Ems 


It is also given by S = |S| = ,/ P*? + Q?, where Q is reactive 
power. 


7. Reactive power (in VAR) is: 
1 
ig = 5 Ym tm sin(@,, = 0; ) = Vimslims sin(6, — 6; ) 


8. Complex power S (in VA) is the product of the rms voltage phasor 
and the complex conjugate of the rms current phasor. It is also the 
complex sum of real power P and reactive power Q. 


S= Vimslims = Vims/tms / o,-6=P+ JQ 





Also, 
v2 
$= 7,2 = 
* 


9. The total complex power in a network is the sum of the complex 
powers of the individual components. Total real power and reactive 
power are also, respectively, the sums of the individual real powers 
and the reactive powers, but the total apparent power is not calcu- 
lated by the process. 


10. Power factor correction is necessary for economic reasons; it is the 
process of improving the power factor of a load by reducing the 
overall reactive power. 


11. The wattmeter is the instrument for measuring the average power. 
Energy consumed is measured with a kilowatt-hour meter. 


REVIEW QUESTIONS 


11.1 The average power absorbed by an inductor is zero. 11.5. A quantity that contains all the power information in 
(a) True (b) False a given load is the 
(a) power factor (b) apparent power 


11.2 The Thevenin impedance of a network seen from the 
load terminals is 80 + 755 Q. For maximum power 
transfer, the load impedance must be: 


(c) average power (d) reactive power 
(e) complex power 


(a) —80+4+ j55 Q (b) —80 — g55 Q 11.6 Reactive power is measured in: 
(c) 80— j55 Q (d) 80+ j55 Q (a) watts (b) VA 

11.3. The amplitude of the voltage available in the 60-Hz, ees Co enone 
120-V power outlet in your home is: 11.7. _—_ In the power triangle shown in Fig. 11.34(a), the 
(a) 110 V (b) 120 V reactive power Is: 
(c) 170 V (d) 210 V (a) 1000 VAR leading (b) 1000 VAR lagging 


(c) 866 VAR leading (d) 866 VAR lagging 
11.4 If the load impedance is 20 — 720, the power factor 


iS 
(a) 7 —45° (b) O (c) | 


(d) 0.7071 (e) none of these 
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(a) 2000 VA (b) 1000 VAR 
(c) 866 VAR (d) 500 VAR 
11.9 A source is connected to three loads Z,, Z, and Z3 
= in parallel. Which of these is not true? 
nose (a) P=Pj+P,+P3 (b) QG=O,+0Q.4+ Q; 
/ (c) S=S,+8.+8; (d) S=S8,+8.4+8; 
500 W 11.10 The instrument for measuring average power is the: 
(a) (b) (a) voltmeter (b) ammeter 
(c) wattmeter (d) varmeter 
Figure | 1.34 For Review Questions 11.7 and 11.8. (ec) kilowatt-hour meter 
11.8 — For the power triangle in Fig. 11.34(b), the apparent Answers: I1.la, 11.2c, 11.3c, 11.4d, 11.5e, 11.6c, 11.7d, 11.8a, 
power is: 11.9c, 11.10c. 
PROBLEMS 
Section 11.2 Instantaneous and Average Power 20 Q 10Q 
11.1 = If v(t) = 160cos 50¢V and i(t) = 
—20 sin(S50t — 30°) A, calculate the instantaneous 50/02 V 
power and the average power. 
11.2 Att =2s, find the instantaneous power on each of 
the elements in the circuit of Fig. 11.35. 
Figure 11.37 For Prob. 11.4. 
50 uF 11.5 Compute the average power absorbed by the 4-2 
B resistor in the circuit of Fig. 11.38. 
30 cos 500t A 0.3H 200 Q 
Figure 11.35 Ror Prob. 11.2. 
4/60° A 
11.3. Refer to the circuit depicted in Fig. 11.36. Find the 
average power absorbed by each element. 
Figure 11.38 For Prob. 11.5. 
oe 11.6 Given the circuit of Fig. 11.39, find the average 
power absorbed by the 10-Q resistor. 
10 cos(2t + 30°) V 0.25 F G 
Figure 11.36 For Prob. 11.3. 8/20° V 
11.4 Given the circuit in Fig. 11.37, find the average 
power absorbed by each of the elements. Figure 11.39 For Prob. 11.6. 
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11.7. ~—‘In the circuit of Fig. 11.40, determine the average 


power absorbed by the 40-Q resistor. 


I, 202 
—S 


670° A 40.Q 





For Prob. 11.7. 


Figure | 1.40 


Calculate the average power absorbed by each 
resistor in the op amp circuit of Fig. 11.41 if the rms 
value of v, is 2 V. 


V, 10 kQ 


11.8 


For Prob. 11.8. 


Figure | 1.41 


11.9. = Inthe op amp circuit in Fig. 11.42, find the total 
¢ average power absorbed by the resistors. 
Y 


R 





V, cos wt V 





Figure | 1.42 


For the network in Fig. 11.43, assume that the port 
impedance is 


For Prob. 11.9. 


11.10 


R 
LS ee tan~' wRC 
V1 + w? R*C? 
Find the average power consumed by the network 
when R = 10 k&Q2, C = 200 nF, andi = 
2 sin(377t + 22°) mA. 
1 
——— 


< +0 


Linear 


network 





For Prob. 11.10. 


Figure | 1.43 


AC Power Analysis 46/7 


Section 11.3 Maximum Average Power 


Transfer 
11.11. For each of the circuits in Fig. 11.44, determine the 


value of load Z for maximum power transfer and the 
maximum average power transferred. 








~j29 470° A 
(a) 
10730° V 40 
(b) 
Figure | 1.44 For Prob. 11.11. 


11.12 For the circuit in Fig. 11.45, find: 


(a) the value of the load impedance that absorbs the 
maximum average power 


(b) the value of the maximum average power 
absorbed 


3720° A 





For Prob. 11.12. 


Figure | 1.45 


11.13 In the circuit of Fig. 11.46, find the value of Z, that 
will absorb the maximum power and the value of the 
C maximum power. 


12/0° V 





For Prob. 11.13. 


Figure | 1.46 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


468 PART 2 


11.14 Calculate the value of Z, in the circuit of Fig. 11.47 
in order for Z, to receive maximum average power. 
What is the maximum average power received by Z? 





¢ 


590° A 





Figure | 1.47 


11.15 Find the value of Z, in the circuit of Fig. 11.48 for 
maximum power transfer. 


For Prob. 11.14. 











40 Q 6070° V ~j10 Q 
40 Q 80 2 
Figure 11.48 — For Prob. 11.15. 


11.16 The variable resistor R in the circuit of Fig. 11.49 is 
adjusted until it absorbs the maximum average 
power. Find R and the maximum average power 


absorbed. 
jlas 470° A 62 BHR 
Figure 11.49 — For Prob. 11.16. 


11.17 The load resistance R; in Fig. 11.50 is adjusted until 
it absorbs the maximum average power. Calculate 
Cc the value of R; and the maximum average power. 


I AI 


— = 


120/0° V 


For Prob. 11.17. 


Figure | 1.50 


11.18 Assuming that the load impedance is to be purely 
resistive, what load should be connected to terminals 





AC Circuits 


a-b of the circuits in Fig. 11.51 so that the maximum 
power is transferred to the load? 


~j10Q 


100 Q 


1207.60° V 








Figure 11.5! For Prob. 11.18. 
Section 11.4 Effective or RMS Value 
11.19 Find the rms value of the periodic signal in Fig. 
11.52. 
V(t) 
{fe} 
5 
0 2 4 6 8 ; 
Figure 11.52 For Prob. 11.19. 
11.20 Determine the rms value of the waveform in Fig. 
L153. 
V(t) 
5 
0 
—5 
Figure 11.53 For Prob. 11.20. 
11.21 Find the effective value of the voltage waveform in 
Fig. 11.54. 
V(t) 
10 
5 
0 2 4 6 8 10 ¢ 
Figure 11.54 © For Prob. 11.21. 
11.22 Calculate the rms value of the current waveform of 
Fig. 11.55. 
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11.24 


11.25 


11.26 
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i(t) 


0 5 10 15 20 2) «4 


Figure 11.55 


For Prob. 11.22. 


Find the rms value of the voltage waveform of Fig. 
11.56 as well as the average power absorbed by a 
2-2 resistor when the voltage is applied across the 
resistor. 


V(Z) 

8 = 

0 2 5 7 10 12 ¢ 
Figure 11.56 For Prob. 11.23. 


Calculate the effective value of the current 
waveform in Fig. 11.57 and the average power 
delivered to a 12-Q2 resistor when the current runs 
through the resistor. 


i(t) 


10 


—10 





Figure | 1.57 


For Prob. 11.24. 


Compute the rms value of the waveform depicted in 
Fig. 11.58. 


V(t) 





Figure | 1.58 


For Prob. 11.25. 


Obtain the rms value of the current waveform shown 
in Fig. 11.59. 


AC Power Analysis 


11.27 


11.28 


Section 11.5 


11.29 


11.30 


11.31 


469 


i(t) 


1022 


wb 


0 1 2 2 4 > 4 


Figure [1.59 


For Prob. 11.26. 


Determine the effective value of the periodic 
waveform in Fig. 11.60. 


i(t) 


10 


—) 


1 2 3 4 >. f 


Figure | 1.60 


For Prob. 11.27. 


One cycle of a periodic voltage waveform is depicted 
in Fig. 11.61. Find the effective value of the voltage. 


v() 
30 
20 
10 

0 1 2 3 4 5 6 ¢ 
Figure I1.61 For Prob. 11.28. 


Apparent Power and Power 
Factor 


A relay coil is connected to a 210-V, 50-Hz supply. 
If it has a resistance of 30 Q2 and an inductance of 
0.5 H, calculate the apparent power and the power 
factor. 


A certain load comprises 12 — 78 Q in parallel with 
J4 G2. Determine the overall power factor. 


Obtain the power factor for each of the circuits in 
Fig. 11.62. Specify each power factor as leading or 


lagging. 
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11.37 


11.38 





(b) 


Obtain the overall impedance for the following 
cases: 
(a) P = 1000 W, pf = 0.8 (leading), 

View = 2209 


(b) P = 1500 W, QO = 2000 VAR (inductive), 
| rr ae 


(c) S = 4500 760° VA, V = 120/745° V 
For the entire circuit in Fig. 11.63, calculate: 
(a) the power factor 

(b) the average power delivered by the source 
(c) the reactive power 

(d) the apparent power 


(e) the complex power 








Figure | 1.62 For Prob. 11.31. 
Section 11.6 Complex Power 
11.32 A load draws 5 kVAR at a power factor of 0.86 
(leading) from a 220-V rms source. Calculate the 
peak current and the apparent power supplied to the 16/45° V 
load. 
11.33 For the following voltage and current phasors, 
calculate the complex power, apparent power, real 
power, and reactive power. Specify whether the pf is ; 
lead parleocine: Figure 11.63 For Prob. 11.38. 
(a) V = 2207 30° V rms, I = 0.5 760° A rms 
b) V = 2507 — 10° Vrms, : : 
) Section 11.7 Conservation of AC Power 
I=6.2/ — 25° Arms 
(c) V= 120/0° Vrms, I= 2.4/7 — 15° Arms 11.39 For the network in Fig. 11.64, find the complex 
(d) V = 160 /45° V rms, I = 8.5 /90° A rms power absorbed by each element. 
11.34 For each of the following cases, find the complex 
power, the average power, and the reactive power: 
(a) v(t) = 112 cos(@t + 10°) V, 8 A20° V 
i(t) = 4cos(wt — 50°) A 
(b) v(t) = 160 cos 377t V, 
i(t) = 4cos(377t + 45°) A 
EN 0072) NING 07 Figure 11.64 For Prob. 11.39. 
(d) l= 10/60° V rms, Z = 100 745° Q 
11.35 Determine the complex power for the following 11.40 Find the complex power absorbed by each of the 
cases: five elements in the circuit of Fig. 11.65. 
(a) P = 269 W, Q = 150 VAR (capacitive) 
(b) O = 2000 VAR, pf = 0.9 (leading) F202 100 
(c) S = 600 VA, O = 450 VAR (inductive) vv 
(d) Vims = 220 V, P = 1 kW, 40/0° V rms 50/90° V rms 
|Z| = 40 Q2 (inductive) 
11.36 Find the complex power for the following cases: 
GP =a kW pr = 0.80 (lapeie) Figure 11.65 For Prob. 11.40. 
(b) S$ = 2 kVA, P = 1.6 kW (capacitive) 
i) en ee ee 11.41 Obtain the complex power delivered by the source in 


(d) Vims = 1207 30° V, Z = 40 + j60 Q 


the circuit of Fig. 11.66. 
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BQ j4Q 


0) \ 


2/30° A 5Q ~j2.Q 6Q 





Figure 11.66 For Prob. 11.41. 

11.42 For the circuit in Fig. 11.67, find the average, 
reactive, and complex power delivered by the 
dependent voltage source. 

40 J1Q 2Q 
24/0° V 
Figure 11.67 For Prob. 11.42. 

11.43 Obtain the complex power delivered to the 10-kQ 
resistor in Fig. 11.68 below. 

11.44 Calculate the reactive power in the inductor and 
capacitor in the circuit of Fig. 11.69. 

50.2 7302 
) 0 q 

240/0° V ~j20.Q 4/0° A 40.Q 

Figure 11.69 — For Prob. 11.44. 


11.45 For the circuit in Fig. 11.70, find V, and the input 


16 kW 
0.9 pf lagging 


power factor. 


20 kW 
0.8 pf lagging 


For Prob. 11.45. 


6/0° A rms 





Figure | 1.70 


502 L 


— 


0.2 70° V rms 


For Prob. 11.43. 


Figure | 1.68 
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11.46 Given the circuit in Fig. 11.71, find I, and the 
overall complex power supplied. 


100790° V 





Figure I 1.71 For Prob. 11.46. 
11.47 For the circuit in Fig. 11.72, find V,. 


0.2Q j0.04 Q 0.3Q j015Q 





Figure | 1.72 


For Prob. 11.47. 


11.48 Find [, in the circuit of Fig. 11.73 on the bottom of 
the next page. 


11.49 Inthe op amp circuit of Fig. 11.74, v, = 


4 cos 10*t V. Find the average power delivered to the 
(> 50-kQ resistor. 


100 kQ 


Vs 50 kQ 


Figure | 1.74 


For Prob. 11.49. 


11.50 Obtain the average power absorbed by the 6-kQ 
resistor in the op amp circuit in Fig. 11.75. 


~j3 kQ 


j1kQ 


4kQ 10 kQ 
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4/45° V 


11.51 


11.52 


Section 11.8 


11.53 


PART 2 AC Circuits 
2kQ j4kQ 
4kQ  j3kQ 
6 kQ 
~j2 kQ 
Figure 11.75 For Prob. 11.50. 
Calculate the complex power delivered to each 
resistor and capacitor in the op amp circuit of Fig. 
11.76. Let v, = 2cos 107¢ V. 
20 kQ 
11.54 
10kQ 

11.55 
Vs 40 kQ 
Figure 11.76 For Prob. 11.51. 

11.56 


Compute the complex power supplied by the current 
source in the series RLC circuit in Fig. 11.77. 


R L 


I, cos wt C 


11.57 
Figure | 1.77 


For Prob. 11.52. 


Power Factor Correction 


Refer to the circuit shown in Fig. 11.78. 
(a) What is the power factor? 


220/0° V 


12kW 
0.866 pf leading 


For Prob. 11.48. 


Figure | 1.73 


16 kW 
0.85 pf lagging 





(b) What is the average power dissipated? 


(c) What is the value of the capacitance that will 
give a unity power factor when connected to the 
load? 


120 V ee ae 
eae a Z=104+j120 
Figure |1.78 For Prob. 11.53. 


An 880-VA, 220-V, 50-Hz load has a power factor of 
0.8 lagging. What value of parallel capacitance will 
correct the load power factor to unity? 


An 40-kW induction motor, with a lagging power 
factor of 0.76, is supplied by a 120-V rms 60-Hz 
sinusoidal voltage source. Find the capacitance 
needed in parallel with the motor to raise the power 
factor to: 


(a) 0.9 lagging (b) 1.0. 


A 240-V rms 60-Hz supply serves a load that is 
10 kW (resistive), 15 kVAR (capacitive), and 
22 kVAR (inductive). Find: 


(a) the apparent power 

(b) the current drawn from the supply 

(c) the kVAR rating and capacitance required to 
improve the power factor to 0.96 lagging 

(d) the current drawn from the supply under the new 
power-factor conditions 


A 120-V rms 60-Hz source supplies two loads 

connected in parallel, as shown in Fig. 11.79. 

(a) Find the power factor of the parallel 
combination. 

(b) Calculate the value of the capacitance connected 
in parallel that will raise the power factor to 
unity. 


20 kVAR 
0.6 pf lagging 
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Load 1 
24 kW 


Load 2 
40 kW 
pf = 0.95 
lagging 


pf =0.8 
lagging 





Figure | 1.79 


Consider the power system shown in Fig. 11.80. 
Calculate: 


For Prob. 11.57. 


11.58 


(a) the total complex power 
(b) the power factor 


(c) the capacitance necessary to establish a unity 
power factor 





+ 
240 V rms, 50 Hz 







Eee 
Cae 


For Prob. 11.58. 


Figure | 1.80 


Section 11.9 
11.59 


Applications 


Obtain the wattmeter reading of the circuit in Fig. 
11.81 below. 


11.60 What is the reading of the wattmeter in the network 


of Fig. 11.82? 


120° V 


Figure | 1.81 


20 cos 4t V 


Figure | |.83 


For Prob. 11.61. 


120 cos 2t V 


11.61 


11.62 


11.63 
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15 Q 





For Prob. 11.60. 


Figure | 1.82 


Find the wattmeter reading of the circuit shown in 
Fig. 11.83 below. 


The circuit of Fig. 11.84 portrays a wattmeter 
connected into an ac network. 


(a) Find the load current. 
(b) Calculate the wattmeter reading. 


Z,=6.4Q 


Figure | 1.84 


For Prob. 11.62. 


The kilowatthour-meter of a home is read once a 
month. For a particular month, the previous and 
present readings are as follows: 


Previous reading: 3246 kWh 
Present reading: 4017 kWh 


Calculate the electricity bill for that month 
based on the following residential rate schedule: 


3730° A 
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Minimum monthly charge—$12.00 

First 100 kWh per month at 16 cents/kWh 
Next 200 kWh per month at 10 cents/kWh 
Over 300 kWh per month at 6 cents/kWh 


11.64 A consumer has an annual consumption of 
1200 MWh with a maximum demand of 2.4 MVA. 


COMPREHENSIVE PROBLEMS 


11.65 A transmitter delivers maximum power to an 
antenna when the antenna is adjusted to represent a 
load of 75-Q resistance in series with an inductance 
of 4 WH. If the transmitter operates at 4.12 MHz, 
find its internal impedance. 


11.66 Ina TV transmitter, a series circuit has an 
impedance of 3 kQ and a total current of 50 mA. If 550 V 
the voltage across the resistor is 80 V, what is the 
power factor of the circuit? 


11.67 A certain electronic circuit is connected to a 110-V 
ac line. The root-mean-square value of the current 
drawn is 2 A, with a phase angle of 55°. 


(a) Find the true power drawn by the circuit. 
(b) Calculate the apparent power. 11.72 


11.68 An industrial heater has a nameplate which reads: 
210V 60Hz 12kVA 0.78 pf lagging 
Determine: 

(a) the apparent and the complex power 
(b) the impedance of the heater 


*11.69 A 2000-kW turbine-generator of 0.85 power factor 
operates at the rated load. An additional load of 
300 kW at 0.8 power factor is added. What kVAR of 
capacitors is required to operate the turbine 11.73 
-generator but keep it from being overloaded? 


11.70 The nameplate of an electric motor has the 
following information: 


Line voltage: 220 V rms 
Line current: 15 A rms 
Line frequency: 60 Hz 
Power: 2700 W 


Determine the power factor (lagging) of the motor. 
Find the value of the capacitance C that must be 11.74 
connected across the motor to raise the pf to unity. 


11.71 As shown in Fig. 11.85, a 550-V feeder line supplies 
an industrial plant consisting of a motor drawing 
60 kW at 0.75 pf (inductive), a capacitor with a 
rating of 20 kVAR, and lighting drawing 20 kW. 
(a) Calculate the total reactive power and apparent 
power absorbed by the plant. 


*An asterisk indicates a challenging problem. 


The maximum demand charge is $30 per kVA per 
annum, and the energy charge per kWh is 4 cents. 


(a) Determine the annual cost of energy. 


(b) Calculate the charge per kWh with a flat-rate 
tariff if the revenue to the utility company is to 
remain the same as for the two-part tariff. 


(b) Determine the overall pf. 
(c) Find the current in the feeder line. 


20 kKVAR 10 kW 





Figure 11.85 For Prob. 11.71. 


A factory has the following four major loads: 
e A motor rated at 5 hp, 0.8 pf lagging 
(1 hp = 0.7457 kW). 
e A heater rated at 1.2 kW, 1.0 pf. 
e Ten 120-W lightbulbs. 
e A synchronous motor rated at 1.6 kVA, 0.6 pf 
leading. 
(a) Calculate the total real and reactive power. 
(b) Find the overall power factor. 


A 1-MVA substation operates at full load at 0.7 
power factor. It is desired to improve the power 
factor to 0.95 by installing capacitors. Assume that 
new substation and distribution facilities cost $120 
per kVA installed, and capacitors cost $30 per kVA 
installed. 


(a) Calculate the cost of capacitors needed. 
(b) Find the savings in substation capacity released. 


(c) Are capacitors economical for releasing the 
amount of substation capacity? 


A coupling capacitor is used to block dc current 
from an amplifier as shown in Fig. 11.86(a). The 
amplifier and the capacitor act as the source, while 
the speaker is the load as in Fig. 11.86(b). 


(a) At what frequency is maximum power 
transferred to the speaker? 

(b) If V; = 4.6 V rms, how much power is delivered 
to the speaker at that frequency? 
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Amplifier 
Coupling capacitor 











Vin Speaker 
(a) 
4Q | 
80 mH : 
Amplifier = Speaker 
(b) 
Figure 11.86 For Prob. 11.74. 


11.75 A power amplifier has an output impedance of 
40 + 78 Q. It produces a no-load output voltage of 
146 V at 300 Hz. 
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(a) Determine the impedance of the load that 
achieves maximum power transfer. 


(b) Calculate the load power under this matching 
condition. 


11.76 <A power transmission system is modeled as shown 
in Fig. 11.87. If V,; = 240 70° rms, find the average 


power absorbed by the load. 





0.12 j1Q 
100 Q 
3 j1Q 
Source Line Load 
Figure ||.87 For Prob. 11.76. 
Go to the Student OLC 
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THREE-PHASE CIRCUITS 


Society is never prepared to receive any invention. Every new thing is 
resisted, and it takes years for the inventor to get people to listen to him 
and years more before it can be introduced. 

—Thomas Alva Edison 


Historical Profiles 


Thomas Alva Edison (1847-1931) was perhaps the greatest American inventor. He 
patented 1093 inventions, including such history-making inventions as the incandescent 
electric bulb, the phonograph, and the first commercial motion pictures. 

Born in Milan, Ohio, the youngest of seven children, Edison received only three 
months of formal education because he hated school. He was home-schooled by his 
mother and quickly began to read on his own. In 1868, Edison read one of Faraday’s 
books and found his calling. He moved to Menlo Park, New Jersey, in 1876, where he 
managed a well-staffed research laboratory. Most of his inventions came out of this lab- 
oratory. His laboratory served as a model for modern research organizations. Because 
of his diverse interests and the overwhelming number of his inventions and patents, 
Edison began to establish manufacturing companies for making the devices he invented. 
He designed the first electric power station to supply electric light. Formal electri- 
cal engineering education began in the mid-1880s with Edison as arole model and leader. 


Nikola Tesla (1856-1943) was a Croatian-American engineer whose inventions— 
among them the induction motor and the first polyphase ac power system—greatly 
influenced the settlement of the ac versus dc debate in favor of ac. He was also re- 
sponsible for the adoption of 60 Hz as the standard for ac power systems in the United 
States. 

Born in Austria-Hungary (now Croatia), to a clergyman, Tesla had an incredible 
memory and a keen affinity for mathematics. He moved to the United States in 1884 
and first worked for Thomas Edison. At that time, the country was in the “battle of the 
currents” with George Westinghouse (1846-1914) promoting ac and Thomas Edison 
rigidly leading the dc forces. Tesla left Edison and joined Westinghouse because of 
his interest in ac. Through Westinghouse, Tesla gained the reputation and acceptance 
of his polyphase ac generation, transmission, and distribution system. He held 700 
patents in his lifetime. His other inventions include high-voltage apparatus (the tesla 
coil) and a wireless transmission system. The unit of magnetic flux density, the tesla, 
was named in honor of him. 





4/1 
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12.1 INTRODUCTION 


So far in this text, we have dealt with single-phase circuits. A single- 
phase ac power system consists of a generator connected through a pair 
of wires (a transmission line) to a load. Figure 12.1(a) depicts a single- 
phase two-wire system, where V, is the magnitude of the source voltage 
and @ is the phase. What is more common in practice is a single-phase 
three-wire system, shown in Fig. 12.1(b). It contains two identical sources 
(equal magnitude and the same phase) which are connected to two loads 
by two outer wires and the neutral. For example, the normal household 
system is a single-phase three-wire system because the terminal voltages 
Historical note: Thomas Edison invented a three- have the same magnitude and the same phase. Such a system allows the 
wire system, using three wires instead of four. connection of both 120-V and 240-V appliances. 


V Lo 
(a) 


Figure 2.1] Single-phase systems: (a) two-wire type, (b) three-wire type. 





(b) 


Circuits or systems in which the ac sources operate at the same 
frequency but different phases are known as polyphase. Figure 12.2 shows 
a two-phase three-wire system, and Fig. 12.3 shows a three-phase four- 
wire system. As distinct from a single-phase system, a two-phase system 
is produced by a generator consisting of two coils placed perpendicular 
to each other so that the voltage generated by one lags the other by 90°. 
By the same token, a three-phase system is produced by a generator 
consisting of three sources having the same amplitude and frequency but 
Figure |2.2  Two-phase three-wire system. out of phase with each other by 120°. Since the three-phase system is by 
far the most prevalent and most economical polyphase system, discussion 
in this chapter is mainly on three-phase systems. 

Three-phase systems are important for at least three reasons. First, 
nearly all electric power is generated and distributed in three-phase, at 
the operating frequency of 60 Hz (or m = 377 rad/s) in the United States 
or 50 Hz (or m = 314 rad/s) in some other parts of the world. When one- 
phase or two-phase inputs are required, they are taken from the three- 
phase system rather than generated independently. Even when more 
than three phases are needed—such as in the aluminum industry, where 
48 phases are required for melting purposes—they can be provided by 
manipulating the three phases supplied. Second, the instantaneous power 
in a three-phase system can be constant (not pulsating), as we will see 
in Section 12.7. This results in uniform power transmission and less 
Figure 12.3 Three-phase four-wire system. vibration of three-phase machines. Third, for the same amount of power, 
the three-phase system is more economical than the single-phase. The 
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amount of wire required for a three-phase system 1s less than that required 
for an equivalent single-phase system. 

We begin with a discussion of balanced three-phase voltages. Then 
we analyze each of the four possible configurations of balanced three- 
phase systems. We also discuss the analysis of unbalanced three-phase 
systems. We learn how to use PSpice for Windows to analyze a balanced 
or unbalanced three-phase system. Finally, we apply the concepts devel- 
oped in this chapter to three-phase power measurement and residential 
electrical wiring. 


[2.2 BALANCED THREE-PHASE VOLTAGES 


Three-phase voltages are often produced with a three-phase ac generator 
(or alternator) whose cross-sectional view is shown in Fig. 12.4. The gen- 
erator basically consists of a rotating magnet (called the rotor) surrounded 
by a stationary winding (called the stator). Three separate windings or 
coils with terminals a-a’, b-b’, and c-c’ are physically placed 120° apart 
around the stator. Terminals a and a’, for example, stand for one of the 
ends of coils going into and the other end coming out of the page. As the 
rotor rotates, its magnetic field “cuts” the flux from the three coils and 
induces voltages in the coils. Because the coils are placed 120° apart, 
the induced voltages in the coils are equal in magnitude but out of phase 
by 120° (Fig. 12.5). Since each coil can be regarded as a single-phase 
generator by itself, the three-phase generator can supply power to both 
single-phase and three-phase loads. 


Three- 
phase b 
output 





Figure 25 The generated voltages are 120° 
apart from each other. 


n 





Figure [24 A three-phase generator. 


A typical three-phase system consists of three voltage sources con- 
nected to loads by three or four wires (or transmission lines). (Three- 
phase current sources are very scarce.) A three-phase system is equiv- 
alent to three single-phase circuits. The voltage sources can be either 
wye-connected as shown in Fig. 12.6(a) or delta-connected as in Fig. 
12.6(b). 

Let us consider the wye-connected voltages in Fig. 12.6(a) for now. 
The voltages Van, Von, and V., are respectively between lines a, b, and 
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Figure [2.7 





(b) 


Phase sequences: 


(a) abc or positive sequence, 
(b) acb or negative sequence. 


As a common tradition in power systems, volt- 
age and current in this chapter are in rms values 


unless otherwise stated. 
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a 
Van 
i Mea Vib 
Ven Von 
b b 
Voc 
Cc Cc 
(a) (b) 
Figure 12.6 Three-phase voltage sources: (a) Y-connected source, 


(b) A-connected source. 


c, and the neutral line n. These voltages are called phase voltages. If the 
voltage sources have the same amplitude and frequency w and are out of 
phase with each other by 120°, the voltages are said to be balanced. This 
implies that 


Van + Von + Ven = 0 (12.1) 
Van! — Von| — LY cx | (12.2) 


Thus, 


Balanced phase voltages are equal in magnitude and are out 
of phase with each other by 120°. 





Since the three-phase voltages are 120° out of phase with each other, 
there are two possible combinations. One possibility is shown in Fig. 
12.7(a) and expressed mathematically as 


Van = Vp /0° 
Vin = Vp / — 120° (12.3) 
Ven = Vp / — 240° = V,/ + 120° 


where V,, is the effective or rms value. This is known as the abc sequence 
or positive sequence. In this phase sequence, V,,, leads V,,, which in 
turn leads V,.,,. This sequence is produced when the rotor in Fig. 12.4 
rotates counterclockwise. The other possibility is shown in Fig. 12.7(b) 
and is given by 





Van = Vp /0° 


Ve= V7 = De (12.4) 


+ 120° 


Vin = Vp /— 240° = V, 





This is called the acb sequence or negative sequence. For this phase 
sequence, V,,, leads V.,,, which in turn leads V;,,. The acb sequence is 
produced when the rotor in Fig. 12.4 rotates in the clockwise direction. 
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It is easy to show that the voltages in Eqs. (12.3) or (12.4) satisfy Eqs. 
(12.1) and (12.2). For example, from Eq. (12.3), 


Van + Vin + Ven = Vp/0° + Vp / — 120° + Vp / + 120° 


= V,(1.0 — 0.5 — j0.866 — 0.5 + j0.866) = (12.5) 
= (0) 


The phase sequence is the time order in which the voltages pass through The phase sequence may also be regarded as the 


their respective maximum values. order in which the phase voltages reach their 
peak (or maximum) values with respect to time. 





The phase sequence is determined by the order in which the phasors pass 
through a fixed point in the phase diagram. Reminder: As time increases, each phasor (or 
In Fig. 12.7(a), as the phasors rotate in the counterclockwise direc- sinor) rotates at an angular velocity w. 


tion with frequency w, they pass through the horizontal axis in a sequence 
abcabca .... Thus, the sequence is abc or bca or cab. Similarly, for the 
phasors in Fig. 12.7(b), as they rotate in the counterclockwise direction, 
they pass the horizontal axis in a sequence acbacba .... This describes 
the acb sequence. The phase sequence is important in three-phase power 
distribution. It determines the direction of the rotation of a motor con- 
nected to the power source, for example. 

Like the generator connections, a three-phase load can be either 
wye-connected or delta-connected, depending on the end application. 
Figure 12.8(a) shows a wye-connected load, and Fig. 12.8(b) shows a 
delta-connected load. The neutral line in Fig. 12.8(a) may or may not 
be there, depending on whether the system is four- or three-wire. (And, 
of course, a neutral connection is topologically impossible for a delta 
connection.) A wye- or delta-connected load is said to be unbalanced if 
the phase impedances are not equal in magnitude or phase. 





A balanced load is one in which the phase impedances 
are equal in magnitude and in phase. (b) 





Figure 128 Two possible three- 


For a balanced wye-connected load, phase load configurations: 
(a) a Y-connected load, 
LZ, = 7% = 43 = Ly (12.6) (b) a A-connected load 
where Zy is the load impedance per phase. For a balanced delta-connected 
load, Reminder: A Y-connected load consists of three 
impedances connected to a neutral node, while a 
bq = hy = Le = ha ane ee: load consists of three impedances 
where Z, is the load impedance per phase in this case. We recall from connected around a loop. The load is balanced 
Eq. (9.69) that when the three impedances are equal in either 
l case, 
Lan = 3Zy or Ly = 3A (12.8) 


so we know that a wye-connected load can be transformed into a delta- 
connected load, or vice versa, using Eq. (12.8). 

Since both the three-phase source and the three-phase load can be 
either wye- or delta-connected, we have four possible connections: 
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e  Y-Y connection (i.e., Y-connected source with a Y-connected 
load). 


e Y-A connection. 
e A-A connection. 
e A-Y connection. 


In subsequent sections, we will consider each of these possible configu- 
rations. 

It is appropriate to mention here that a balanced delta-connected 
load is more common than a balanced wye-connected load. This is due 
to the ease with which loads may be added or removed from each phase 
of a delta-connected load. This is very difficult with a wye-connected 
load because the neutral may not be accessible. On the other hand, delta- 
connected sources are not common in practice because of the circulating 
current that will result in the delta-mesh if the three-phase voltages are 
slightly unbalanced. 


Determine the phase sequence of the set of voltages 
Van = 200 cos(@t + 10°) 
Vpn = 200 cos(w@t — 230°), Ven = 200 cos(wt — 110°) 
Solution: 


The voltages can be expressed in phasor form as 
Van = 200/10", Vin = 2007 — 230° , Ven = 2007 — 110° 


We notice that V,,, leads V,,, by 120° and V,., in turn leads V;, by 120°. 
Hence, we have an acb sequence. 


PRACTICE PROBLE ™ pai 


Given that V,, = 110/30°, find Va, and V.n, assuming a positive (abc) 
sequence. 


Answer: 110/150°, 1107 — 90°. 


12.3 BALANCED WYE-WYE CONNECTION 


We begin with the Y-Y system, because any balanced three-phase system 
can be reduced to an equivalent Y-Y system. Therefore, analysis of this 
system should be regarded as the key to solving all balanced three-phase 
systems. 


A balanced Y-Y system is a three-phase system with a balanced Y-connected 


source and a balanced Y-connected load. 





Consider the balanced four-wire Y-Y system of Fig. 12.9, where 
a Y-connected load is connected to a Y-connected source. We assume a 
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balanced load so that load impedances are equal. Although the impedance 
Zy is the total load impedance per phase, it may also be regarded as the 
sum of the source impedance Z,, line impedance Z,, and load impedance 
Z, for each phase, since these impedances are in series. As illustrated in 
Fig. 12.9, Z, denotes the internal impedance of the phase winding of the 
generator; Z, is the impedance of the line joining a phase of the source 
with a phase of the load; Z, is the impedance of each phase of the load; 
and Z,, is the impedance of the neutral line. Thus, in general 


Ly = 2+ 4, + Zy (12.9) 


Z, and Z, are often very small compared with Z,, so one can assume 
that Zy = Z, if no source or line impedance is given. In any event, 
by lumping the impedances together, the Y-Y system in Fig. 12.9 can be 
simplified to that shown in Fig. 12.10. 





Figure 12.9 A balanced Y-Y system, showing the 
source, line, and load impedances. 


Assuming the positive sequence, the phase voltages (or line-to- 
neutral voltages) are 


Van = Vp /0° 


Von = VpZ — 120°, Ven = Vp/_ + 120° 


The line-to-line voltages or simply line voltages Vaz, Vy, and V-q are 
related to the phase voltages. For example, 


Vab = Van + Vib = Van _ Vin = V,/0° — Vp — 120° 


(12.10) 


(12.1 1a) 


1 3 
ae (45479) = V3V, /30° 


Similarly, we can obtain 
Voc = Von — Ven = V3V, f= 90" (12.11b) 
Vea = Ven — Van = V3Vp/ — 210° (12.116¢) 
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Thus, the magnitude of the line voltages V; is 3 times the magnitude 
of the phase voltages V,, or 


Vi = V3V, (12.12) 


Vp = Van! = |Vonl = |Ven!| (12.13) 


where 


and 
Vi = |[Vap| = [Vocl = [Veal (12.14) 


Also the line voltages lead their corresponding phase voltages by 30°. 
Figure 12.11(a) illustrates this. Figure 12.11(a) also shows how to deter- 
mine V,, from the phase voltages, while Fig. 12.11(b) shows the same 
for the three line voltages. Notice that V,, leads V;, by 120°, and V;, 
leads V.q by 120°, so that the line voltages sum up to zero as do the phase 
voltages. 

Applying KVL to each phase in Fig. 12.10, we obtain the line cur- 
rents as 


Van Vin  Van/ — 120° 


= : I, = = | _ = L/ — 120° 
Zi a 7; 


Ven Van/ — 240° 


I, = 2 = “a __ =, /— 240° 
Ly Ly 


We can readily infer that the line currents add up to zero, 








(12.15) 








I,+1I,+1.=0 (12.16) 
so that 
L=-U+5,4+I1,) =0 (12.17a) 
or 
(b) Vin = ZI, = 0 (12.17b) 


that is, the voltage across the neutral wire is zero. The neutral line can 
Figure 12 |__ Phasor diagrams illustrating thus be removed without affecting the system. In fact, in long distance 
the relationship between line voltages and . ; : ; 
phase voltages. power transmission, conductors in multiples of three are used with the 
earth itself acting as the neutral conductor. Power systems designed in 
this way are well grounded at all critical points to ensure safety. 

While the /ine current is the current in each line, the phase current 
is the current in each phase of the source or load. In the Y-Y system, the 
line current is the same as the phase current. We will use single subscripts 
for line currents because it is natural and conventional to assume that line 
currents flow from the source to the load. 


9 Me A An alternative way of analyzing a balanced Y-Y system is to do so 
a 
ona “per phase” basis. We look at one phase, say phase a, and analyze the 
v,, Zy single-phase equivalent circuit in Fig. 12.12. The single-phase analysis 
yields the line current I, as 
n N 


' (12.18) 
Figure 212 A single-phase 
equivalent circuit. 
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From I,, we use the phase sequence to obtain other line currents. Thus, 
as long as the system is balanced, we need only analyze one phase. We 
may do this even if the neutral line is absent, as in the three-wire system. 


12.2 





Calculate the line currents in the three-wire Y-Y system of Fig. 12.13. 


5 —j2Q 
a A 







110/0° V 


10 + j8Q 






1107—240° V 1107—120° V 


5 —j20 





10 + j8Q 





b 


10 + j8Q 


Figure 12.13 Three-wire Y-Y system; for Example 12.2. 


Solution: 


The three-phase circuit in Fig. 12.13 1s balanced; we may replace it with 
its single-phase equivalent circuit such as in Fig. 12.12. We obtain I, 
from the single-phase analysis as 





Van 
= 
Ly 
where Zy = (5 — 72) + (04 /8) = 154+ j6 = 16.155 /21.8°. Hence, 
110 /0° 


ey LY OL 
16.155 /21.8° 


Since the source voltages in Fig. 12.13 are in positive sequence and the 
line currents are also in positive sequence, 


I, — 1, /— 120° = 6.81 /— 141.8° A 
I. = 1, /— 240° = 6.81 /— 261.8° A = 6.81 /08.2° A 


PRACTICE PROBLE M ay 


A Y-connected balanced three-phase generator with an impedance of 
0.4-+ j0.3 Q per phase is connected to a Y-connected balanced load with 
an impedance of 24 + 719 Q per phase. The line joining the generator 
and the load has an impedance of 0.6 + 70.7 Q per phase. Assuming 
a positive sequence for the source voltages and that V,, = 120/30° V, 
find: (a) the line voltages, (b) the line currents. 
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This is perhaps the most practical three-phase 


system, as the three-phase sources are usually Y- 
connected while the three-phase loads are usu- 
ally A-connected. 


PART 2 AC Circuits 


Answer: (a) 207.85 /60° V, 207.857 — 60° V, 207.857 — 180° V, 


(b) 3.75 7 — 8.66° A, 3.75 7 — 128.66° A, 3.757 — 248.66° A. 


12.4 BALANCED WYE-DELTA CONNECTION 


A balanced Y-A system consists of a balanced Y-connected source 
feeding a balanced A-connected load. 





The balanced Y-delta system is shown in Fig. 12.14, where the 
source is wye-connected and the load is A-connected. There is, of course, 
no neutral connection from source to load for this case. Assuming the 
positive sequence, the phase voltages are again 


Van = V,/0° 
Vin = Vp/ — 120°, Vien = Vp Z + 120° 
As shown in Section 12.3, the line voltages are 
Vav = V3Vp)/30° = Vas, Vic = V3Vp/— 90° = Vac 
Vea = V3Vy / — 210° = Vea — 


showing that the line voltages are equal to the voltages across the load 
impedances for this system configuration. From these voltages, we can 
obtain the phase currents as 


(12.19) 


V Vv Vv 
AB Ip. — 12¢ I CA 


BC = ey «( CA => Da (12.21) 
Za 


Ing =—, 
AB Za Za 


These currents have the same magnitude but are out of phase with each 
other by 120°. 





Figure 12.14 Balanced Y-A connection. 
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Another way to get these phase currents is to apply KVL. For ex- 
ample, applying KVL around loop aA Bbna gives 


—Van + Zalas + Vin = 0 
or 
Van — Vin _ Vav _ Was 
i 7 on Ae 
which is the same as Eq. (12.21). This is the more general way of finding 
the phase currents. 


The line currents are obtained from the phase currents by applying 
KCL at nodes A, B, and C. Thus, 





Ly3 = (12.22) 


I, = Typ — Ica, I, = Isc — las. I. =Ic4 —Ise (2.23) 


Since Ica = Lap = 240°, 
I, = Tap —Ica = Tan — 1/7 — 240°) 
= I4g(1 + 0.5 — j0.866) = IngV3 / — 30° 


showing that the magnitude /;, of the line current is 3 times the magni- 
tude /,, of the phase current, or 


I, =V31, (12.25) 


(12.24) 





where 
Ty = a] = [| = [Ll (12.26) 
and 
Ty = \Las| = |Eec| = [Tcl (12.27) . 
Figure 12.15 Phasor diagram 
Also, the line currents lag the corresponding phase currents by 30°, as- illustrating the relationship between 
suming the positive sequence. Figure 12.15 is a phasor diagram illustrat- phase and line currents. 


ing the relationship between the phase and line currents. 

An alternative way of analyzing the Y-A circuit is to transform the 
A-connected load to an equivalent Y-connected load. Using the A-Y 
transformation formula in Eq. (9.69), 


(12.28) I 


After this transformation, we now have a Y-Y system as in Fig. 12.10. Vv Zp 
The three-phase Y-A system in Fig. 12.14 can be replaced by the single- . 3 


phase equivalent circuit in Fig. 12.16. This allows us to calculate only 

the line currents. The phase currents are obtained using Eq. (12.25) and Figure 12.16 A single-phase equivalent 
utilizing the fact that each of the phase currents leads the corresponding circuit of a balanced Y-A circuit. 

line current by 30°. 





La ao 


A balanced abc-sequence Y-connected source with V,, = 100/10° V 
is connected to a A-connected balanced load (8 + 74) Q per phase. Cal- 
culate the phase and line currents. 
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Solution: 


This can be solved in two ways. 
METHOD @§) The load impedance is 
Za = 84+ j4 = 8.944 /26.57° Q 
If the phase voltage Vz, = 100 10°, then the line voltage is 
Vap = VanV3/30° = 10073 /10° + 30° = Vaz 
or 
Vase = 173.2 /40° V 


The phase currents are 
Vas 173.2 /40° 


AR = jj}  — -.....,;, . 

ZA = 8.944 /26.57° 

Ipc = Tap / — 120° = 19.36 /— 106.57° A 
Toa =Iyp/ + 120° = 19.36 /133.43° A 


The line currents are 


IL, = Tasv3/ — 30° = V3(19.36) /13.43° — 30° 


= 33.537 —16.57° A 
I, =1,/ — 120° = 33.537 — 136.57 A 
I, =L/ + 120° = 33.53 7103.43" A 


= 19.36/13.43° A 


METHOD 4 Alternatively, using single-phase analysis, 
Van 100 710° 


— 5 ee ad 16S 
Za/3 2.981 /26.57° 





as above. Other line currents are obtained using the abc phase sequence. 


PRACTICE PROBLE ™ pa 





One line voltage of a balanced Y-connected source is Vag = 
180 7 — 20° V. If the source is connected to a A-connected load of 


20/40° &2, find the phase and line currents. Assume the abc sequence. 
Answer: 9/ — 60°, 9/7 — 180°, 960°, 15.597 — 90°, 
19.597 = 210" 15.59 730° As 


12.5 BALANCED DELTA-DELTA CONNECTION 


A balanced A-A system is one in which both the balanced source 


and balanced load are A-connected. 
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The source as well as the load may be delta-connected as shown 
in Fig. 12.17. Our goal is to obtain the phase and line currents as usual. 
Assuming a positive sequence, the phase voltages for a delta-connected 
source are 


Vap = Vp /0° 


Voc = VpZ — 120°, Vea = V>/ + 120° 


The line voltages are the same as the phase voltages. From Fig. 12.17, 
assuming there is no line impedances, the phase voltages of the delta- 
connected source are equal to the voltages across the impedances; that 
1S, 


(12.29) 


Vab = Vas, Voc = Vc; View = VoA (12.30) 


Hence, the phase currents are 











Vase Vap Vac Voce 
Ihg = —— = ‘c= —— 
ZA ZA ZA ZA 
(12.31) 
VCA Vig 
Lea —— = 
ZA ZA 


Since the load is delta-connected just as in the previous section, some 
of the formulas derived there apply here. The line currents are obtained 
from the phase currents by applying KCL at nodes A, B, and C, as we 
did in the previous section: 


I, = las —-Ica, I, =Ibc — ls, I.=Ica4—Ibe (12.32) 


Also, as shown in the last section, each line current lags the corresponding 
phase current by 30°; the magnitude J, of the line current is /3 times 
the magnitude J, of the phase current, 


I, = V31, (12.33) 





Figure 12.17 A balanced A-A connection. 


An alternative way of analyzing the A-A circuit is to convert both 
the source and the load to their Y equivalents. We already know that 
Zy = Z,/3. To convert a A-connected source to a Y-connected source, 
see the next section. 
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A balanced A-connected load having an impedance 20 — 715 Q is con- 
nected to a A-connected, positive-sequence generator having V,, = 
330 0° V. Calculate the phase currents of the load and the line currents. 


Solution: 
The load impedance per phase is 
Za = 20 — j15 = 25 / — 36.87° Q 
The phase currents are 
VaB 330 /0° 
on Za 7 25 / — 36.87 
Ipc = lap / — 120° = 13.27 — 83.13" A 
Io4 =Uygp/7 + 120° = 13.27156.87° A 


For a delta load, the line current always lags the corresponding phase 
current by 30° and has a magnitude 3 times that of the phase current. 
Hence, the line currents are 


= Iypv3/ — 30° = (13.2 /36.87°) (V3 / — 30°) 
= 22.86 /6.87° A 
I, =1,/ — 120° = 22.867 — 113.13" A 


= 13.2 /36.87° A 


I. = 1, / + 120° = 22.86 /126.87° A 


PRACTICE PROBLE ™ SaaS 


A positive-sequence, balanced A-connected source supplies a balanced 
A-connected load. If the impedance per phase of the load is 18 + 712 Q 
and I, = 22.5 35° A, find I4g and Vaz. 


Answer: 13/65° A, 281.2/98.69° V. 


12.6 BALANCED DELTA-WYE CONNECTION 


A balanced A-Y system consists of a balanced A-connected 
source feeding a balanced Y-connected load. 





Consider the A-Y circuit in Fig. 12.18. Again, assuming the abc 
sequence, the phase voltages of a delta-connected source are 


Va» = Vp 0°, Vic = Vp/ — 120° 
Vea = Vp /+ 120° 


These are also the line voltages as well as the phase voltages. 


(12.34) 
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Figure 12. 18 A balanced A-Y connection. 


We can obtain the line currents in many ways. One way is to apply 
KVL to loop aAN Bba in Fig. 12.18, writing 


—V.»+ Zyl, — Zyl, =0 





or 
Zy Ia — Ib) = Vap = Vp 70" 
Thus, 
Vp /0° 
L—-L= Z, (12.35) 


But I, lags I, by 120°, since we assumed the abc sequence; that is, 
I, =I, /7 — 120°. Hence, 


I, -—I, =1,0 —1/ — 120°) 


1 3 (12.36) 
=I, ( +i] = 1,V3/30° 
Substituting Eq. (12.36) into Eq. (12.35) gives 
V,/V3/ — 30° 
— Vp/V3Z = 30° | (12.37) 


.= 

Ly 
From this, we obtain the other line currents I, and I, using the positive 
phase sequence, ie., I, = 1,7 — 120°, , = I,7 + 120°. The phase 
currents are equal to the line currents. 

Another way to obtain the line currents is to replace the delta- 
connected source with its equivalent wye-connected source, as shown in 
Fig. 12.19. In Section 12.3, we found that the line-to-line voltages of 
a wye-connected source lead their corresponding phase voltages by 30°. 
Therefore, we obtain each phase voltage of the equivalent wye-connected 
source by dividing the corresponding line voltage of the delta-connected 
source by V3 and shifting its phase by —30°. Thus, the equivalent wye- 
connected source has the phase voltages 


V ¢ A 
Van = —= / — 30° 
3 
ae (12.38) 
Vi, = Me — 150°, \ = Vp + 90° Figure 12.19 Transforming a A-connected 


we — 


ee source to an equivalent Y-connected source. 
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Li 
_———— SP 
V7 30° 
Ly 
V3 
Figure 12.20 The single-phase equivalent 


circuit. 
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If the delta-connected source has source impedance Z, per phase, the 
equivalent wye-connected source will have a source impedance of Z, /3 
per phase, according to Eq. (9.69). 

Once the source is transformed to wye, the circuit becomes a wye- 
wye system. Therefore, we can use the equivalent single-phase circuit 
shown in Fig. 12.20, from which the line current for phase a is 


V,/V3/ — 30° 
a — Zy 
which is the same as Eq. (12.37). 
Alternatively, we may transform the wye-connected load to an 
equivalent delta-connected load. This results in a delta-delta system, 
which can be analyzed as in Section 12.5. Note that 


V 
Van =L,Zy = Ble 30° 
Van = Van / — 120°, Ven = Van / + 120° 


As stated earlier, the delta-connected load is more desirable than 
the wye-connected load. It is easier to alter the loads in any one phase of 
the delta-connected loads, as the individual loads are connected directly 
across the lines. However, the delta-connected source is hardly used in 
practice, because any slight imbalance in the phase voltages will result in 
unwanted circulating currents. 

Table 12.1 presents a summary of the formulas for phase currents 
and voltages and line currents and voltages for the four connections. 
Students are advised not to memorize the formulas but to understand 
how they are derived. The formulas can always be obtained by directly 
applying KCL and KVL to the appropriate three-phase circuits. 


(12.39) 


(12.40) 


Summary of phase and line voltages/currents for 


TABLE 12.1 
1 


balanced three-phase systems’. 


Connection Phase voltages/currents Line voltages/currents 
Y-Y Van = V,/0 Vap = V3V,/30° 
Vig = Ve7 — 120° Vic = Van / — 120° 
Va = V57 10: Via = Van / + 120° 
Same as line currents I, = Van/Zy 
I, =1,/7 — 120° 
IL=1,/7 + 120° 
Y-A Van = Vp /0° Vio = Vaz = V3V,/30° 
Ven =Ve7 — D0 Vic = Vac = Van / — 120° 
Vag=Vp7 PLO Vea = Vor = Vas 120" 
Ing = Vas/ZLa IL, = TynV3/ — 30° 
Ipc = Vac/ZLa I, =1,/ — 120° 
Toa = Vea/Za I, =1,/7 + 120° 


' Positive or abc sequence is assumed. 
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TABLE 12.1 (continued) 


Connection Phase voltages/currents Line voltages/currents 
A-A Va Ve7 0 Same as phase voltages 
Vig=Va7 = 120° 
VaH=Ve7 F120 


Typ = Vav/Za L, = IypV3/ — 30° 
Ipc = Voc/La I=L/7 — 120° 
Toa = Vea/ZLa Leahy +e 

A-Y Vap = Vp / 0° Same as phase voltages 


Vic = Vp / — 120° 
Vea = Vp / + 120° 


V,/ — 30° 
Same as line currents L,= ———=— 
J/3Zy 
I,=1L/7 — 120° 
LeL/7 ize 


12.5 





A balanced Y-connected load with a phase resistance of 40 Q and a reac- 
tance of 25 Q2 is supplied by a balanced, positive sequence A-connected 
source with a line voltage of 210 V. Calculate the phase currents. Use 
Vup as reference. 


Solution: 


The load impedance is 
Zy = 404 j25 = 47.17 732° Q 
and the source voltage is 
Vap = 210/0° V 


When the A-connected source is transformed to a Y-connected source, 


Vab 
 — f= 30° = 121.27 —30° V 
J3 





The line currents are 

Van 121.27 — 30° 
Zy 47.12, /32° 
I, =1,/7 — 120° =2.57/7 — 182° A 


I. = 1,/120° = 2.57/58" A 


L,= ~2.57/—62°A 





which are the same as the phase currents. 
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PRACTICE PROBLE ™ pai 


In a balanced A-Y circuit, Va, = 240/15° and Zy = (12 + 715) &. 
Calculate the line currents. 


Answer: 7.21 / — 66.34°, 7.217 — 186.34°, 7.21 /53.66° A. 


12.7 POWERIN A BALANCED SYSTEM 


Let us now consider the power in a balanced three-phase system. We 
begin by examining the instantaneous power absorbed by the load. This 
requires that the analysis be done in the time domain. For a Y-connected 
load, the phase voltages are 


VAN = V2V, COs wf, UBN = V2V, cos(wt — 120°) 


(12.41) 
UCN = V2V, cos(wt + 120°) 


where the factor /2 is necessary because V, has been defined as the rms 
value of the phase voltage. If Zy = Z_/@, the phase currents lag behind 
their corresponding phase voltages by @. Thus, 


= V21, cos(wt — 0), = V21, cos(wt — 6 — 120°) 


(12.42) 
i. = V21, cos(wt — 6 + 120°) 


where /, is the rms value of the phase current. The total instantaneous 
power in the load is the sum of the instantaneous powers in the three 
phases; that is, 


P = Pat Pot Pc = VANla + VBNIb + VENI 
= 2V,I,[cos wt cos(wt — 0) 


(12.43) 
+ cos(wt — 120°) cos(wt — 6 — 120°) 
+ cos(wt + 120°) cos(wt — 8 + 120°)] 
Applying the trigonometric identity 
1 
cos Acos B = 5 [cos(A + B) + cos(A — B)] (12.44) 


gives 
p = VpI,|[3 cos 6 + cos(2wt — 0) + cos2at — 6 — 240°) 
+ cos(2mt — 6 + 240°)] 
= V,I,[3cos@ + cosa + cosa cos 240° + sina sin 240° 
+ cosa cos 240° — sina sin 240° | (12.45) 


where a = 2wt — 0 
1 
= Vpl> E cos@ + cosa + 2 (-5) cosa = 3V,I, cos@ 
Thus the total instantaneous power in a balanced three-phase system is 


constant—it does not change with time as the instantaneous power of each 
phase does. This result is true whether the load is Y- or A-connected. 
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This is one important reason for using a three-phase system to generate 
and distribute power. We will look into another reason a little later. 

Since the total instantaneous power is independent of time, the 
average power per phase P, for either the A-connected load or the Y- 
connected load is p/3, or 


P, = VpIp cos 6 (12.46) 
and the reactive power per phase is 
QO, = VpI, siné (12.47) 
The apparent power per phase is 
Sy = Vol> (12.48) 
The complex power per phase is 
Sp =P,p+jQ,=V>I, (12.49) 


where V, and I, are the phase voltage and phase current with magnitudes 
V, and I,,, respectively. The total average power is the sum of the average 
powers in the phases: 


P=P,+P,+ Pe =3P, =3Vpl,cosé = J/3V, 1, cos@ (12.50) 
For a Y-connected load, J, = J, but Vz; = J 3 V,, whereas for a A- 
connected load, I, = /31 p but V_ = V,. Thus, Eq. (12.50) applies for 


both Y-connected and A-connected loads. Similarly, the total reactive 
power is 


QO = 3V,I, sind = 30, = V3V_;I, siné (12.51) 


and the total complex power is 


* 2 a 
S = 38, = 3V, I = 37Z, = 


12.52 
he Ze (12.52) 





where Z, = Z,/@ 1s the load impedance per phase. (Z, could be Zy or 
Z,.) Alternatively, we may write Eq. (12.52) as 


S=P+jQ=Vv3V,1,/6 (12.53) 


Remember that V,, J,, Vz, and J; are all rms values and that 0 is the 
angle of the load impedance or the angle between the phase voltage and 
the phase current. 

A second major advantage of three-phase systems for power dis- 
tribution is that the three-phase system uses a lesser amount of wire than 
the single-phase system for the same line voltage V; and the same ab- 
sorbed power P;. We will compare these cases and assume in both that 
the wires are of the same material (e.g., copper with resistivity 0), of the 
same length £, and that the loads are resistive (1.e., unity power factor). 
For the two-wire single-phase system in Fig. 12.21(a), J, = P_/Vz, so 
the power loss in the two wires is 


P2 
2 —_ L 

Pross = 21, R = 2R— (12.54) 
is 
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Rr 
0 
+ 
Three- , I, V, Z0° 

Single- phase ‘ —~ = phase 

oS —  — 
phase balanced + balanced 
source source i L V, 7-120° load 

— — 
VO 
Transmission lines Transmission lines 


(a) (b) 


Figure 12.2 Comparing the power loss in (a) a single-phase system, and (b) a three-phase system. 


For the three-wire three-phase system in Fig. 12.21(b), 7; = |Ig| = |I,| = 
1 =P J/3V,, from Eq. (12.50). The power loss in the three wires is 
cia — RP’ aa 
3V? V; 
Equations (12.54) and (12.55) show that for the same total power delivered 
P,, and same line voltage V_, 

P loss __ 2R 

Pi OR’ 


loss 


Pig = 3) R’ = 3R’ (12.55) 





(12.56) 


But from Chapter 2, R = p€/mr? and R’ = p£/mr”, where r and r’ are 
the radii of the wires. Thus, 


P 2r’” 
a (12.57) 





If the same power loss is tolerated in both systems, then r* = 2r’*. The 
ratio of material required is determined by the number of wires and their 
volumes, so 


Material for single-phase — 2(r*@) — 2r? 


Material for three-phase 3 (r’2€) ~ 372 
(12.58) 


2 
= 5 (2) = 1.333 


sincer* = 2r”. Equation (12.58) shows that the single-phase system uses 
33 percent more material than the three-phase system or that the three- 
phase system uses only 75 percent of the material used in the equivalent 
single-phase system. In other words, considerably less material is needed 
to deliver the same power with a three-phase system than is required for 
a single-phase system. 


Refer to the circuit in Fig. 12.13 (in Example 12.2). Determine the total 
average power, reactive power, and complex power at the source and at 
the load. 
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Solution: 


It is sufficient to consider one phase, as the system is balanced. For phase 
a, 


V, = 110/0° V and I, =6.81/7 —21.8° A 
Thus, at the source, the complex power supplied is 
S, = —3V,I* = 3(110/0°) (6.81 /21.8°) 
= —2247 /21.8° = —(2087 + 7834.6) VA 


The real or average power supplied is —2087 W and the reactive power 
is —834.6 VAR. 
At the load, the complex power absorbed is 


S, = 3|I,|?Z, 
where Z, = 10 + j8 = 12.81 /38.66° and I,, = I, = 6.81 / — 21.8”. 


Hence 
S; = 3(6.81)712.81 /38.66° = 1782 /38.66 
= (1392 + 71113) VA 


The real power absorbed is 1391.7 W and the reactive power absorbed is 
1113.3 VAR. The difference between the two complex powers is absorbed 
by the line impedance (5 — j2) 2. To show that this is the case, we find 
the complex power absorbed by the line as 


S; = 3]1,|/’Ze = 3(6.81)°(5 — j2) = 695.6 — 7278.3 VA 


which is the difference between S, and S_, that is, S, + Se +S; = 0, as 
expected. 


PRACTICE PROBLE M aR 


For the Y-Y circuit in Practice Prob. 12.2, calculate the complex power 
at the source and at the load. 


Answer: (1054 + 7843.3) VA, (1012 + 7801.6) VA. 


Lda 


A three-phase motor can be regarded as a balanced Y-load. A three-phase 
motor draws 5.6 kW when the line voltage is 220 V and the line current 
is 18.2 A. Determine the power factor of the motor. 


Solution: 


The apparent power is 
S = V3V, I, = V3(220)(18.2) = 6935.13 VA 
Since the real power is 


P = Scos@ = 5600 W 
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the power factor is 


P 5600 
pf =cosé = — 


= = 0.8075 
S 6935.13 





PRACTICE PROBLE ™ pai 


Calculate the line current required for a 30-kW three-phase motor having 
a power factor of 0.85 lagging if it is connected to a balanced source with 
a line voltage of 440 V. 


Answer: 50.94 A. 


8 





Two balanced loads are connected to a 240-kV rms 60-Hz line, as shown 
in Fig. 12.22(a). Load 1 draws 30 kW at a power factor of 0.6 lagging, 
while load 2 draws 45 kVAR at a power factor of 0.8 lagging. Assuming 
the abc sequence, determine: (a) the complex, real, and reactive powers 
absorbed by the combined load, (b) the line currents, and (c) the kVAR 
rating of the three capacitors A-connected in parallel with the load that 
will raise the power factor to 0.9 lagging and the capacitance of each 


capacitor. 
load 1 load 2 Solution: 
(a) For load 1, given that P} = 30 kW and cos 6; = 0.6, then sin 6; = 0.8. 

(a) Hence, 
P, 30 kW 
~ cos 0; 7 0.6 


Cc and Q,; = S;siné; = 50(0.8) = 40 kVAR. Thus, the complex power 
due to load | is 





= 50 kVA 


S; =P} + j7Q; = 30+ j40 kVA (12.8.1) 


For load 2, if Q2 = 45 kVAR and cos 62 = 0.8, then sin@) = 0.6. We 
find 






Combined 
load 








O> 45 kVA 
= — = — 75 kVA 
sin 05 0.6 
(0) and Py = S)cos@) = 75(0.8) = 60 kW. Therefore the complex power 
a due to load 2 is 
igure 12.22 For Example 12.8: (a) The 
original balanced loads, (b) the combined load So = Py + JQ. = 60 + ] 45 kVA (12.8.2) 


with improved power factor. 


From Eqs. (12.8.1) and (12.8.2), the total complex power absorbed by 
the load is 


S = 8, + So = 904+ j85 kVA = 123.8 /43.36° kVA (12.8.3) 


which has a power factor of cos 43.36° = 0.727 lagging. The real power 
is then 90 kW, while the reactive power is 85 kVAR. 
(b) Since S = /3V;, /,, the line current is 


a ho 
° J3V, 





(12.8.4) 
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We apply this to each load, keeping in mind that for both loads, V; = 240 
kV. For load 1, 


50,000 
4/3 240,000 


Since the power factor is lagging, the line current lags the line voltage by 
6, = cos! 0.6 = 53.13°. Thus, 


Igy = 120.287 — 353.13" 


75,000 
/3 240,000 
and the line current lags the line voltage by 6. = cos-!0.8 = 36.87°. 


Hence, 
[a2 = 180.427 — 36.87" 
The total line current is 
I, =I +12 = 120.287 — 53.13" + 180.427 — 36.87 


= (72.168 — 796.224) + (144.336 — 7 108.252) 
= 216.5 — j204.472 = 297.87 — 43.36" mA 


Alternatively, we could obtain the current from the total complex 
power using Eq. (12.8.4) as 


123,800 
~~ 73 240,000 


Ll = 120.28 mA 


For load 2, 


Ih = 180.42 mA 


= 297.82 mA 


and 


I, = 297.827 — 43.36° mA 


which is the same as before. The other line currents, I,2 and I,.,, can be 
obtained according to the abc sequence (i.e., I, = 297.82 /—163.36° mA 
and I. = 297.82/76.64° mA). 

(c) We can find the reactive power needed to bring the power factor to 0.9 
lagging using Eq. (11.59), 


Oc =P (tan Oold — tan Onew) 


where P = 90 kW, Ogg = 43.36°, and Onew = cos! 0.9 = 25.84°. 
Hence, 


Oc = 90,000(tan 43.36° — tan 25.04°) = 41.4 kVAR 


This reactive power is for the three capacitors. For each capacitor, the 
rating QO. = 13.8 kKVAR. From Eq. (11.60), the required capacitance is 
O'c 


= 2 
W Vas 





Since the capacitors are A-connected as shown in Fig. 12.22(b), Vims in 
the above formula is the line-to-line or line voltage, which is 240 kV. 
Thus, 


13,800 


OSes 355 or 
(2760) (240,000)2 
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PRACTICE PROBLE pga 


Assume that the two balanced loads in Fig. 12.22(a) are supplied by an 
840-V rms 60-Hz line. Load 1 is Y-connected with 30+ 740 Q2 per phase, 
while load 2 is a balanced three-phase motor drawing 48 kW at a power 
factor of 0.8 lagging. Assuming the abc sequence, calculate: (a) the 
complex power absorbed by the combined load, (b) the kKVAR rating of 
each of the three capacitors A-connected in parallel with the load to raise 
the power factor to unity, and (c) the current drawn from the supply at 
unity power factor condition. 


Answer: (a) 56.47 + j47.29 kVA, (b) 15.7 KVAR, (c) 38.813 A. 


@ 


Network Analysis 112.8 UNBALANCED THREE-PHASE SYSTEMS 


This chapter would be incomplete without mentioning unbalanced three- 
phase systems. An unbalanced system is caused by two possible situa- 
tions: (1) the source voltages are not equal in magnitude and/or differ 
in phase by angles that are unequal, or (2) load impedances are unequal. 
Thus, 


<> An unbalanced system is due to unbalanced voltage sources or an unbalanced load. 





To simplify analysis, we will assume balanced source voltages, but an 
unbalanced load. 
Unbalanced three-phase systems are solved by direct application 


A special technique for handling unbalanced of mesh and nodal analysis. Figure 12.23 shows an example of an unbal- 
three-phase systems is the method of symmet- anced three-phase system that consists of balanced source voltages (not 
rical components, which is beyond the scope of shown in the figure) and an unbalanced Y-connected load (shown in the 
this text. figure). Since the load is unbalanced, Z,, Zz, and Zc are not equal. The 


line currents are determined by Ohm’s law as 


(12.59) 





This set of unbalanced line currents produces current in the neutral line, 
which is not zero as in a balanced system. Applying KCL at node N 
gives the neutral line current as 


L=-d+4+4+k) (12.60) 





In a three-wire system where the neutral line is absent, we can still 
find the line currents I,, I,, and I, using mesh analysis. At node JN, 
KCL must be satisfied so that I, + I, + I. = 0 in this case. The same 
Figure OOF “iapainnccdtiece-viace could be done for a A-Y, Y-A, or A-A three-wire system. AS mentioned 

VY connecied load. earlier, in long distance power transmission, conductors in multiples of 
three (multiple three-wire systems) are used, with the earth itself acting 
as the neutral conductor. 





<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 12 Three-Phase Circuits 


To calculate power in an unbalanced three-phase system requires 
that we find the power in each phase using Eqs. (12.46) to (12.49). The 
total power is not simply three times the power in one phase but the sum 
of the powers in the three phases. 


ees. 


The unbalanced Y-load of Fig. 12.23 has balanced voltages of 100 V and 
the acb sequence. Calculate the line currents and the neutral current. 
Take Z4 = 15 Q, Zp = 104+ 75 Q, Zc = 6— 78 Q. 

Solution: 


Using Eq. (12.59), the line currents are 





100 /0° 
— — 6.67 /0° A 
15 
100 /120° 100 /120° 
b= = = 8.94 /93.44° A 
10+ j5 11.18 /26.56° 
100 / — 120° 100 / — 120° 
i ee SS OT A 


© 6 —J8 10 / — 53.13° 
Using Eq. (12.60), the current in the neutral line is 
L=-O,+1,+ 1.) = —(6.67 — 0.54 + 78.92 + 3.93 — 79.2) 
= —10.06 + j0.28 = 10.06 /178.4° A 


PRACTICE PROBLE M (aR, 


The unbalanced A-load of Fig. 12.24 is supplied by balanced voltages 
of 200 V in the positive sequence. Find the line currents. Take V,, as 
reference. 


Answer: 18.057 — 41.06°, 29.15/220.2°, 31.87/74.27° A. 





Figure 12.24 Unbalanced A-load; for 
Practice Prob. 12.9. 


Lea 


For the unbalanced circuit in Fig. 12.25, find: (a) the line currents, 
(b) the total complex power absorbed by the load, and (c) the total complex 
power supplied by the source. 


Solution: 


(a) We use mesh analysis to find the required currents. For mesh 1, 


1207 — 120° — 120 /0° + (10 + j5)I, — 10, = 0 
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120 /0° rms 


120 





—120° rms 
I, 





120/120° rms 





Figure 12.25 For Example 12.10. 


Or 
(10+ j5)I, — 10 = 120V3 /30° (12.10.1) 
For mesh 2, 
120/120° — 120 / — 120° + (10 — j10)I, — 101, = 0 
Or 
—101, + (10 — j10)Iy = 12073 / — 90° (12.10.2) 


Equations (12.10.1) and (12.10.2) form a matrix equation: 


wet 10 | i _ [ 120V'3730° 
—10 10 =| j10 IL 120/73 = 90° 


The determinants are 


10+ j5  —10 
-10 10—j10 

120V3 /30° —10 

120V3/—90° 10-10 


—~ 50 — j50 = 70.71 /— 45° 








= 207.85(13.66 — 713.66) 








— 4015 /— 45° 
10+ 75  120V3/30° 
-10 12073 /— 90° 


Lo = = 207.85(13.66 — j5) 








= 3023 7 = 20.1" 
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The mesh currents are 
ka. 4015.237 =45° 
A 70.71 / = 45° 
A, 3023.47 — 20.1° 


be = eS 1 A 
A 70.71 / — 45° 


= 56.78 A 


The line currents are 
I, =I, = 56.78 A, I. = -I, = 42.757 — 155.1° A 
I, =bL —-I|, = 38.78 4+ 718 — 56.78 = 25.46 /135° A 


(b) We can now calculate the complex power absorbed by the load. For 


phase A, 
S4 = |L/?Z4 = (56.78)7(j5) = 716,120 VA 
For phase B, 
Sp = |L,|°Zp = (25.46)*(10) = 6480 VA 
For phase C, 


Sc = |I-/?Zc = (42.75)?(—j10) = —j18,276 VA 
The total complex power absorbed by the load is 
S;, =S4 +8. 4+Sc = 6480 — j2156 VA 


(c) We check the result above by finding the power supplied by the source. 
For the voltage source in phase a, 


Sa = —Vanl* = —(120/0°) (56.78) = —6813.6 VA 

For the source in phase b, 
Sp, = —Vonl; = —(120/7 — 120°)(25.467 — 135°) 
= —3055.2/105° = 790 — j2951.1 VA 
For the source in phase c, 
S. = —Vinl* = —(120/120°) (42.75 /155.1°) 
= —5130 /275.1° = —456.03 + j5109.7 VA 

The total complex power supplied by the three-phase source is 


S, =S, +S, +8, = —6480 + j2156 VA 


showing that S, + S; = 0 and confirming the conservation principle of 
ac power. 


PRACTICE PROBLE M paRY 





Find the line currents in the unbalanced three-phase circuit of Fig. 12.26 
and the real power absorbed by the load. 
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TI Q 102 


220 /—-120° rms V 220 /—0° rms V 


b 
220/120° rms V 


Figure 12.26 — For Practice Prob. 12.10. 


Answer: 64/80.1°, 38.1/ — 60°, 42.5 /225° A, 4.84 kW. 


12.9 PSPICE FOR THREE-PHASE CIRCUITS 


P§Spice can be used to analyze three-phase balanced or unbalanced circuits 
in the same way it is used to analyze single-phase ac circuits. However, 
a delta-connected source presents two major problems to PSpice. First, a 
delta-connected source is a loop of voltage sources—which PSpice does 
not like. To avoid this problem, we insert a resistor of negligible resistance 
(say, | «4&2 per phase) into each phase of the delta-connected source. 
Second, the delta-connected source does not provide a convenient node 
for the ground node, which is necessary to run PSpice. This problem can 
be eliminated by inserting balanced wye-connected large resistors (say, 
1 MQ2 per phase) in the delta-connected source so that the neutral node of 
the wye-connected resistors serves as the ground node 0. Example 12.12 
will illustrate this. 





For the balanced Y-A circuit in Fig. 12.27, use PSpice to find the line cur- 
rent I, 4, the phase voltage V,4,, and the phase current I4c. Assume that 
the source frequency is 60 Hz. 


100/0° V 


100 Q 


100/—120° V 


1007 120° V 





Figure 12.27. For Example 12.10. 
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Solution: 


The schematic is shown in Fig. 12.28. The pseudocomponents IPRINT 
are inserted in the appropriate lines to obtain I, 4 and I4c, while VPRINT2 
is inserted between nodes A and B to print differential voltage V4. We 
set the attributes of IPRINT and VPRINT2 each to AC = yes, MAG = yes, 
PHASE = yes, to print only the magnitude and phase of the currents and 
voltages. As a single-frequency analysis, we select Analysis/Setup/AC 
Sweep and enter Total Pts = 1, Start Freq = 60, and Final Freq = 60. 
Once the circuit is saved, it is simulated by selecting Analysis/Simulate. 
The output file includes the following: 


FREQ V (A,B) VP (A,B) 
O.QQV0EFUL J.SO9RFOZ seO0lETol 


FREQ IM(V_PRINTZ2) IP (V_PRINT2) 
O.Q000ETOL 2siso0nFu0 =3,020K-701 
FRE IM(V_PRINTS) IP (V_PRINIS) 
6.000ER+TO1L 2.35 7E700 =6,020N 70 1 


From this, we obtain 
La = 2.357 — 36.2° A 
Vazp — 169.9 730.81° V, Iy4c = 1.3577 — 66.2° A 


AC = yes AC = yes 
MAG = = 
ves IPRINT MAG yes 
ACMAG = 100 V PHASE = yes PHASE = yes 
ACPHASE = 0 













ML 


ACMAG = 100 
ACPHASE = -120 O. 







V2 


ACMAG = 100 V 
ACPHASE = 120 







Vs 0 


Figure 12.28 Schematic for the circuit in Fig. 12.27. 


PRACTICE PROBLE M aa 


Refer to the balanced Y-Y circuit of Fig. 12.29. Use PSpice to find the 
line current I,g and the phase voltage Vay. Take f = 100 Hz. 
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120/60° V 
a 


1207—60° V ; 


1207180° V 
Cc 





Figure 12.29 — For Practice Prob. 12.11. 


Answer: 100.9//60.87° V, 8.5477 —91.27° A. 


Consider the unbalanced A-A circuit in Fig. 12.30. Use PSpice to find 
the generator current I,,, the line current I,g, and the phase current Igc. 


2Q 
208/ 10° V 


~j40 Q 


2087 130° V 


20) 


208/-110° V 


20) 





C C 


Figure 12.30 | For Example 12.12. 


Solution: 


As mentioned above, we avoid the loop of voltage sources by inserting a 
1-j4Q2 series resistor in the delta-connected source. To provide a ground 
node 0, we insert balanced wye-connected resistors (1 M&2 per phase) 
in the delta-connected source, as shown in the schematic in Fig. 12.31. 
Three IPRINT pseudocomponents with their attributes are inserted to be 
able to get the required currents I,,, Ipg, and Igc. Since the operating 
frequency is not given and the inductances and capacitances should be 
specified instead of impedances, we assume w = | rad/s so that f = 
1/27 = 0.159155 Hz. Thus, 
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XL 1 
= — and CS 
W wXc 





b 


We select Analysis/Setup/AC Sweep and enter Jotal Pts = 1, Start 
Freq = 0.159155, and Final Freq = 0.159155. Once the schematic 
is saved, we select Analysis/Simulate to simulate the circuit. The output 
file includes: 


FREQ IM(V_PRINTL) IP (VP RINT) 
teO9zZE=O01 9.10GETOO 1 eS COBFOZ 
PREO IM(V_WPRINTZ) IP (V_PRINTZ) 
LesIe2n=-U Geos od 24507,.5 700 
PREO IM(VoPRINTS) IP 4{V_PRINTS) 
leoo2n~-0h O41 500R TOU =F OS ZHOU 


from which we get 


bp = 5907 2:02" & 
Ing = 9.106 /168.5° A, Ipc = 5.5/7 —7.53° A 


R1 Ll 


RO 50 









IPRINT 


ACMAG = 208V 
ACPHASE = 110 IPRINT 


AC = yes 
MAG = yes 
PHASE = yes 





ACMAG = 208V 
ACPHASE = 130 


V1 


25mm Ci 


ACMAG = 208V 30H S L4 
ACPHASE = -110 





R6 < 1Meg 


Rg 


Figure 12.31 Schematic for the circuit in Fig. 12.30. 


PRACTICE PROBLE M aay 


For the unbalanced circuit in Fig. 12.32, use PSpice to find the generator 
current I, the line current I.c, and the phase current I, z. 
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220/-30° V 


10 Q 


220/90° V 


220/—150° V 





Figure 12.32 For Practice Prob. 12.12. 


Answer: 24.68 / — 90° A, 15.56/105° A, 37.24 /83.79° A. 


12.10 APPLICATIONS 


Both wye and delta source connections have important practical applica- 
tions. The wye source connection is used for long distance transmission 
of electric power, where resistive losses (J7R) should be minimal. This 
is due to the fact that the wye connection gives a line voltage that is /3 
greater than the delta connection; hence, for the same power, the line 
current is /3 smaller. The delta source connection is used when three 
single-phase circuits are desired from a three-phase source. This conver- 
sion from three-phase to single-phase is required in residential wiring, be- 
cause household lighting and appliances use single-phase power. Three- 
phase power is used in industrial wiring where a large power is required. 
In some applications, it is immaterial whether the load is wye- or delta- 
connected. For example, both connections are satisfactory with induction 
motors. In fact, some manufacturers connect a motor in delta for 220 V 
and in wye for 440 V so that one line of motors can be readily adapted to 
two different voltages. 

Here we consider two practical applications of those concepts cov- 
ered in this chapter: power measurement in three-phase circuits and res- 
idential wiring. 


Three-phase 
load (wye 12.10. 


Three-Phase Power Measurement 
ondeita, Section 11.9 presented the wattmeter as the instrument for measuring the 
balanced or average (or real) power in single-phase circuits. A single wattmeter can 
unbalanced) also measure the average power in a three-phase system that is balanced, 
so that P} = P) = P3; the total power is three times the reading of that 
one wattmeter. However, two or three single-phase wattmeters are neces- 
sary to measure power if the system is unbalanced. The three-wattmeter 
Figure 12.33 — Three-wattmeter method for method of power measurement, shown in Fig. 12.33, will work regardless 
measuring three-phase power. of whether the load is balanced or unbalanced, wye- or delta-connected. 
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The three-wattmeter method is well suited for power measurement in a 
three-phase system where the power factor is constantly changing. The 
total average power is the algebraic sum of the three wattmeter readings, 


Pr =P, +P4+ P; (12.61) 


where P;, P, and P3 correspond to the readings of wattmeters W,, Wo, 
and W3, respectively. Notice that the common or reference point o in Fig. 
12.33 is selected arbitrarily. If the load is wye-connected, point o can be 
connected to the neutral point n. For a delta-connected load, point o can 
be connected to any point. If point o is connected to point b, for example, 
the voltage coil in wattmeter W2 reads zero and P) = OQ, indicating that 
wattmeter W> is not necessary. Thus, two wattmeters are sufficient to 
measure the total power. 

The two-wattmeter method is the most commonly used method for 
three-phase power measurement. The two wattmeters must be properly 
connected to any two phases, as shown typically in Fig. 12.34. Notice 
that the current coil of each wattmeter measures the line current, while the 
respective voltage coil is connected between the line and the third line and Three-phase 
measures the line voltage. Also notice that the + terminal of the voltage load (wye 
coil is connected to the line to which the corresponding current coil is or delta, 
connected. Although the individual wattmeters no longer read the power reece 
taken by any particular phase, the algebraic sum of the two wattmeter 
readings equals the total average power absorbed by the load, regardless of 
whether it is wye- or delta-connected, balanced or unbalanced. The total 
real power is equal to the algebraic sum of the two wattmeter readings, 





Figure 12.34 Two-wattmeter method for 
measuring three-phase power. 


Pr =P,+Po (12.62) 
We will show here that the method works for a balanced three-phase 
system. 

Consider the balanced, wye-connected load in Fig. 12.35. Our 
objective is to apply the two-wattmeter method to find the average power 
absorbed by the load. Assume the source is in the abc sequence and the 
load impedance Zy = Zy 0. Due to the load impedance, each voltage 
coil leads its current coil by 0, so that the power factor is cos 8. We recall 
that each line voltage leads the corresponding phase voltage by 30°. Thus, 
the total phase difference between the phase current I, and line voltage 


Wi 
00 


wit 





Figure 12.35  Two-wattmeter method applied to a balanced wye load. 
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Vap 18 6 + 30°, and the average power read by wattmeter W; is 
P; = Re[VapF,] = Vana cos(@ + 30°) = Vi I, cos(6 + 30°) = (12.63) 
Similarly, we can show that the average power read by wattmeter 2 1s 
Py = Re[VepF-] = Viole cos(@ — 30°) = Vi I, cos(@ — 30°) (12.64) 
We now use the trigonometric identities 
cos(A + B) = cos Acos B — sinA sin B 
cos(A — B) = cosAcos B + sin A sin B aes 


to find the sum and the difference of the two wattmeter readings in Eqs. 
(12.63) and (12.64): 


P; + Pop = V,Ir[cos(@ + 30°) + cos(@ — 30°)] 
= V, I, (cos 6 cos 30° — siné@ sin 30° 
+ cos 6 cos 30° + sin @ sin 30°) 
= V, I,2.cos30° cos@ = V3V,I;, cos 6 


(12.66) 


since 2cos 30° = ./3. Comparing Eg. (12.66) with Eq. (12.50) shows 
that the sum of the wattmeter readings gives the total average power, 


Pr =P, + Po (12.67) 


P, — Po = V,I,[cos(@ + 30°) — cos(@ — 30°)] 
= V,I, (cos @ cos 30° — sin @ sin 30° 
— cos 6 cos 30° — sin @ sin 30°) (12.68) 
= —V,J,2 sin 30° sind@ 
Py — P; = Vi I, sindé 
since 2 sin 30° = 1. Comparing Eq. (12.68) with Eq. (12.51) shows that 


the difference of the wattmeter readings is proportional to the total reactive 
power, or 


Similarly, 


Or = V3(P> — P;) (12.69) 
From Eqs. (12.67) and (12.69), the total apparent power can be obtained 


as 
Sp =,/P?+ Q7 (12.70) 


Dividing Eq. (12.69) by Eq. (12.67) gives the tangent of the power factor 
angle as 





tand = or = Bw =a (12.71) 
Pr Py + P, 
from which we can obtain the power factor as pf = cos 0. Thus, the two- 
wattmeter method not only provides the total real and reactive powers, it 
can also be used to compute the power factor. From Eqs. (12.67), (12.69), 
and (12.71), we conclude that: 
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1. If P> = P,, the load is resistive. 
2. If P> > P,, the load is inductive. 
3. If Po < Pj, the load is capacitive. 


Although these results are derived from a balanced wye-connected load, 
they are equally valid for a balanced delta-connected load. However, 
the two-wattmeter method cannot be used for power measurement in a 
three-phase four-wire system unless the current through the neutral line 
is zero. We use the three-wattmeter method to measure the real power in 
a three-phase four-wire system. 


12.13 





Three wattmeters W,, W2, and W3 are connected, respectively, to phases 
a, b, and c to measure the total power absorbed by the unbalanced wye- 
connected load in Example 12.9 (see Fig. 12.23). (a) Predict the wattmeter 
readings. (b) Find the total power absorbed. 


Solution: 


Part of the problem is already solved in Example 12.9. Assume that the 
wattmeters are properly connected as in Fig. 12.36. 





Figure 12.36 © For Example 12.13. 


(a) From Example 12.9, 
Van = 100 /0°, Van = 100/120", Vcn = 1007/7 — 120° V 
while 
I, = 6.67 /0°, I, = 8.94 793.44", I. = 10/7 — 66.87° A 
We calculate the wattmeter readings as follows: 
P, — Re(VanI,) = Vanla cos(Oy,,, = Or, ) 
= 100 x 6.67 x cos(0° — 0°) = 667 W 
P> = Re(VayI;) = Venly COS(Oy,,,, = Or, ) 
= 100 x 8.94 x cos(120° — 93.44°) = 800 W 
P3 = Re(Vcn I) = Ven I, cos(Oy,,, — 4.) 
= 100 x 10 x cos(—120° + 66.87°) = 600 W 
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(b) The total power absorbed is 
Pr = Pi} + Py + P3 = 667 + 800 + 600 = 2067 W 


We can find the power absorbed by the resistors in Fig. 12.36 and use that 
to check or confirm this result. 


Pr = |Ig\? (15) + [Jp]? (10) + |Lc|7(6) 
— 6.677 (15) + 8.94 (10) ++ 10°(6) 
= 667 + 800 + 600 = 2067 W 


which is exactly the same thing. 


beach 


Repeat Example 12.13 for the network in Fig. 12.24 (see Practice Prob. 
12.9). Hint: Connect the reference point o in Fig. 12.33 to point B. 


Answer: (a) 2961 W, 0 W, 4339 W, (b) 7300 W. 


The two-wattmeter method produces wattmeter readings P} = 1560 W 
and P, = 2100 W when connected to a delta-connected load. If the line 
voltage is 220 V, calculate: (a) the per-phase average power, (b) the per- 
phase reactive power, (c) the power factor, and (d) the phase impedance. 


Solution: 


We can apply the given results to the delta-connected load. 
(a) The total real or average power is 


Pr = P, + Pp = 1560 + 2100 = 3660 W 


The per-phase average power is then 
1 
= re = 1220 W 
(b) The total reactive power is 


Or = V3(P) — P:) = V3(2100 — 1560) = 935.3 VAR 


so that the per-phase reactive power is 
1 
Q,= 327 = 311.77 VAR 


(c) The power angle is 


935.3 
- or = (an — 


= — ae 
Pr 3660 


0 = tan 


Hence, the power factor is 
cos 6 = 0.9689 (leading) 


It is a leading pf because Q7 is positive or P) > Py. 
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(c) The phase impedance is Z, = Z, /0. We know that 6 is the same as 
the pf angle; that is, 9 = 14.57°. 


V 
Z,=— 
Ip 
We recall that for a delta-connected load, V, = Vz; = 220 V. From Eq. 
(12.46), 
P V1 0 = I rc 5.723 A 
= COs SS = SS 
a P 220 x 0.9689 
Hence, 
Vp 220 
DS Se = AA 
I, 5.723 
and 


Z) = 38.44 /14.33° Q 


PRACTICE PROBLE ™ PRE 


Let the line voltage V; = 208 V and the wattmeter readings of the bal- 
anced system in Fig. 12.35 be P; = —560 W and P; = 800 W. Deter- 
mine: 

(a) the total average power 

(b) the total reactive power 

(c) the power factor 

(d) the phase impedance 

Is the impedance inductive or capacitive? 


Answer: (a) 240 W, (b) 2355.6 VAR, (c) 0.1014, (d) 18.25 784.18° Q, 
inductive. 


Prak: 


The three-phase balanced load in Fig. 12.35 has impedance per phase of 
Zy = 8+ j6 XQ. If the load is connected to 208-V lines, predict the read- 
ings of the wattmeters W; and W>. Find Pr and Q,r. 

Solution: 


The impedance per phase is 
Zy = 8+ j6 = 10/36.87° Q 


so that the pf angle is 36.87°. Since the line voltage V; = 208 V, the line 
current 1s 


Vy —-208/V3 
a 


|Zy | 10 
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Then 
P, = V, I, cos(@ + 30°) = 208 x 12 x cos(36.87° + 30°) 
= 980.48 W 
P, = V,, I, cos(@ — 30°) = 208 x 12 x cos(36.87° — 30°) 
= 2478.1 W 


Thus, wattmeter 1 reads 980.48 W, while wattmeter 2 reads 2478.1 W. 
Since P) > P|, the load is inductive. This is evident from the load Zy 
itself. Next, 


Pr = P, + Py = 3.4586 kW 
and 
Or = V3(P) — P;) = V3(1497.6) VAR = 2.594 kVAR 


ie aE 


If the load in Fig. 12.35 is delta-connected with impedance per phase of 
Z, = 30— j40 Qand V; = 440 V, predict the readings of the wattmeters 
W, and W>. Calculate Pr and Q,. 


Answer: 6.166 kW, 0.8021 kW, 6.968 kW, —9.291 kVAR. 


[2.10.2 Residential Wiring 

In the United States, most household lighting and appliances operate 
on 120-V, 60-Hz, single-phase alternating current. (The electricity may 
also be supplied at 110, 115, or 117 V, depending on the location.) The 
local power company supplies the house with a three-wire ac system. 
Typically, as in Fig. 12.37, the line voltage of, say, 12,000 V is stepped 
down to 120/240 V with a transformer (more details on transformers 


Step-down 
transformer 






= Wy Circuit Circuit Circuit 
a ch Wall of ot # 2 #3 
a PF teas 1200V.  120V. =: 120V 
Fuse Fuses 


/\ 


Switch 


Fuse 









Watt-hour meter 


Figure 12.37 A 120/240 household power system. 
(Source: A. Marcus and C. M. Thomson, Electricity for Technicians, 
2nd ed. [Englewood Cliffs, NJ: Prentice Hall, 1975], p. 324.) 
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in the next chapter). The three wires coming from the transformer are 
typically colored red (hot), black (hot), and white (neutral). As shown in 
Fig. 12.38, the two 120-V voltages are opposite in phase and hence add up 
to zero. That is, Vw = 0/0°, Vz = 120/0°, Vr = 120/180° = —Vz. 


Ver = Ve — Vr = Ve — (—Va) = 2Ve = 240/0° (12.72) 


Since most appliances are designed to operate with 120 V, the lighting 
and appliances are connected to the 120-V lines, as illustrated in Fig. 
12.39 for aroom. Notice in Fig. 12.37 that all appliances are connected 
in parallel. Heavy appliances that consume large currents, such as air 
conditioners, dishwashers, ovens, and laundry machines, are connected 
to the 240-V power line. 


To other houses 


120 V 
appliance 
240 V 
appliance 











White 
(neutral) ww 


ale Ground 
= R 120 V 














Red (hot) | appliance 
Transformer ; 


Figure 12.38 Single-phase three-wire residential wiring. 





Because of the dangers of electricity, house wiring is carefully reg- 
ulated by a code drawn by local ordinances and by the National Electrical 
Code (NEC). To avoid trouble, insulation, grounding, fuses, and circuit 
breakers are used. Modern wiring codes require a third wire for a sep- 
arate ground. The ground wire does not carry power like the neutral 
wire but enables appliances to have a separate ground connection. Figure 
12.40 shows the connection of the receptacle to a 120-V rms line and to 
the ground. As shown in the figure, the neutral line is connected to the 
ground (the earth) at many critical locations. Although the ground line 








Lamp sockets 


Switch 
Base outlets 


Neutral 


Fuse or circuit breaker 120 volts 


Hot wire 







HT Ungrounded conductor 
Receptacle 
120 V rms To other appliances Figu re 12.39 A typical wiring diagram of 
a room. 


(Source: A. Marcus and C. M. 

Heeotooeeeces Thomson, Electricity for Tech- 
nicians, 2nd ed. [Englewood 
Cliffs, NJ: Prentice Hall, 1975], 
p. 325.) 


Neutral wire 


Power system Service Ground wire 
ground panel ground 


Figure 12.40 Connection of a receptacle to the hot line and to the ground. 
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seems redundant, grounding is important for many reasons. First, it is re- 
quired by NEC. Second, grounding provides a convenient path to ground 
for lightning that strikes the power line. Third, grounds minimize the risk 
of electric shock. What causes shock is the passage of current from one 
part of the body to another. The human body 1s like a big resistor R. If V 
is the potential difference between the body and the ground, the current 
through the body is determined by Ohm’s law as 


L=— 12.73 
R ( ) 


The value of R varies from person to person and depends on whether the 
body is wet or dry. How great or how deadly the shock is depends on 
the amount of current, the pathway of the current through the body, and 
the length of time the body is exposed to the current. Currents less than 
1 mA may not be harmful to the body, but currents greater than 10 mA can 
cause severe shock. A modern safety device is the ground-fault circuit 
interrupter (GFCD), used in outdoor circuits and in bathrooms, where the 
risk of electric shock is greatest. It is essentially a circuit breaker that 
opens when the sum of the currents iz, iw, and ig through the red, white, 
and the black lines is not equal to zero, orig +iw tig 4 0. 

The best way to avoid electric shock is to follow safety guidelines 
concerning electrical systems and appliances. Here are some of them: 


e Never assume that an electrical circuit is dead. Always check to 
be sure. 


e Use safety devices when necessary, and wear suitable clothing 
(insulated shoes, gloves, etc.). 


e Never use two hands when testing high-voltage circuits, since 
the current through one hand to the other hand has a direct path 
through your chest and heart. 


e Do not touch an electrical appliance when you are wet. 
Remember that water conducts electricity. 


e Be extremely careful when working with electronic appliances 
such as radio and TV because these appliances have large 
capacitors in them. The capacitors take time to discharge after 
the power is disconnected. 


e Always have another person present when working on a wiring 
system, just in case of an accident. 


[2.11 SUMMARY 


1. The phase sequence is the order in which the phase voltages of a 
three-phase generator occur with respect to time. In an abc 
sequence of balanced source voltages, V,, leads Vz, by 120°, 
which in turn leads V,,, by 120°. In an acb sequence of balanced 
voltages, Van leads V,, by 120°, which in turn leads Vz, by 120°. 


2. A balanced wye- or delta-connected load is one in which the three- 
phase impedances are equal. 


3. The easiest way to analyze a balanced three-phase circuit is to 
transform both the source and the load to a Y-Y system and then 
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analyze the single-phase equivalent circuit. Table 12.1 presents a 
summary of the formulas for phase currents and voltages and line 
currents and voltages for the four possible configurations. 


. The line current /; is the current flowing from the generator to the 


load in each transmission line in a three-phase system. The line 
voltage Vz; is the voltage between each pair of lines, excluding the 
neutral line if it exists. The phase current J, is the current flowing 
through each phase in a three-phase load. The phase voltage V,, is 
the voltage of each phase. For a wye-connected load, 


Vi = /3V, and I, =T1, 
For a delta-connected load, 


Vi =V, and i= V31, 


. The total instantaneous power in a balanced three-phase system is 


constant and equal to the average power. 


. The total complex power absorbed by a balanced three-phase 


Y-connected or A-connected load is 
S=P+jQ=Vv3V,1,/0 


where @ is the angle of the load impedances. 


. An unbalanced three-phase system can be analyzed using nodal or 


mesh analysis. 


. PSpice is used to analyze three-phase circuits in the same way as it 


is used for analyzing single-phase circuits. 


. The total real power is measured in three-phase systems using 


either the three-wattmeter method or the two-wattmeter method. 


Residential wiring uses a 120/240-V, single-phase, three-wire 
system. 


REVIEW QUESTIONS 


12.1 


12.2 


12.3 
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What is the phase sequence of a three-phase motor (d) Source voltages are 120° out of phase with each 
for which Vay = 2207/7 — 100° V and other. 

Ven = 2207 140° V? (e) Load impedances for the three phases are equal. 
(a) abc (b) acb 


If in an acb phase sequence, V,, = 100/ — 20°, 


12.4 Ina Y-connected load, the line current and phase 
current are equal. 


then V..,, 1S: (a) True 
(a) 100/ — 140° (b) 100/100" 12.5 Ina A-connected load, the line current and phase 
(c) 1007 — 50° (d) 100 /10° current are equal. 
(a) True 
Which of these is not a required condition for a 
balanced system: 12.6 Ina Y-Y system, a line voltage of 220 V produces a 
(a) |Vanl = /Van| = |Ven| phase voltage of: 
(b) I, +1,+1. =0 (a) 381 V 


(Cc) Vow ar Von + Von = 0 


(d) 156 V 
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12.7 


12.8 


PART 2 


In a A-A system, a phase voltage of 100 V produces 
a line voltage of: 


(a) 58 V 
(d) 173 V 


(b) 71 V 
(e) 141 V 


(c) 100 V 


When a Y-connected load is supplied by voltages in 
abc phase sequence, the line voltages lag the 
corresponding phase voltages by 30°. 


(a) True (b) False 


PROBLEMS' 


Section 12.2 


12.1 


12.2 


12.3 


12.4 


12.5 


Balanced Three-Phase Voltages 


If V,, = 400 V ina balanced Y-connected 
three-phase generator, find the phase voltages, 
assuming the phase sequence is: 


(a) abc (b) acb 


What is the phase sequence of a balanced 
three-phase circuit for which Vj, = 1607 30° V and 


Ven = 1607 — 90° V? Find Vpn. 


Determine the phase sequence of a balanced 
three-phase circuit in which V;, = 208 7 130° V 
and V.., = 208 /10° V. Obtain V,,,. 


Assuming the abc sequence, if Veq = 2087 20° V 


in a balanced three-phase circuit, find Vz,, Wc, Wan, 
and V,,,. 


Given that the line voltages of a three-phase circuit 
are 
Vap = 4207 0°, Voc = 420 


Vac = 420 /120° V 
find the phase voltages Vy,, Von, and Ven. 


— 120° 








440 /0° V 


440/120° V 


Figure 12.42 


For Prob. 12.7. 


440 /-120° V 


AC Circuits 


12.9 Ina balanced three-phase circuit, the total 
instantaneous power is equal to the average power. 


(a) True (b) False 


12.10 The total power supplied to a balanced A-load is 
found in the same way as for a balanced Y-load. 


(a) True (b) False 


Answers: 12.la, 12.2a, 12.3c, 12.4a, 12.5b, 12.6e, 12.7c, 12.8b, 
12.9a, 12.10a. 


Section 12.3 Balanced Wye-Wye Connection 


12.6 For the Y-Y circuit of Fig. 12.41, find the line 
currents, the line voltages, and the load voltages. 


22 ig 
ales A 10Q j52 


220 7-120° V 





nN 
220/120° V 
Figure 12.41 For Prob. 12.6. 


12.7. Obtain the line currents in the three-phase circuit of 
Fig. 12.42 below. 


6-j8Q 6-j8Q 


‘Remember that unless stated otherwise, all given voltages and currents are rms values. 
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12.8 A balanced Y-connected load with a phase 
impedance of 16 + 79 Q is connected to a balanced 
three-phase source with a line voltage of 220 V. 
Calculate the line current /;. 


12.9 A balanced Y-Y four-wire system has phase voltages 
Van = 120 0°, Von = 120 
Ven = 120/7120° V 


— 120° 


The load impedance per phase is 19 + 713 Q, and 
the line impedance per phase is 1 + j2 Q. Solve for 
the line currents and neutral current. 


12.10 


€, 


For the circuit in Fig. 12.43, determine the current in 
the neutral line. 





220/0° V 25 —j10Q 


220 7-120° V 


220/120° V ee 





Figure 12.43 


For Prob. 12.10. 


Section 12.4 Balanced Wye-Delta Connection 
12.11 For the three-phase circuit of Fig. 12.44, 
I, = 30760° A and Vac = 2207 10° V. Find Van, 
V AB; Tac, and Z. 





Figure 12.44 


For Prob. 12.11. 


Three-Phase Circuits 519 


12.12 Solve for the line currents in the Y-A circuit of Fig. 
¢ 12.45. Take Za = 607 45° Q. 
@ 


I 


a 


a 








110/0° V 


1107120° V 110 /~120° V 


I, 


Figure 12.45 


For Prob. 12.12. 


12.13 The circuit in Fig. 12.46 is excited by a balanced 
three-phase source with a line voltage of 210 V. If 
Z,=1+4+ 71 Q, Za = 24 — 730 Q, and 

Zy = 12+ j5 Q, determine the magnitude of the 
line current of the combined loads. 





Figure 12.46 


For Prob. 12.13. 


12.14 A balanced delta-connected load has a phase current 


Inc = 10/7 — 30° A. 

(a) Determine the three line currents assuming that 
the circuit operates in the positive phase 
sequence. 


(b) Calculate the load impedance if the line voltage 
is Vaz = 110/0° V. 

12.15 Ina wye-delta three-phase circuit, the source is a 
balanced, positive phase sequence with 
Van = 120 Vise V. It feeds a balanced load with 
Za =9+ j12 Q per phase through a balanced line 
with Z; = 1+ j0.5 Q per phase. Calculate the 
phase voltages and currents in the load. 
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12.16 If Va, = 4407 60° V in the network of Fig. 12.47, 12.18 Refer to the A-A circuit in Fig. 12.49. Find the line 
find the load phase currents Iz, Igc, and Ica. and phase currents. Assume that the load impedance 


is 12 + 79 Q per phase. 


Three-phase, 
Y-connected 
generator 


(+) phase 
sequence 






210/120° V 
Figure 12.47 For Prob. 12.16. 


Section 12.5 Balanced Delta-Delta Connection 


12.17 For the A-A circuit of Fig. 12.48, calculate the 


phase and line currents. 
C Figure 12.49 — For Prob. 12.18. 


a 





17370° V 

12.19 Find the line currents I,, I,, and I, in the three-phase 
network of Fig. 12.50 below. Take 
Za = 12 — 715 Q, Zy = 44+ j6Q, 
and Z, = 2 Q. 


J10 Q 302 
173/120° V 
300 J10 Q 


173AA120° V 12.20 A balanced delta-connected source has phase 
voltage V,, = 416 730° V and a positive phase 
sequence. If this is connected to a balanced 
delta-connected load, find the line and phase 
currents. Take the load impedance per phase as 
60 730° <2 and line impedance per phase as 
Figure 12.48 — For Prob. 12.17. 1+ j1Q. 


j10Q 









208/120° V 208/0° V 


2087—120° V 


Figure 12.50 — For Prob. 12.19. 


q =| » | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 12 


Section 12.6 


12.21 In the circuit of Fig. 12.51, if V,, = 440/ 10°, 


Vice = 440 7 250°, V., = 440 / 130° V, find the line 
currents. 


Balanced Delta-Wye Connection 


34j2Q 1 


Ee 


10 -j8.Q 


I, 10-j8Q 
_—— 


10-j8Q 





Figure 12.51 


For Prob. 12.21. 


12.22 For the balanced circuit in Fig. 12.52, 
Vip = 125,/0° V. Find the line currents I,4, Ing, 


and Lic. 
Toa 
—S 
Three-phase, 


A-connected 
generator 


(+) phase 
sequence 





For Prob. 12.22. 


Figure 12.52 


1Q 








11070° V 
a 1107240° V 10 


1107120° V 


Figure 12.53 


For Prob. 12.30. 


Three-Phase Circuits 


12.23 


12.24 


Section 12.7 


12.25 


12.26 


12.27 


12.28 


12.29 


12.30 


52 | 


In a balanced three-phase A-Y circuit, the source is 
connected in the positive sequence, with 

Vap = 220/20° V and Zy = 20+ j15 Q. Find the 
line currents. 


A delta-connected generator supplies a balanced 
wye-connected load with an impedance of 

30/7 — 60° &2. If the line voltages of the generator 
have a magnitude of 400 V and are in the positive 
phase sequence, find the line current 7; and phase 


voltage V,, at the load. 


Power in a Balanced System 


A balanced wye-connected load absorbs a total 
power of 5 kW at a leading power factor of 0.6 when 
connected to a line voltage of 240 V. Find the 
impedance of each phase and the total complex 
power of the load. 


A balanced wye-connected load absorbs 50 kVA at a 
0.6 lagging power factor when the line voltage is 
440 V. Find the line current and the phase 
impedance. 


A three-phase source delivers 4800 VA to a 
wye-connected load with a phase voltage of 208 V 
and a power factor of 0.9 lagging. Calculate the 
source line current and the source line voltage. 


A balanced wye-connected load with a phase 
impedance of 10 — 716 Q is connected to a balanced 
three-phase generator with a line voltage of 220 V. 
Determine the line current and the complex power 
absorbed by the load. 


The total power measured in a three-phase system 
feeding a balanced wye-connected load is 12 kW at 
a power factor of 0.6 leading. If the line voltage is 
208 V, calculate the line current J; and the load 
impedance Zy. 


Given the circuit in Fig. 12.53 below, find the total 
complex power absorbed by the load. 
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12.31 


100/120° V 


12.32 


12.33 


12.34 


12.35 


12.36 


12.37 


12.38 


PART 2 AC Circuits 


Find the real power absorbed by the load in Fig. 
12.54. 


5Q A 








100/0° V 
5Q 


b 
100 /-120°V so 


Figure 12.54 — For Prob. 12.31. 


For the three-phase circuit in Fig. 12.55, find the 
average power absorbed by the delta-connected load 
with Za, = 214+ j24Q. 


100/0° V rms 


100/—120° V rms 


100/120° V rms 





Figure 12.55 For Prob. 12.32. 


A balanced delta-connected load draws 5 kW at a 
power factor of 0.8 lagging. If the three-phase 
system has an effective line voltage of 400 V, find 
the line current. 


A balanced three-phase generator delivers 7.2 kW to 
a wye-connected load with impedance 30 — j40 Q 
per phase. Find the line current J; and the line 
voltage V_. 


Refer to Fig. 12.46. Obtain the complex power 
absorbed by the combined loads. 


A three-phase line has an impedance of 1 + 73 Q2 
per phase. The line feeds a balanced 
delta-connected load, which absorbs a total complex 
power of 12 + 75 kVA. If the line voltage at the load 
end has a magnitude of 240 V, calculate the 
magnitude of the line voltage at the source end and 
the source power factor. 


A balanced wye-connected load is connected to the 
generator by a balanced transmission line with an 
impedance of 0.5 + j2 Q per phase. If the load is 
rated at 450 kW, 0.708 power factor lagging, 440-V 
line voltage, find the line voltage at the generator. 


A three-phase load consists of three 100-Q resistors 
that can be wye- or delta-connected. Determine 
which connection will absorb the most average 


power from a three-phase source with a line voltage 
of 110 V. Assume zero line impedance. 


12.39 The following three parallel-connected three-phase 
loads are fed by a balanced three-phase source. 


Load 1: 250 kVA, 0.8 pf lagging 
Load 2: 300 kVA, 0.95 pf leading 
Load 3: 450 kVA, unity pf 
If the line voltage is 13.8 kV, calculate the line 


current and the power factor of the source. Assume 
that the line impedance is zero. 


Section 12.8 Unbalanced Three-Phase Systems 


12.40 For the circuit in Fig. 12.56, Z, = 6 — j8 Q, 
Z, = 12+ 79 Q, and Z, = 15 Q. Find the line 
currents I, I,, and I.. 


150/0° V 


1507120° V 


1507—120° V 





Figure 12.56 For Prob. 12.40. 


12.41 A four-wire wye-wye circuit has 
Vag= 1207120,” Vin = 1207 0° 
Ven = 1207 — 120° V 
If the impedances are 
Zan =20/60°, Zen = 30/0° 
Zen = 407 30° Q 
find the current in the neutral line. 


12.42 For the wye-connected load of Fig. 12.57, the line 
voltages all have a magnitude of 250 V and are ina 
positive phase sequence. Calculate the line currents 
and the neutral current. 


I, 40 760° Q 


607—-45° Q 





Figure 12.57 For Prob. 12.42. 
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12.43 A delta-connected load whose phase impedances are 
Lap = 50 &Z, Lc = —j50 SZ, and Zca = jJ50 Q2 is 
fed by a balanced wye-connected three-phase source 
with V, = 100 V. Find the phase currents. 












12.44 A balanced three-phase wye-connected generator 
with V, = 220 V supplies an unbalanced 
wye-connected load with Z4, = 60+ 780 Q, 
Zev = 100 — 7120 2, and Zcy = 304+ j40 Q. 
Find the total complex power absorbed by the load. 

12.45 Refer to the unbalanced circuit of Fig. 12.58. 
Calculate: 

(a) the line currents 
(b) the real power absorbed by the load 
(c) the total complex power supplied by the source 
a 
440/0° V 
Cc 
Figure 12.58 For Prob. 12.45. 

Section 12.9 PSpice for Three-Phase Circuits 

12.46 Solve Prob. 12.10 using PSpice. 

12.47 The source in Fig. 12.59 is balanced and exhibits a 
positive phase sequence. If f = 60 Hz, use PSpice 
to find VAN; Ven; and Von. 

a A 

100/0° V 

0.2 mF 
10 mF 
Cc C 


Figure 12.59 
12.48 Use PSpice to determine I, in the single-phase, 


ra 


For Prob. 12.47. 


three-wire circuit of Fig. 12.60. Let 
Z, = 15 — j10 Q, Z, = 304+ 720 Q, and 
Z3 = 124+ 75 Q. 





4Q 






220/0° V 


220/0° V 


For Prob. 12.48. 


Figure 12.60 
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12.49 Given the circuit in Fig. 12.61, use PSpice to 


determine currents I,,4 and voltage Van. 
@ 


240/0° V 
ce A 10Q j15Q 


a 4Q 73Q 





enc 5 j 10Q j15Q 


240/120° V 
Cc 


10Q j15Q 


For Prob. 12.49. 


Figure 12.61 


12.50 The circuit in Fig. 12.62 operates at 60 Hz. Use 
PSpice to find the source current I, and the line 


current I, p. 


1Q 2mH A _ 16Q 


110/120° V 





For Prob. 12.50. 


Figure 12.62 


12.51 For the circuit in Fig. 12.54, use PSpice to find the 


line currents and the phase currents. 


12.52 A balanced three-phase circuit is shown in Fig. 


12.63 on the next page. Use PSpice to find the line 
currents I,4, Ing, and kc. 


Section 12.10 Applications 


12.53 A three-phase, four-wire system operating with a 
208-V line voltage is shown in Fig. 12.64. The 
source voltages are balanced. The power absorbed 
by the resistive wye-connected load is measured by 
the three-wattmeter method. Calculate: 

(a) the voltage to neutral 

(b) the currents I, I,, Iz, and I, 

(c) the readings of the wattmeters 

(d) the total power absorbed by the load 
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0.2 Q 


0.22 j1Q 


240/10° V 


2407130° V 





Figure 12.64 For Prob. 12.53. 


*12.54 As shown in Fig. 12.65, a three-phase four-wire line 
with a phase voltage of 120 V supplies a balanced 
motor load at 260 kVA at 0.85 pf lagging. The 
motor load is connected to the three main lines 
marked a, b, and c. In addition, incandescent lamps 
(unity pf) are connected as follows: 24 kW from 


line a to the neutral, 15 kW from line D to the 
neutral, and 9 kW from line a to the neutral. 


(a) If three wattmeters are arranged to measure the 
power in each line, calculate the reading of each 


meter. 
(b) Find the current in the neutral line. 


*An asterisk indicates a challenging problem. 





jO5Q 4 


j0.5Q 


j0.5Q 


30.Q 
JO. Sane 
B 
~j20 Q 
30Q 
~j20 Q 
C 






Motor load 
260 kVA, 
0.85 pf, lagging 


24kW 15kW 9kKW 
Lighting loads 


Figure 12.65 — For Prob. 12.54. 


Meter readings for a three-phase wye-connected 
alternator supplying power to a motor indicate that 
the line voltages are 330 V, the line currents are 
8.4 A, and the total line power is 4.5 kW. Find: 


(a) the load in VA 
(b) the load pf 

(c) the phase current 
(d) the phase voltage 


The two-wattmeter method gives P; = 1200 W and 
P, = —400 W for a three-phase motor running on a 
240-V line. Assume that the motor load is wye- 
connected and that it draws a line current of 6 A. 
Calculate the pf of the motor and its phase 
impedance. 
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12.57 In Fig. 12.66, two wattmeters are properly 
connected to the unbalanced load supplied by a 
balanced source such that V,, = 208 /0° V with 


positive phase sequence. 
(a) Determine the reading of each wattmeter. 


(b) Calculate the total apparent power absorbed by 
the load. 





Figure 12.66 


For Prob. 12.57. 


12.58 If wattmeters W, and W) are properly connected 
respectively between lines a and b and lines b and c 
to measure the power absorbed by the 
delta-connected load in Fig. 12.44, predict their 


readings. 


12.59 For the circuit displayed in Fig. 12.67, find the 


wattmeter readings. 






240/7—60° V 


Z=10+)30Q 


2407-120° V 


For Prob. 12.59. 


Figure 12.67 


COMPREHENSIVE PROBLEMS 


12.63 A three-phase generator supplied 3.6 kVA at a 
power factor of 0.85 lagging. If 2500 W are 
delivered to the load and line losses are 80 W per 
phase, what are the losses in the generator? 


A three-phase 440-V, 51-kW, 60-kVA inductive load 
operates at 60 Hz and is wye-connected. It is 
desired to correct the power factor to 0.95 lagging. 
What value of capacitor should be placed in parallel 
with each load impedance? 


12.64 
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12.60 Predict the wattmeter readings for the circuit in Fig. 





12.68. 
208/0° V 
208 7—60° V 
Figure 12.68 — For Prob. 12.60. 

12.61 A man has a body resistance of 600 2. How much 
current flows through his ungrounded body: 

(a) when he touches the terminals of a 12-V 
autobattery? 

(b) when he sticks his finger into a 120-V light 
socket? 

12.62 Show that the JR losses will be higher for a 120-V 
appliance than for a 240-V appliance if both have 
the same power rating. 

12.65 A balanced three-phase generator has an abc phase 


sequence with phase voltage V,,, = 255 Vii V. The 
generator feeds an induction motor which may be 
represented by a balanced Y-connected load with an 
impedance of 12 + j5 2 per phase. Find the line 
currents and the load voltages. Assume a line 
impedance of 2 &2 per phase. 
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12.66 ‘Three balanced loads are connected to a distribution 12.69 Design a three-phase heater with suitable symmetric 
line as depicted in Fig. 12.69. The loads are loads using wye-connected pure resistance. Assume 
Transformer: 12 kVA at 0.6 pf lagging that the heater is supplied by a 240-V line voltage 
Motor: 16 kVA at 0.8 pf lagging and 1s to give 27 kW of heat. 
Unknown load: — — —— 12.70 For the single-phase three-wire system in Fig. 12.71, 
If the line voltage is 220 V, the line current is 120 A, find currents I, 4, I,g, and I,y. 


and the power factor of the combined load is 0.95 





lagging, determine the unknown load. a me A 
120/0° V rms >. | 24 -j2Q 
n N 
12070° V rms >. | 15 +j4Q 
b B 
Figure 12.69 — For Prob. 12.66. Figure 12.71 For Prob. 12.70. 


12.67 A professional center is supplied by a balanced 
12.71 
three-phase source. The center has four plants, each 
a balanced three-phase load as follows: 


Consider the single-phase three-wire system shown 
in Fig. 12.72. Find the current in the neutral wire 
and the complex power supplied by each source. 


Load 1: 150 kVA at 0.8 pf leading Take V, as a 115//0° -V, 60-Hz source. 
Load 2: 100 kW at unity pf 
Load 3: 200 kVA at 0.6 pf lagging 1Q 


Load 4: 80 kW and 95 kVAR (inductive) 


If the line impedance is 0.02 + 70.05 Q per phase 
and the line voltage at the loads is 480 V, find the 
magnitude of the line voltage at the source. 


: 15 Q 


*12.68 Figure 12.70 displays a three-phase delta-connected 
motor load which is connected to a line voltage of V3 
440 V and draws 4 kVA at a power factor of 72 
percent lagging. In addition, a single 1.8 kVAR 
capacitor is connected between lines a and b, while , 
a 800-W lighting load is connected between line c Figure [2.72 For Prob. 12.71. 
and neutral. Assuming the abc sequence and taking 
Van — Ve /0°, find the magnitude and phase angle 
of currents L,, I,, I., and I). 


=} 50 mH 









1.8 kVAR 


Motor load 
4 kVA, 
pf = 72%, lagging 


800 W lighting load 


Figure 12.70 — For Prob. 12.68. 


Go to the Student OLC 
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MAGNETICALLY COUPLED CIRCUITS 


People want success but keep running away from problems, and yet it is 
only in tackling problems that success is achieved. 
— Josiah J. Bonire 


Enhancing Your Career 


Career in Electromagnetics Electromagnetics is the 
branch of electrical engineering (or physics) that deals with 
the analysis and application of electric and magnetic fields. 
In electromagnetics, electric circuit analysis is applied at low 
frequencies. 

The principles of electromagnetics (EM) are applied 
in various allied disciplines, such as electric machines, 
electromechanical energy conversion, radar meteorology, 
remote sensing, satellite communications, bioelectromag- 
netics, electromagnetic interference and compatibility, plas- 
mas, and fiber optics. EM devices include electric motors 
and generators, transformers, electromagnets, magnetic lev- 
itation, antennas, radars, microwave ovens, microwave 
dishes, superconductors, and electrocardiograms. The de- 
sign of these devices requires a thorough knowledge of the 
laws and principles of EM. 

EM is regarded as one of the more difficult disci- 
plines in electrical engineering. One reason is that EM 
phenomena are rather abstract. But if one enjoys working 
with mathematics and can visualize the invisible, one should 
consider being a specialist in EM, since few electrical 
engineers specialize in this area. Electrical engineers who 


specialize in EM are needed in microwave industries, Telemetry receiving station for space satellites. Source: T. J. Mal- 


radio/T vo broadcasting stations, electromagnetic research oney, Modern Industrial Electronics, 3rd ed. Englewood Cliffs, NJ: 
laboratories, and several communications industries. Prentice Hall, 1996, p. 718. 
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13.1 INTRODUCTION 


The circuits we have considered so far may be regarded as conductively 
coupled, because one loop affects the neighboring loop through current 
conduction. When two loops with or without contacts between them 
affect each other through the magnetic field generated by one of them, 
they are said to be magnetically coupled. 

The transformer is an electrical device designed on the basis of 
the concept of magnetic coupling. It uses magnetically coupled coils to 
transfer energy from one circuit to another. Transformers are key circuit 
elements. They are used in power systems for stepping up or stepping 
down ac voltages or currents. They are used in electronic circuits such as 
radio and television receivers for such purposes as impedance matching, 
isolating one part of a circuit from another, and again for stepping up or 
down ac voltages and currents. 

We will begin with the concept of mutual inductance and introduce 
the dot convention used for determining the voltage polarities of induc- 
tively coupled components. Based on the notion of mutual inductance, 
we then introduce the circuit element known as the transformer. We will 
consider the linear transformer, the ideal transformer, the ideal autotrans- 
former, and the three-phase transformer. Finally, among their important 
applications, we look at transformers as isolating and matching devices 
and their use in power distribution. 


13.2. MUTUAL INDUCTANCE 


When two inductors (or coils) are in a close proximity to each other, 
the magnetic flux caused by current in one coil links with the other coil, 
thereby inducing voltage in the latter. This phenomenon is known as 
mutual inductance. 

Let us first consider a single inductor, a coil with N turns. When 
current i flows through the coil, a magnetic flux @ is produced around it 
(Fig. 13.1). According to Faraday’s law, the voltage v induced in the coil 
is proportional to the number of turns N and the time rate of change of 


i(t) the magnetic flux @; that is, 





d 
ey ed (13.1) 
dt 
Figure 13.1 Magnetic flux produced But the flux @ is produced by current 7 so that any change in @ is caused 
by a single coil with N turns. by a change in the current. Hence, Eq. (13.1) can be written as 
ddd 
v= ni as (13.2) 
di dt 
or 
di 
p= L— (13.3) 
dt 


which is the voltage-current relationship for the inductor. From Eqs. 
(13.2) and (13.3), the inductance L of the inductor is thus given by 


d 
f= nie? (13.4) 
di 
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This inductance is commonly called self-inductance, because it relates 
the voltage induced in a coil by a time-varying current in the same coil. 
Now consider two coils with self-inductances L, and L> that are in 
close proximity with each other (Fig. 13.2). Coil 1 has N, turns, while 
coil 2 has N> turns. For the sake of simplicity, assume that the second 
inductor carries no current. The magnetic flux @; emanating from coil 1 
has two components: one component ¢), links only coil 1, and another —i,( 
component ¢ 12 links both coils. Hence, 





d) = ou + b12 (13.5) 


Although the two coils are physically separated, they are said to be mag- 


netically coupled. Since the entire flux ¢; links coil 1, the voltage induced Figure 13.2 Mutual inductance Mz; of 
coil 2 with respect to coil 1. 


N, turns JN, turns 


in coil | is 
dp 
vj; = Nj; — 13.6 
1 1 oF (13.6) 
Only flux @j2 links coil 2, so the voltage induced in coil 2 is 
d 
vo = Np oe (13.7) 
dt 


Again, as the fluxes are caused by the current 7, flowing in coil 1, Eq. 
(13.6) can be written as 
dd, di, di, 
y= SS Li 
di, dt dt 
where L; = N,; dd, /di, is the self-inductance of coil 1. Similarly, Eq. 
(13.7) can be written as 


(13.8) 


dd\2 di, dij 
= N»5 — — = M>,— 13.9 
ea ah ae ne 
where 
d 
My, = Ny oe? (13.10) 
di 


M>, 1s known as the mutual inductance of coil 2 with respect to coil 1. 
Subscript 21 indicates that the inductance M>, relates the voltage induced 
in coil 2 to the current in coil 1. Thus, the open-circuit mutual voltage 
(or induced voltage) across coil 2 is 


(13.11) 





Suppose we now let current iz flow in coil 2, while coil | carries no 
current (Fig. 13.3). The magnetic flux @2 emanating from coil 2 comprises 


flux @22 that links only coil 2 and flux >; that links both coils. Hence, i,(t) 





2 = 21 + O22 (13.12) 
The entire flux @2 links coil 2, so the voltage induced in coil 2 is N, turns JN), turns 
V7 = Ny oe? = nyo” diy a= Lo? (13.13) Figure 13.3 Mutual inductance M2 of 
dt diy dt dt coil 1 with respect to coil 2. 
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where Ly = No d¢2/diz is the self-inductance of coil 2. Since only flux 
o2, links coil 1, the voltage induced in coil 1 is 





dor ddr dir diy 
= N,; — = — = M,— 13.14 
ah a ey at 
where 
d 
Mo = n, Oe (13.15) 
diy 


which is the mutual inductance of coil 1 with respect to coil 2. Thus, the 
open-circuit mutual voltage across coil | is 


(13.16) 





We will see in the next section that Mj2 and M>, are equal, that is, 
Mi. = Mo, = M (13.17) 


and we refer to M as the mutual inductance between the two coils. Like 
self-inductance L, mutual inductance M is measured in henrys (H). Keep 
in mind that mutual coupling only exists when the inductors or coils are 
in close proximity, and the circuits are driven by time-varying sources. 
We recall that inductors act like short circuits to dc. 

From the two cases in Figs. 13.2 and 13.3, we conclude that mutual 
inductance results if a voltage is induced by a time-varying current in 
another circuit. It is the property of an inductor to produce a voltage in 
reaction to a time-varying current in another inductor near it. Thus, 


Mutual inductance is the ability of one inductor to induce a voltage 
across a neighboring inductor, measured in henrys (H). 





Although mutual inductance M is always a positive quantity, the 
mutual voltage M di/dt may be negative or positive, just like the self- 
induced voltage L di/dt. However, unlike the self-induced L di/dt, 
whose polarity is determined by the reference direction of the current and 
the reference polarity of the voltage (according to the passive sign con- 
vention), the polarity of mutual voltage M di /dt is not easy to determine, 
because four terminals are involved. The choice of the correct polarity for 
M di/dt is made by examining the orientation or particular way in which 
both coils are physically wound and applying Lenz’s law in conjunction 
with the right-hand rule. Since it is inconvenient to show the construction 
details of coils on a circuit schematic, we apply the dot convention in cir- 
cuit analysis. By this convention, a dot 1s placed in the circuit at one end 
of each of the two magnetically coupled coils to indicate the direction of 
the magnetic flux if current enters that dotted terminal of the coil. This is 
illustrated in Fig. 13.4. Given a circuit, the dots are already placed beside 
the coils so that we need not bother about how to place them. The dots 
are used along with the dot convention to determine the polarity of the 
mutual voltage. The dot convention is stated as follows: 
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Coil | Coil 2 


Figure 13.4 Illustration of the dot convention. 


Ifa current enters the dotted terminal of one coil, the reference 
polarity of the mutual voltage in the second coil is positive 
at the dotted terminal of the second coil. 





Alternatively, 


Ifa current leaves the dotted terminal of one coil, the reference 
polarity of the mutual voltage in the second coil is negative 
at the dotted terminal of the second coil. 





Thus, the reference polarity of the mutual voltage depends on the refer- 
ence direction of the inducing current and the dots on the coupled coils. 
Application of the dot convention is illustrated in the four pairs of mu- 
tually coupled coils in Fig. 13.5. For the coupled coils in Fig. 13.5(a), 
the sign of the mutual voltage vz is determined by the reference polarity 
for v> and the direction of i;. Since i, enters the dotted terminal of coil 
1 and vp is positive at the dotted terminal of coil 2, the mutual voltage is 
+M di,/dt. For the coils in Fig. 13.5(b), the current i; enters the dot- 
ted terminal of coil 1 and v2 is negative at the dotted terminal of coil 2. 
Hence, the mutual voltage is —M di, /dt. The same reasoning applies to 
the coils in Fig. 13.5(c) and 13.5(d). Figure 13.6 shows the dot conven- 
tion for coupled coils in series. For the coils in Fig. 13.6(a), the total 
inductance is 


L=L,+1,+2M (Series-aiding connection) (13.18) 


For the coil in Fig. 13.6(b), 


L=L1,+L1,—-—2M (Series-opposing connection) | (13.19) 


Now that we know how to determine the polarity of the mutual 
voltage, we are prepared to analyze circuits involving mutual inductance. 





(b) 





(d) 


Figure Re Examples 
illustrating how to apply the 
dot convention. 
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M M 
| y. % | fy. % 
e —| © ——| > © —S e 
L, w) Ly L, 4 Ly 
(a) (b) 


Figure 13.6 Dot convention for coils in series; the sign indicates the polarity of the mutual 
voltage: (a) series-aiding connection, (b) series-opposing connection. 


As the first example, consider the circuit in Fig. 13.7. Applying KVL to 
coil 1 gives 


dij din 
vy =1,R, + L,;— +M— (13.20a) 
dt dt 
For coil 2, KVL gives 
din dij 
V2 = InRo + Lo — + M— (13.20b) 
dt dt 
We can write Eq. (13.20) in the frequency domain as 
Vi, = (RK, + JoL)), + joMl (13.21a) 
Vo = joMI, + (Ro 4+ jolr)kb (13.21b) 


As a second example, consider the circuit in Fig. 13.8. We analyze this 
in the frequency domain. Applying KVL to coil 1, we get 


V=(4, + JoLl,)h = JoM, (13.22a) 
For coil 2, KVL yields 
0 = —jwoMI, + (Zr + jalr)Ib (13.22b) 


Equations (13.21) and (13.22) are solved in the usual manner to determine 
the currents. 





Figure 13.7 Time-domain analysis of a circuit containing Figure 13.8 Frequency-domain analysis of a circuit 
coupled coils. containing coupled coils. 


At this introductory level we are not concerned with the determi- 
nation of the mutual inductances of the coils and their dot placements. 
Like R, L, and C, calculation of M would involve applying the theory 
of electromagnetics to the actual physical properties of the coils. In this 
text, we assume that the mutual inductance and the dots placement are the 
“sivens’’ of the circuit problem, like the circuit components R, L, and C. 
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I a! 


Calculate the phasor currents I, and Ip in the circuit of Fig. 13.9. Cc 





3.0 
-~j4.Q : 





12/0° V 


Figure 13.9 For Example 13.1. 


Solution: 
For coil 1, KVL gives 

—12+ (-j44+ s5)h -— 3b =0 
or 

JU, — j3k = 12 (13.1.1) 
For coil 2, KVL gives 
—j3I, + (12+ j6)l, = 0 
or 
— 2+ jo) 
qo 

Substituting this in Eq. (13.1.1), we get 

(Gj2+4- j3bh=4-sj)hb = 12 


I; == 71) (13.1.2) 


Or 


12 
]L= <7 2.91 /14.04° A (13.1.3) 
2) 


From Eqs. (13.1.2) and (13.1.3), 


I, =(2— jb = (4.4727 — 63.43°)(2.91 714.04") 


= 13.01 7 — 49.39° A 


PRACTICE PROBLE ™ (RRR 


Determine the voltage V, in the circuit of Fig. 13.10. 


6790° V 





Figure 13.10 For Practice Prob. 13.1. 


Answer: 0.6/ — 90° V. 
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Calculate the mesh currents in the circuit of Fig. 13.11. 


100/0° V 





Figure 3.1] For Example 13.2. 


Solution: 


The key to analyzing a magnetically coupled circuit is knowing the po- 
larity of the mutual voltage. We need to apply the dot rule. In Fig. 13.11, 
suppose coil | is the one whose reactance is 6 Q2, and coil 2 is the one 
whose reactance is 8 &2. To figure out the polarity of the mutual voltage 
in coil 1 due to current I5, we observe that I, leaves the dotted terminal of 
coil 2. Since we are applying KVL in the clockwise direction, it implies 
that the mutual voltage is negative, that 1s, —j2Ib. 


I, Alternatively, it might be best to figure out the mutual voltage by 
— redrawing the relevant portion of the circuit, as shown in Fig. 13.12(a), 
. where it becomes clear that the mutual voltage is V; = —2jh. 
j8Q Thus, for mesh | in Fig. 13.11, KVL gives 


~100 +1, (4 — j3 + j6) — j6ly — j2Ilb =0 





Coil 2 or 
(a) V; = -2jh, 100 = 44 j3)l, — j8h (13.2.1) 


Similarly, to figure out the mutual voltage in coil 2 due to current [,, 
consider the relevant portion of the circuit, as shown in Fig. 13.12(b). 
Applying the dot convention gives the mutual voltage as V2 = —2/I,. 
Also, current I, sees the two coupled coils in series in Fig. 13.11; since it 
leaves the dotted terminals in both coils, Eq. (13.18) applies. Therefore, 
for mesh 2, KVL gives 





0 = —2j1, — j6l; + (j64+ j8+ j2x24+5)b 


Coil | Coil 2 
Or 
(b) Vo = 2, 
0O= —j8I, + (54+ j18b (13.2.2) 
Figure 13.12 For Example 13.2; 
redrawing the relevant portion of the Putting Eqs. (13.2.1) and (13.2.2) in matrix form, we get 
circuit in Fig. 13.11 to find mutual 
voltages by the dot convention. 100); — {4+ 73 —j8 I, 
o|—~] jg s+ 718} IL 
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The determinants are 


—i4+j3  —j8 | _ : 
a=| _ 78 sa ag] 30+ 387 
_ {100 —j8 | , 
a =| 0 sag] = 1006 + 18) 
_ |4+ 73 100). 

i _i8 0 = /800 





Thus, we obtain the mesh currents as 


A, 100(5+ j18) 1868.2 /74.5° 
y, = St = 10] F NB) _ TOL = 200.3/3.5° A 
A 30 + j87 92.03 /J1° 


A> J 800 800 790° , 
A 30+ j87 92.03 71° 


PRACTICE PROBLE M Ray 


Determine the phasor currents I, and I, in the circuit of Fig. 13.13. 


12/760° V 





Figure 13.13 For Practice Prob. 13.2. 


Answer: 2.15//86.56°, 3.23 /86.56° A. 


13.3 ENERGY IN A COUPLED CIRCUIT 


In Chapter 6, we saw that the energy stored in an inductor is given by 


ls 
w= —Li (13.23) 
2 
We now want to determine the energy stored in magnetically coupled 
coils. 

Consider the circuit in Fig. 13.14. We assume that currents 7, and 
i2 are zero initially, so that the energy stored in the coils is zero. If we let 
1; increase from zero to J; while maintaining iz = O, the power in coil | 
1S 


.  ,, diy 
pitt) = vj = arr (13.24) 





and the energy stored in the circuit is 


i l Figure 13.14 The circuit 
w= fo dt = L, | i, di, = -~Ly11; (13.25) for deriving energy stored in 
0 2 a coupled circuit. 
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If we now maintain i; = J, and increase i7 from zero to J», the mutual 
voltage induced in coil 1 1s Mj2 diz /dt, while the mutual voltage induced 
in coil 2 is zero, since 7; does not change. The power in the coils is now 


Ll U —_— _—— Ll ————— . 


and the energy stored in the circuit 1s 
l l 
w= f rodt=Moh | din + Lo | in diz 
0 0 


1 
=Mpolbht+ 5 baly 


. di diy 
p2(t) = i; M\2— 


(13.27) 


The total energy stored in the coils when both 7, and iz have reached 
constant values is 


1 1 
w= WwW, U2 = sity + 5 bal; + Mohh (13.28) 
If we reverse the order by which the currents reach their final values, that 
is, if we first increase i» from zero to J, and later increase i, from zero to 
I,, the total energy stored in the coils is 


1 1 
w= sil + 5 hols + MI] (13.29) 
Since the total energy stored should be the same regardless of how we 
reach the final conditions, comparing Eqs. (13.28) and (13.29) leads us 
to conclude that 


Mi. = Mo, = M (13.30a) 
and 
2 1 2 
w= 5h + 5 bots +Miihb (13.30b) 


This equation was derived based on the assumption that the coil currents 
both entered the dotted terminals. If one current enters one dotted terminal 
while the other current leaves the other dotted terminal, the mutual voltage 
is negative, so that the mutual energy M J, ly 1s also negative. In that case, 


| 2,1 2 
w= 5 + 5 bats —-Milh (13.31) 
Also, since J; and /» are arbitrary values, they may be replaced by i; and 
i2, which gives the instantaneous energy stored in the circuit the general 
expression 


1 


1 
w= au + 5 bois + Mijiz (13.32) 





The positive sign is selected for the mutual term if both currents enter 
or leave the dotted terminals of the coils; the negative sign is selected 
otherwise. 

We will now establish an upper limit for the mutual inductance M. 
The energy stored in the circuit cannot be negative because the circuit is 
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passive. This means that the quantity 1/2L,i 4 + ] /2Li5 — Miy,i> must 
be greater than or equal to zero, 

I, ts ae 
re + 5 b2! — Mijir > 0 (13.33) 


To complete the square, we both add and subtract the term i;i2./ L; L2 on 
the right-hand side of Eq. (13.33) and obtain 


1 
5 fy Li — in/ L)* + ijinG/L1L2 — M) = 0 (13.34) 


The squared term is never negative; at its least it is zero. Therefore, the 
second term on the right-hand side of Eq. (13.34) must be greater than 
zero; that is, 


L,Ly-M=0 
Or 


M<WvJL\L> (13.35) 


Thus, the mutual inductance cannot be greater than the geometric mean 
of the self-inductances of the coils. The extent to which the mutual 
inductance M approaches the upper limit is specified by the coefficient 
of coupling k, given by 


k= 





(13.36) 
LL 


Or 


M=kJ/L\L> (13.37) 


where 0 < k < 1 or equivalently 0 < M < VL Ly». The coupling Mion tortie core 
coefficient is the fraction of the total flux emanating from one coil that 
links the other coil. For example, in Fig. 13.2, 


k= P12 = _ 12 (13.38) 
P| di. + d12 
and in Fig. 13.3, 
k= P21 = _ P21 (13.39) 
do d+ 2 


If the entire flux produced by one coil links another coil, then k = 1 
and we have 100 percent coupling, or the coils are said to be perfectly — — 
coupled. Thus, (a) (b) 





Figure 13.15 Windings: (a) loosely coupled, 
The coupling coefficient k is a measure of the magnetic (b) tightly coupled; cutaway view demonstrates 
both windings. 


coupling between two coils; 0 <k < I. 





For k < 0.5, coils are said to be loosely coupled; and for k > 0.5, they 
are said to be tightly coupled. 

We expect k to depend on the closeness of the two coils, their core, 
their orientation, and their windings. Figure 13.15 shows loosely coupled 
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Figure 13.16 





For Example 13.3. 


PART 2 AC Circuits 


windings and tightly coupled windings. The air-core transformers used 
in radio frequency circuits are loosely coupled, whereas iron-core trans- 
formers used in power systems are tightly coupled. The linear transform- 
ers discussed in Section 3.4 are mostly air-core; the ideal transformers 
discussed in Sections 13.5 and 13.6 are principally iron-core. 


Consider the circuit in Fig. 13.16. Determine the coupling coefficient. 
Calculate the energy stored in the coupled inductors at time t = 1 s if 
v = 60cos(4t + 30°) V. 


Solution: 


The coupling coefficient is 


_ M25 og 
| i tals 0/2) 


indicating that the inductors are tightly coupled. To find the energy stored, 
we need to obtain the frequency-domain equivalent of the circuit. 


60 cos(4t + 30°) = 60 /30°, w=4rad/s 
5H =>? JoL, = j20Q 
pe | = JOM = jl102 
4H => JOL2 = j16Q 
tek 
16 Joc 
The frequency-domain equivalent is shown in Fig. 13.17. We now apply 
mesh analysis. For mesh 1, 


= —j4Q 


(10 + j20)I; + j10I, = 60 /30° (13.3.1) 
For mesh 2, 
J101, + (716 — j4)b = 0 
or 
I =-1.21 (13.3.2) 
Substituting this into Eq. (13.3.1) yields 
I,(-—12 — 714) = 60 /30° = I, = 3.2547 — 160.6° A 
and 
I, = -—1.2Il, = 3.9057 —19.4° A 
In the time-domain, 
ij = 3.905 cos(4t — 19.4°), iz = 3.254 cos(4t — 199.4°) 
At time t = 1s, 4t = 4 rad = 229.2°, and 
i; = 3.905 cos(229.2° — 19.4°) = —3.389 A 
iz = 3.254 c08s(229.2° + 160.6°) = 2.824 A 
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The total energy stored in the coupled inductors is 
1 


Cee ae, , 
w= 5h + 5 b22 + Milo 


= 5 (5)(-3.389) + 5 (4)(2.824)" + 2.5(—3.389) (2.824) = 20.73 J 


j10 


60730° V 





Figure 13.17 Frequency-domain equivalent of the circuit in Fig. 13.16. 


PRACTICE PROBLE ™ SRR 


For the circuit in Fig. 13.18, determine the coupling coefficient and the 
energy stored in the coupled inductors att = 1.5 s. 


1H 


20 cos 2t V 





Figure 13.18 For Practice Prob. 13.3. 


Answer: (0.7071, 9.85 J. 


13.4 LINEAR TRANSFORMERS 


Here we introduce the transformer as anew circuit element. A transformer 
is a magnetic device that takes advantage of the phenomenon of mutual 
inductance. 


A transformer is generally a four-terminal device comprising 
two (or more) magnetically coupled coils. 





As shown in Fig. 13.19, the coil that is directly connected to the voltage 
source is called the primary winding. The coil connected to the load is 
called the secondary winding. The resistances R; and R» are included 
to account for the losses (power dissipation) in the coils. The trans- 
former is said to be linear if the coils are wound on a magnetically linear 
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940 


A linear transformer may also be regarded as one 
whose flux is proportional to the currents in its 
windings. 
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material—a material for which the magnetic permeability is constant. 
Such materials include air, plastic, Bakelite, and wood. In fact, most ma- 
terials are magnetically linear. Linear transformers are sometimes called 
air-core transformers, although not all of them are necessarily air-core. 


They are used in radio and TV sets. Figure 13.20 portrays different types 
of transformers. 





Primary coil Secondary coil 


Figure 13.19 A linear transformer. 
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(b) 


Figu re13.20 Different types of transformers: (a) copper wound dry power transformer, (b) audio transformers. 
(Courtesy of: (a) Electric Service Co., (b) Jensen Transformers. ) 


We would like to obtain the input impedance Zi, as seen from the 


source, because Z;, governs the behavior of the primary circuit. Applying 
KVL to the two meshes in Fig. 13.19 gives 


V=(R, + JoLl,)\; = JoMt, (13.40a) 
0 = —jaMI, + (Ro 4+ jol2,+ Z,)b (13.40b) 
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In Eq. (13.40b), we express Ip in terms of I; and substitute it into Eq. 
(13.40a). We get the input impedance as 
Z = R, + joL, + oe (13.41) 

in = = oO a | 

"  T aie Ry + jol2 + LZ, 
Notice that the input impedance comprises two terms. The first term, 
(R,; + j@L}), is the primary impedance. The second term is due to the 
coupling between the primary and secondary windings. Itis as though this 
impedance is reflected to the primary. Thus, it is known as the reflected Some authors call this the coupled impedance. 
impedance Zr, and 


w* M? 


Zr (13.42) 


— Ro + jolo+Z, 





It should be noted that the result in Eq. (13.41) or (13.42) is not affected 
by the location of the dots on the transformer, because the same result is 
produced when M is replaced by —M. 

The little bit of experience gained in Sections 13.2 and 13.3 in 
analyzing magnetically coupled circuits is enough to convince anyone that 
analyzing these circuits is not as easy as circuits in previous chapters. For 
this reason, it is sometimes convenient to replace a magnetically coupled 
circuit by an equivalent circuit with no magnetic coupling. We want to 
replace the linear transformer in Fig. 13.19 by an equivalent T or I circuit, 
a circuit that would have no mutual inductance. Ignore the resistances of 
the coils and assume that the coils have a common ground as shown in Figure 13.2 Determining 

; oa the equivalent circuit of a 
Fig. 13.21. The assumption of a common ground for the two coils is a ee ty ee 
major restriction of the equivalent circuits. A common ground is imposed 
on the linear transformer in Fig. 13.21 in view of the necessity of having 
a common ground in the equivalent T or II circuit; see Figs. 13.22 and L, L L, L 
13.23 

The voltage-current relationships for the primary and secondary 

coils give the matrix equation 


Vi] [jol: joM)]fI 
elias we b ye 


By matrix inversion, this can be written as 





Lo —M 
L, jo(L\Ly—M?’) jw(LiL2.—M?’) | Ty, 
= (13.44) 
I, —M L, Vo 


jo(L,L,—M’*)  jow(L,L2 — M’) 


Our goal is to match Eqs. (13.43) and (13.44) with the corresponding 
equations for the T and IT networks. 

For the T (or Y) network of Fig. 13.22, mesh analysis provides the 
terminal equations as 


Vi Jo(Le ae L.) JOL- I, 
— : . 13.45 
Bee jol,  jo(Ly+ il a] aia 


If the circuits in Figs. 13.21 and 13.22 are equivalents, Eqs. (13.43) and 
(13.45) must be identical. Equating terms in the impedance matrices of 





Figure 13.23 An equivalent IT circuit. 
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Eqs. (13.43) and (13.45) leads to 


(13.46) 





For the II (or A) network in Fig. 13.23, nodal analysis gives the 
terminal equations as 




















1 1 1 

L, jobs = jaLe ~ joLlc V, 

He ~ 1 1 1 bel on 
— jwLle jOL; = jOLe 


Equating terms in admittance matrices of Eqs. (13.44) and (13.47), we 
obtain 


(13.48) 





Note that in Figs. 13.23 and 13.24, the inductors are not magnetically 
coupled. Also note that changing the locations of the dots in Fig. 13.21 
can cause M to become —M. As Example 13.6 illustrates, a negative 
value of M is physically unrealizable but the equivalent model is still 
mathematically valid. 


50760° V 





Figure 13.24 = For Example 13.4. 


In the circuit of Fig. 13.24, calculate the input impedance and current I). 
Take Z, = 60 — 7100 Q, Z. = 30+ 40 Q, and Z,; = 80+ j60 Q. 


Solution: 
From Eq. (13.41), 


a a 
J40 + Zp + Zy 
25 

= 00 — 100+ 720 + oy F140 


= 60 — j80+0.14/— 51.84° 


= 60.09 — 780.11 = 100.147 — 53.1° Q 
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Thus, 


V 50 /60° 


ee eS 113.1 A 
Zin 100.14 /— 53.1° 


I, = 
PRACTICE PROBLEM RE 


Find the input impedance of the circuit of Fig. 13.25 and the current from 
the voltage source. 


10/0° V 





Figure 13.25 For Practice Prob. 13.4. 


Answer: 8.58 /58.05° Q, 1.165 7 — 58.05° A. 


13.5 


Determine the T-equivalent circuit of the linear transformer in Fig. 13.26(a). 


2H 


i Y 8H 2H 
a Cc a Cc 
e@ e@ 
10H 4H 2H 
b d b d 
(a) (b) 


Figure 13.26 = For Example 13.5: (a) a linear transformer, 
(b) its T-equivalent circuit. 


Solution: 
Given that L; = 10, Lz = 4, and M = 2, the T equivalent network has 
the following parameters: 
Lg=l,;-M=10-2=8H 
Ly=Lly-M=4-2=2H, bp =M =H 
The T-equivalent circuit is shown in Fig. 13.26(b). We have assumed that 
reference directions for currents and voltage polarities in the primary and 


secondary windings conform to those in Fig. 13.21. Otherwise, we may 
need to replace M with —M, as Example 13.6 illustrates. 
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PRACTICE PROBLE ™ RRS 


For the linear transformer in Fig. 13.26 (a), find the IT equivalent network. 
Answer: L,— 18H, Ll, =4.5H, Lc = 18H. 


Solve for I,, In, and V, in Fig. 13.27 (the same circuit as for Practice Prob. 
13.1) using the T-equivalent circuit for the linear transformer. 


j1Q 


60790° V 





Figure 13.27. For Example 13.6. 


Solution: 


Notice that the circuit in Fig. 13.27 1s the same as that in Fig. 13.10 except 
that the reference direction for current I, has been reversed, just to make 
the reference directions for the currents for the magnetically coupled coils 
conform with those in Fig. 13.21. 

We need to replace the magnetically coupled coils with the T- 
equivalent circuit. The relevant portion of the circuit in Fig. 13.27 is 
shown in Fig. 13.28(a). Comparing Fig. 13.28(a) with Fig. 13.21 shows 
that there are two differences. First, due to the current reference direc- 
tions and voltage polarities, we need to replace M by —M to make Fig. 
13.28(a) conform with Fig. 13.21. Second, the circuit in Fig. 13.21 1s in 
the time-domain, whereas the circuit in Fig. 13.28(a) is in the frequency- 
domain. The difference is the factor jw; that is, L in Fig. 13.21 has been 
replaced with jwL and M with jwM. Since o@ is not specified, we can 
assume w = | or any other value; it really does not matter. With these 
two differences in mind, 


La = L1 -(-M) =8+1=—9H 
lg dy GM) =5 41268, L.=—-M=-1H 





Thus, the T-equivalent circuit for the coupled coils is as shown in Fig. 
13.28(b). 

Inserting the T-equivalent circuit in Fig. 13.28(b) to replace the two 
coils in Fig. 13.27 gives the equivalent circuit in Fig. 13.29, which can be 


(b) 


Figure 13.28 For Example 13.6: 


(a) circuit for coupled coils of Fig. solved using nodal or mesh analysis. Applying mesh analysis, we obtain 

13.27, (b) T-equivalent circuit. AC eae eee (13.6.1) 
and 

0=I1,(-j1)+Ld00-+ j6-—- 71) (13.6.2) 


From Eq. (13.6.2), 


10+ 5 
1, = Ot, = 6 — flO (13.6.3) 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


CHAPTER 13 Magnetically Coupled Circuits 


Substituting Eq. (13.6.3) into Eq. (13.6.1) gives 
J6= (44+ /8)(5 — j10)Ib — jb = (100 — s)lb ~ 1001p 


Since 100 is very large compared to 1, the imaginary part of (100 — /) 
can be ignored so that 100 — 7 ~ 100. Hence, 
6 
I, = — = j0.06 = 0.06 00° A 
100 


From Eq. (13.6.3), 
I, = (5 — j10)70.06 = 0.6+ j0.3 A 
and 
V, = -—10lL, = —/j0.6 = 0.6/7 — 90° V 

This agrees with the answer to Practice Prob. 13.1. Of course, the direc- 
tion of I, in Fig. 13.10 is opposite to that in Fig. 13.27. This will not 
affect V,, but the value of Ip in this example is the negative of that of Ip 
in Practice Prob. 13.1. The advantage of using the T-equivalent model 


for the magnetically coupled coils is that in Fig. 13.29 we do not need to 
bother with the dot on the coupled coils. 





Figure 13.29 For Example 13.6. 


PRACTICE PROBLE M RRS 


Solve the problem in Example 13.1 (see Fig. 13.9) using the T-equivalent 
model for the magnetically coupled coils. 


Answer: 13/7 — 49.4° A, 2.91714.04° A. 


13.5 IDEAL TRANSFORMERS 


An ideal transformer is one with perfect coupling (kK = 1). It consists of 
two (or more) coils with a large number of turns wound on a common 
core of high permeability. Because of this high permeability of the core, 
the flux links all the turns of both coils, thereby resulting in a perfect 
coupling. 

To see how an ideal transformer is the limiting case of two cou- 
pled inductors where the inductances approach infinity and the coupling 
is perfect, let us reexamine the circuit in Fig. 13.14. In the frequency 
domain, 


V, = Jol], + joaMl (13.49a) 
Vo = joMI, + joLoah (13.49b) 
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(b) 


Figure 13.30 (a) Ideal transformer, 


(b) circuit symbol for ideal transformers. 





Figure 13.3] Relating primary and 
secondary quantities in an ideal transformer. 
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From Eq. (13.49a), I; = (V; — joMI,)/jwL,. Substituting this in Eq. 
(13.49b) gives 
MV, joM’I, 


V, = joLob + 
= J 242 i L 





But M = ./L,L> for perfect coupling (k = 1). Hence, 


JL 1LoV (OL, Lol L 
ae OO (ec “Vv, — nv, 
Ly Ly Ly 


where n = .,/L2/L, and is called the turns ratio. As L,, Lo, M > 
such that n remains the same, the coupled coils become an ideal trans- 
former. A transformer is said to be ideal if it has the following properties: 


1. Coils have very large reactances (L;, L2, M — ov). 
2. Coupling coefficient is equal to unity (kK = 1). 


3. Primary and secondary coils are lossless (R; = 0 = R2). 


An ideal transformer is a unity-coupled, lossless transformer in which the 


primary and secondary coils have infinite self-inductances. 





Iron-core transformers are close approximations to ideal transformers. 
These are used in power systems and electronics. 

Figure 13.30(a) shows a typical ideal transformer; the circuit sym- 
bol is in Fig. 13.30(b). The vertical lines between the coils indicate an 
iron core as distinct from the air core used in linear transformers. The 
primary winding has JN turns; the secondary winding has N> turns. 

When a sinusoidal voltage is applied to the primary winding as 
shown in Fig. 13.31, the same magnetic flux @ goes through both wind- 
ings. According to Faraday’s law, the voltage across the primary winding 
1S 


do 


Vi = ere (13.50a) 
while that across the secondary winding is 
do 
vy = No— (13.50b) 
dt 
Dividing Eq. (13.50b) by Eq. (13.50a), we get 
N. 
re = = =n (13.51) 
U1 N, 


where 77 is, again, the turns ratio or transformation ratio. We can use the 
phasor voltages V; and V> rather than the instantaneous values v, and v3. 
Thus, Eq. (13.51) may be written as 


(13.52) 
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For the reason of power conservation, the energy supplied to the primary 
must equal the energy absorbed by the secondary, since there are no losses 
in an ideal transformer. This implies that 


Vil, = Volo (13.53) 


In phasor form, Eq. (13.53) in conjunction with Eq. (13.52) becomes 


I, Vp 

— = — =n (13.54) 

Ih Vv; 
showing that the primary and secondary currents are related to the turns 
ratio in the inverse manner as the voltages. Thus, 


(13.55) 





When n = I, we generally call the transformer an isolation transformer. 
The reason will become obvious in Section 13.9.1. If n > 1, we have 
a step-up transformer, as the voltage is increased from primary to sec- 
ondary (V> > V,). On the other hand, if n < 1, the transformer is a 
step-down transformer, since the voltage is decreased from primary to 
secondary (V2 < Vj). 


A step-down transformer is one whose secondary voltage 
is less than its primary voltage. 





A step-up transformer is one whose secondary voltage 
is greater than its primary voltage. 





The ratings of transformers are usually specified as V; / V2. A transformer 
with rating 2400/120 V should have 2400 V on the primary and 120 in the 
secondary (1.e., a step-down transformer). Keep in mind that the voltage 
ratings are in rms. 

Power companies often generate at some convenient voltage and 
use a step-up transformer to increase the voltage so that the power can be 
transmitted at very high voltage and low current over transmission lines, 
resulting in significant cost savings. Near residential consumer premises, 
step-down transformers are used to bring the voltage down to 120 V. 
Section 13.9.3 will elaborate on this. 

It is important that we know how to get the proper polarity of the 
voltages and the direction of the currents for the transformer in Fig. 13.31. 
If the polarity of V; or V> or the direction of I, or Ip is changed, n in Eqs. 
(13.51) to (13.55) may need to be replaced by —n. The two simple rules 
to follow are: 


1. If V; and V2 are both positive or both negative at the dotted 
terminals, use +n in Eq. (13.52). Otherwise, use —n. 


2. If 1, and I, both enter into or both leave the dotted terminals, 
use —n in Eq. (13.55). Otherwise, use --n. 


The rules are demonstrated with the four circuits in Fig. 13.32. 
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(d) 


Figure 13.32 Typical 
circuits illustrating proper 
voltage polarities and 
current directions in an 
ideal transformer. 
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Using Eqs. (13.52) and (13.55), we can always express V, in terms 
of V> and I, in terms of hl, or vice versa: 
Vo 


Vi or V,=nV, (13.56) 
n 
I, 
I, =nlL or L=-—- (13.57) 
n 


The complex power in the primary winding is 


(13.58) 





showing that the complex power supplied to the primary is delivered to the 
secondary without loss. The transformer absorbs no power. Of course, 
we should expect this, since the ideal transformer is lossless. The input 
impedance as seen by the source in Fig. 13.31 is found from Eqs. (13.56) 
and (13.57) as 


/ ee ees (13.59) 


(13.60) 





The input impedance is also called the reflected impedance, since it ap- 
Notice that an ideal transformer reflects an im- pears as if the load impedance is reflected to the primary side. This ability 
pedance as the square of the turns ratio. of the transformer to transform a given impedance into another impedance 
provides us a means of impedance matching to ensure maximum power 
transfer. The idea of impedance matching is very useful in practice and 
will be discussed more in Section 13.9.2. 
In analyzing a circuit containing an ideal transformer, it is common 
practice to eliminate the transformer by reflecting impedances and sources 
from one side of the transformer to the other. In the circuit of Fig. 13.33, 
suppose we want to reflect the secondary side of the circuit to the primary 
side. We find the Thevenin equivalent of the circuit to the right of the 
terminals a-b. We obtain V7p as the open-circuit voltage at terminals a-b, 
as shown in Fig. 13.34(a). Since terminals a-b are open, I; = 0 = In so 
that V2. = V,2. Hence, from Eq. (13.56), 


V V 
Vn=Vi= aes (13.61) 
N nN 





Figure 13.33 Ideal transformer circuit whose equivalent circuits are 
to be found. 
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Figure 13.34 


To get Zr,, we remove the voltage source in the secondary winding and 
insert a unit source at terminals a-b, as in Fig. 13.34(b). From Eqs. (13.56) 
and (13.57), I; = nlp and V; = V2/n, so that 


Vv Vv ZL 
_Mi_ Va/n _ & V> = Db 
L, ni, 


ie ’ 
which is what we should have expected from Eq. (13.60). Once we have 
Vn and Zy,, we add the Thevenin equivalent to the part of the circuit in 
Fig. 13.33 to the left of terminals a-b. Figure 13.35 shows the result. 





(13.62) 


The general rule for eliminating the transformer and reflecting the secondary circuit 
to the primary side is; divide the secondary impedance by n’, divide the secondary 
voltage by n, and multiply the secondary current by n. 





We can also reflect the primary side of the circuit in Fig. 13.33 to 
the secondary side. Figure 13.36 shows the equivalent circuit. 


The rule for eliminating the transformer and reflecting the primary circuit to the 
secondary side is: multiply the primary impedance by n’, multiply the primary 
voltage by n, and divide the primary current by n. 





According to Eq. (13.58), the power remains the same, whether calculated 
on the primary or the secondary side. But realize that this reflection 
approach only applies if there are no external connections between the 
primary and secondary windings. When we have external connections 
between the primary and secondary windings, we simply use regular 
mesh and nodal analysis. Examples of circuits where there are external 
connections between the primary and secondary windings are in Figs. 
13.39 and 13.40. Also note that if the locations of the dots in Fig. 13.33 
are changed, we might have to replace n by —n in order to obey the dot 
rule, illustrated in Fig. 13.32. 


Ere. 


An ideal transformer is rated at 2400/120 V, 9.6 kVA, and has 50 turns 
on the secondary side. Calculate: (a) the turns ratio, (b) the number of 


549 





(a) Obtaining Vyp for the circuit in Fig. 13.33, (b) obtaining Zp for the circuit in Fig. 13.33. 





Figure 13.35 Equivalent circuit for Fig. 13.33 
obtained by reflecting the secondary circuit to 
the primary side. 


nZ, Z> 


nV, 





Figure 13.36 Equivalent circuit for Fig. 13.33 
obtained by reflecting the primary circuit to the 
secondary side. 


<q =| D> | eText Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents 


550 PART 2 AC Circuits 


turns on the primary side, and (c) the current ratings for the primary and 
secondary windings. 








Solution: 
(a) This is a step-down transformer, since V; = 2400 V > V2 = 120 V. 
Vv 120 
n=—=——=0.05 
V, 2400 
(b) 
N> 50 
a ——— 0.05 = — 
. N, Ni 
or 
50 
N, = —— = 1000 turns 
0.05 
(c)S = Vi, = Vol = 9.6 kVA. Hence, 
9600 9600 
1 = — 4A A 
Vi 2400 
9600 9600 I; 4 
= = —=80A or I= — =—— =S80A 
Vo 120 n 0.05 


PRACTICE PROBLE ™ Raa 





The primary current to an ideal transformer rated at 3300/110 V is 3 A. 
Calculate: (a) the turns ratio, (b) the kVA rating, (c) the secondary current. 


Answer: (a) 1/30, (b) 9.9 kVA, (c) 90 A. 


For the ideal transformer circuit of Fig. 13.37, find: (a) the source current 
I,, (b) the output voltage V,, and (c) the complex power supplied by the 





source. 
120/0° V rms 
Figure 13.37 = For Example 13.8. 
Solution: 
(a) The 20-2 impedance can be reflected to the primary side and we get 
20 = 20 
Thus, 


Zin =4— j64+Zer =9— j6 = 10.82 /— 33.69 & 





120 70° 120 70° 


— os =~ 1.99 /33.69° A 
Lin 10.82 / — 33.69° 


I 
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(b) Since both I, and I, leave the dotted terminals, 
1 
IL = —-]I, = —5.545 /33.69° A 
n 
V, = 201, = 110.9 /213.69° V 


(c) The complex power supplied is 


S = V.IF = (120 /0°)(11.09 / — 33.69°) = 1330.8 / — 33.69° VA 


PRACTICE PROBLE MM SRRRRS 


In the ideal transformer circuit of Fig. 13.38, find V, and the complex 
power supplied by the source. 


20 th 
— 


100/0° V rms ~j24Q, 





Figure 13.38 For Practice Prob. 13.8. 


Answer: 178.9/116.56° V, 2981.57 — 26.56° VA. 


EzS. 


Calculate the power supplied to the 10-Q resistor in the ideal transformer 
circuit of Fig. 13.39. 


120/0° V rms 10 Q 





Figure 13.39 For Example 13.9. 


Solution: 


Reflection to the secondary or primary side cannot be done with this 
circuit: there is direct connection between the primary and secondary 
sides due to the 30-Q resistor. We apply mesh analysis. For mesh 1, 


—120+ (20+ 30)I, — 30k, + V; = 0 
or 


501, — 301, + V; = 120 (13.9.1) 
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PRACTICE PROBLEM 
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For mesh 2, 
—V,+ (10+ 30)L — 301, = 0 
or 
—30I, + 40L — V2, = 0 (13.9.2) 
At the transformer terminals, 
1 
V,=--V) (13.9.3) 
2 
L — -2I, (13.9.4) 


(Note that n = 1/2.) We now have four equations and four unknowns, 
but our goal is to get In. So we substitute for V; and I, in terms of V> 
and I, in Eqs. (13.9.1) and (13.9.2). Equation (13.9.1) becomes 


—55I, — 2V> = 120 (13.9.5) 
and Eq. (13.9.2) becomes 
15L +40L — Vo = 0 => V, =55L (13.9.6) 


Substituting Eq. (13.9.6) in Eq. (13.9.5), 


120 
—165I, = 120 => L= —T65 = —0.7272 A 


The power absorbed by the 10-Q resistor is 
P = (—0.7272)°(10) = 5.3 W 


ide, 


Find V, in the circuit in Fig. 13.40. 


60/0° V 





Figure 13.40 For Practice Prob. 13.9. 


Answer: 24 V. 


13.6 IDEAL AUTOTRANSFORMERS 


Unlike the conventional two-winding transformer we have considered so 
far, an autotransformer has a single continuous winding with a connection 
point called a tap between the primary and secondary sides. The tap is 
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often adjustable so as to provide the desired turns ratio for stepping up 
or stepping down the voltage. This way, a variable voltage is provided to 
the load connected to the autotransformer. 


An autotransformer is a transformer in which both the primary 


and the secondary are in a single winding. 





Figure 13.41 shows a typical autotransformer. As shown in Fig. 
13.42, the autotransformer can operate in the step-down or step-up mode. 
The autotransformer is a type of power transformer. Its major advantage 
over the two-winding transformer is its ability to transfer larger apparent 
power. Example 13.10 will demonstrate this. Another advantage is that 
an autotransformer is smaller and lighter than an equivalent two-winding 
transformer. However, since both the primary and secondary windings 
are one winding, electrical isolation (no direct electrical connection) is 
lost. (We will see how the property of electrical isolation in the conven- 
tional transformer is practically employed in Section 13.9.1.) The lack 
of electrical isolation between the primary and secondary windings is a 
major disadvantage of the autotransformer. 

Some of the formulas we derived for ideal transformers apply to 
ideal autotransformers as well. For the step-down autotransformer circuit 
of Fig. 13.42(a), Eq. (13.52) gives 





Figure 341 A typical autotransformer. 
(Courtesy of Todd Systems, Inc.) 


(13.63) 





As an ideal autotransformer, there are no losses, so the complex power 
remains the same in the primary and secondary windings: 


S,;=ViE=S = Vol (13.64) 


Equation (13.64) can also be expressed with rms values as 





Vi I 1 = VoI> 
or 
YM 
— = (13.65) 
VY tb 
Thus, the current relationship is 
I, No 
= SSS (13.66) 
Ih M+N2 
For the step-up autotransformer circuit of Fig. 13.42(b), 
Vi Va 
Ni N+N 
or 


(b) 


13.67 . 
( ) Figure 13.42 (a) Step-down autotransformer, 
(b) step-up autotransformer. 
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The complex power given by Eq. (13.64) also applies to the step-up auto- 
transformer so that Eq. (13.65) again applies. Hence, the current relation- 
ship 1s 
Lh _M+N2_ |, No 
I, Ni Ni 
A major difference between conventional transformers and auto- 
transformers is that the primary and secondary sides of the autotrans- 
former are not only coupled magnetically but also coupled conductively. 
The autotransformer can be used in place of a conventional transformer 
when electrical isolation is not required. 


(13.68) 


Compare the power ratings of the two-winding transformer in Fig. 
13.43(a) and the autotransformer in Fig. 13.43(b). 





Figure 13.43 For Example 13.10. 


Solution: 
Although the primary and secondary windings of the autotransformer 
are together as a continuous winding, they are separated in Fig. 13.43(b) 
for clarity. We note that the current and voltage of each winding of the 
autotransformer in Fig. 13.43(b) are the same as those for the two-winding 
transformer in Fig. 13.43(a). This is the basis of comparing their power 
ratings. 
For the two-winding transformer, the power rating is 
S$; = 0.2(240) = 48 VA or So = 4(12) = 48 VA 
For the autotransformer, the power rating is 
S, = 4.2(240) = 1008 VA or So = 4(252) = 1008 VA 


which is 21 times the power rating of the two-winding transformer. 


aw een man een manus | 3. | 0 


Refer to Fig. 13.43. If the two-winding transformer is a 60-VA, 
120 V/10 V transformer, what is the power rating of the autotransformer? 


Answer: 780 VA. 
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Pree 


Refer to the autotransformer circuit in Fig. 13.44. Calculate: (a) 4, bh, 
and I, if Z, = 8+ j6 Q, and (b) the complex power supplied to the load. 






80 turns 
Zi 
120 turns 





120730° V rms 


Figure 13.44 For Example 13.11. 


Solution: 


(a) This is a step-up autotransformer with N; = 80, No = 120, V; = 
120 730°, so Eq. (13.67) can be used to find V2 by 


Vi MM _ 80 
Vv. Ni+tN. ~~ 200 
or 
200 200 
Vo= ot = Zp (120 /30°) = 300/30° V 
v,  300/30° 300 /30° 
be 80 —6.87° A 
Zi 8+j6 = 10/36.87° 
But 
IT} Nj+N2 _ 200 
L Nn 80 
or 
200, 200 


I= 0 2 = = a — 6.87°) = 75/ —6.87° A 
At the tap, KCL gives 
L+1=bhb 
or 
I, =L -I, = 30/7 — 6.87° — 75 / — 6.87° = 45 /173.13° A 
(b) The complex power supplied to the load is 


S. = Vo = |L|*Z, = (30)? (10 736.87") = 9736.87" kVA 
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PRACTICE PROBLE ™ Ra 


L, In the autotransformer circuit in Fig. 13.45, find currents [,, /5, and Jo. 
: Take V; = 1250 V, V> = 800 V. 


Answer: 12.8 A, 20 A, 7.2 A. 





16 kVA load 


Figure 13.45 For Practice Prob. 13.11. 


"13.7 THREE-PHASE TRANSFORMERS 


To meet the demand for three-phase power transmission, transformer 
connections compatible with three-phase operations are needed. We can 
achieve the transformer connections in two ways: by connecting three 
single-phase transformers, thereby forming a so-called transformer bank, 
or by using a special three-phase transformer. For the same kVA rat- 
ing, a three-phase transformer is always smaller and cheaper than three 
single-phase transformers. When single-phase transformers are used, one 
must ensure that they have the same turns ratio n to achieve a balanced 
three-phase system. There are four standard ways of connecting three 
single-phase transformers or a three-phase transformer for three-phase 
operations: Y-Y, A-A, Y-A, and A-Y. 

For any of the four connections, the total apparent power Sv, real 
power Pr, and reactive power Q7 are obtained as 


Sp = V3Vi Ib (13.69a) 
Pr; = Sr cos@é = J/3Vz It cos 0 (13.69b) 
Or = Srsin@ = V3V_1, siné (13.69c) 


where V;, and /;, are, respectively, equal to the line voltage V;,, and the 
line current J; for the primary side, or the line voltage V;, and the line 
current /;,, for the secondary side. Notice from Eq. (13.69) that for each of 
the four connections, Vz5/z5 = VipILp, since power must be conserved 
in an ideal transformer. 

For the Y-Y connection (Fig. 13.46), the line voltage V;, at the 
primary side, the line voltage Vz, on the secondary side, the line current 
I,» On the primary side, and the line current /;, on the secondary side 
are related to the transformer per phase turns ratio n according to Eqs. 
(13.52) and (13.55) as 


I 
l= - (13.70b) 
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For the A-A connection (Fig. 13.47), Eq. (13.70) also applies for 
the line voltages and line currents. This connection is unique in the sense 
that if one of the transformers is removed for repair or maintenance, the 
other two form an open delta, which can provide three-phase voltages at 
a reduced level of the original three-phase transformer. 


ie 





Figure 3.47 A-A three-phase transformer connection. 


Figure 346 0 y-y three-phase transformer connection. 


For the Y-A connection (Fig. 13.48), there is a factor of a arising 
from the line-phase values in addition to the transformer per phase turns 
ratio n. Thus, 








nV 7p 
Vic= (13.71a) 
J3 
3] 
Its = v3 up (13.71b) 
Similarly, for the A-Y connection (Fig. 13.49), 
Vis = nV3V_p (13.72a) 
I 
| ge (13.72b) 
nvJ/3 
Tip 
+ 
Vip ° 





Figure 13.49 aA-Y three-phase transformer connection. 


Figure 348 yA three-phase transformer connection. 
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The 42-kVA balanced load depicted in Fig. 13.50 is supplied by a three- 
phase transformer. (a) Determine the type of transformer connections. 
(b) Find the line voltage and current on the primary side. (c) Determine 
the kVA rating of each transformer used in the transformer bank. Assume 
that the transformers are ideal. 


42 kVA 
Three- phase 





Figure 13.50 For Example 13.12. 


Solution: 

(a) A careful observation of Fig. 13.50 shows that the primary side 1s 
Y-connected, while the secondary side is A-connected. Thus, the three- 
phase transformer is Y-A, similar to the one shown in Fig. 13.48. 

(b) Given a load with total apparent power S; = 42 kVA, the turns ra- 
tio n = 5, and the secondary line voltage V;, = 240 V, we can find the 
secondary line current using Eq. (13.69a), by 


Li. = Sr 42,000 
BV, ¥3(240) 
From Eq. (13.71), 





L. = ny ae ee 
Lp = ils = a = 
3 3 x 240 
Vip = =i = — = 83.14V 


(c) Because the load is balanced, each transformer equally shares the 
total load and since there are no losses (assuming ideal transformers), the 
kVA rating of each transformer is S = S$7/3 = 14 kVA. Alternatively, 
the transformer rating can be determined by the product of the phase 
current and phase voltage of the primary or secondary side. For the 
primary side, for example, we have a delta connection, so that the phase 
voltage is the same as the line voltage of 240 V, while the phase current 
is Izp/V3 = 58.34 A. Hence, S = 240 x 58.34 = 14 kVA. 


PRACTICE PROBLE ™ Raa: 


A three-phase A-A transformer is used to step down a line voltage of 
625 kV, to supply a plant operating at a line voltage of 12.5 kV. The plant 
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draws 40 MW with a lagging power factor of 85 percent. Find: (a) the 
current drawn by the plant, (b) the turns ratio, (c) the current on the primary 
side of the transformer, and (d) the load carried by each transformer. 


Answer: (a) 2.1736 kA, (b) 0.02, (c) 43.47 A, (d) 15.69 MVA. 


13.8 PSPICE ANALYSIS OF MAGNETICALLY COUPLED 
CIRCUITS 


PSpice analyzes magnetically coupled circuits just like inductor circuits 
except that the dot convention must be followed. In PSpice Schematic, the 
dot (not shown) is always next to pin 1, which is the left-hand terminal of 
the inductor when the inductor with part name L is placed (horizontally) 
without rotation on a schematic. Thus, the dot or pin 1 will be at the 
bottom after one 90° counterclockwise rotation, since rotation is always 
about pin 1. Once the magnetically coupled inductors are arranged with 
the dot convention in mind and their value attributes are set in henries, we 
use the coupling symbol K_ LINEAR to define the coupling. For each 
pair of coupled inductors, take the following steps: 


1. Select Draw/Get New Part and type K_-LINEAR. 
2. Hit (enter) or click OK and place the K_ LINEAR symbol on 


the schematic, as shown in Fig. 13.51. (Notice that 
K_LINEAR is not a component and therefore has no pins.) 


3. DCLICKL on COUPLING and set the value of the coupling 
coefficient k. 


TX2 


COUPLING=0.5 
Li_VALUE=1mH 


4. DCLICKL on the boxed K (the coupling symbol) and enter L2_VALUE=25mH 
the reference designator names for the coupled inductors as . 
values of Li,i = 1, 2,..., 6. For example, if inductors L20 Figure 13.51 Linear trans- 


and L23 are coupled, we set L1 = L20 and L2 = L23. L1 and soneE AER Me 


at least one other Li must be assigned values; other Li’s may be 


left blank. 

In step 4, up to six coupled inductors with equal coupling can be specified. m 

For the air-core transformer, the partname is XFRM_LINEAR. It 
can be inserted in a circuit by selecting Draw/Get Part Name and then 
typing in the part name or by selecting the part name from the analog.slb 
library. As shown typically in Fig. 13.51, the main attributes of the linear eee 
transformer are the coupling coefficient & and the inductance values L1 COUPLING=0.5 
and L2 in henries. If the mutual inductance M is specified, its value must L1_TURNS=500 
be used along with L1 and L2 to calculate k. Keep in mind that the value L2_TURNS=1000 
of k should lie between 0 and 1. . 

For the ideal transformer, the part name is XFRM_NONLINEAR Figure 13.52 Ideal trans- 


: ; : : eS f XFRM_NONLINEAR. 
and is located in the breakout.slb library. Select it by clicking Draw/Get — 


Part Name and then typing in the part name. Its attributes are the cou- 
pling coefficient and the numbers of turns associated with L1 and L2, as 
illustrated typically in Fig. 13.52. The value of the coefficient of mutual 
coupling must lie between 0 and 1. 
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The right-hand values are the reference designa- 


tors of the inductors on the schematic. 


PART 2 AC Circuits 


PSpice has some additional transformer configurations that we will 
not discuss here. 


Use PSpice to find i,, iz, and 73 in the circuit displayed in Fig. 13.53. 


60 cos (127t — 10°) V 40 cos 127t V 





Figure 13.53 | For Example 13.13. 


Solution: 


The coupling coefficients of the three coupled inductors are determined 
as follows. 
M 12 1 




















kp = = = (1.3333 
= a/ LiLo A/ 3x3 
M3 1.5 
kp. = = = 0.433 
= a/ L,L3 a/ 3x4 
M3 2 
kon = = = 0.5774 
= J Lo bz J 3 x 4 


The operating frequency f is obtained from Fig. 13.53 asm = 127 = 
2a f > f =6Hz. 

The schematic of the circuit is portrayed in Fig. 13.54. Notice how 
the dot convention is adhered to. For L2, the dot (not shown) is on pin 
] (the left-hand terminal) and is therefore placed without rotation. For 
L1, in order for the dot to be on the right-hand side of the inductor, the 
inductor must be rotated through 180°. For L3, the inductor must be 
rotated through 90° so that the dot will be at the bottom. Note that the 
2-H inductor (L4) is not coupled. To handle the three coupled inductors, 
we use three K_ LINEAR parts provided in the analog library and set the 
following attributes (by double-clicking on the symbol K in the box): 


Kl -— K_LINEAR 

Lil = Ll 

L2 = L2 

COUPLING = 0.3333 


K2 -— K_LINEAR 

Ll = L2 

L2 = L3 

COUPLING = 0.433 
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K3 - K_LINEAR 


Ll = Ll 
L2 = L3 
COUPLING 


= U,5 1-74 


Magnetically Coupled Circuits 


Three IPRINT pseudocomponents are inserted in the appropriate branches 
to obtain the required currents 7, iz, and iz. As an AC single-frequency 
analysis, we select Analysis/Setup/AC Sweep and enter Total Pts = 1, 
Start Freq = 6, and Final Freg = 6. After saving the schematic, we select 
Analysis/Simulate to simulate it. The output file includes: 


56 | 


FREQ IM(V_PRINT2) IP (V_PRINT2) 
6.000EK+00 2.L14E-O1 =—leo four L 
FREQ IM(V_PRINT1) IP (V_PRINT1) 
6.000EK+00 4,654E-0O1 Sy OZone 
FREQ IM(V_PRINT3) IP (V_PRINT3) 
6.000EK+00 1.095E=01 1./715E+01 
From this we obtain 
I, = 0.4654 / — 70.25° 
I, = 0.2114/ — 75.75°, I, = 0.1095 /ATAS5° 


Thus, 


i; = 0.4654 cos(127t — 70.25°) A 
iz = 0.2114 cos(12mt — 75.75°) A 
13 = 0.1095 cos(127t + 17.15°) A 









MAG=ok ——— Kl 
AC=ok K_ Linear 
PHASE=ok 


COUPLING=0.3333 
L1i=L1 
L2=L2 


[K] K2 


K_ Linear 
COUPLING=0. 433 


ACMAG=60V ACMAG=40V L1=L2 
ACPHASE=-10 ACPHASE=0 L2=L3 
K] K3 
IPRINT Ill 


K_ Linear 
COUPLING=0.5774 
L1=L1 

\% L2=L3 


Figure 13.54 


Schematic of the circuit of Fig. 13.53. 


PRACTICE PROBLE ™ SR RREE 


Find i, 1n the circuit of Fig. 13.55. 
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8 cos (4t + 50°) V 





Figure 13.55 — For Practice Prob. 13.13. 


Answer: 0.1006 cos(4t + 68.52°) A. 


Find V, and V> in the ideal transformer circuit of Fig. 13.56 using PSpice. 


800 —j40 Q 


120730° V 





Figure 13.56 For Example 13.14. 


Solution: 


As usual, we assume w = | and find the corresponding values of capac- 
itance and inductance of the elements: 


jl10 = joL — + L=10H 


—j40 = — = C = 25 mF 
Joc 
Figure 13.57 shows the schematic. For the ideal transformer, we set 
the coupling factor to 0.999 and the numbers of turns to 400,000 and 
Reminder: For an ideal transformer, the induc- 100,000. The two VPRINT2 pseudocomponents are connected across 
tances of both the primary and secondary wind- the transformer terminals to obtain V; and V>. As a single-frequency 
ings are infinitely large. analysis, we select Analysis/Setup/AC Sweep and enter Total Pts = 
1, Start Freq = 0.1592, and Final Freq = 0.1592. After saving the 
schematic, we select Analysis/Simulate to simulate it. The output file 


includes: 
FREQ VM(C,A) VP(C,A) 
1.592E-O1 1.212E+02 =| -ASSEtOZ 
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FREQ VM (B,C) VP (B,C) 
LeotZb=U 2.7 /OETUzZ Ze OIE O L 
From this we obtain 


V,=—-V(C,A) = 121.1/36.5° V 


Ve] V (B,C) 2/75 72187 V 


L1_TURNS=400000 
L2_TURNS=100000 
COUPLING=0.999 


80 
AC=ok AC=ok 
MAG=ok = = MAG=ok 
PHASE=ok PHASE=ok R3 


ACMAG=120V 


V1 
ACPHASE=30 


kbreak 





0 


Figure 13.57 The schematic for the circuit in Fig. 13.56. 


PRACTICE PROBLE ™ RRR 


Obtain V, and V> in the circuit of Fig. 13.58 using PSpice. 


20 Q j15 Q 


100,/20° V ~j16.Q 





Figure 13.58 For Practice Prob. 13.14. 
Answer: 63.1/28.65° V, 94.647 — 151.4° V. 


113.9 APPLICATIONS 


Transformers are the largest, the heaviest, and often the costliest of circuit 
components. Nevertheless, they are indispensable passive devices in 
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electric circuits. They are among the most efficient machines, 95 percent 
efficiency being common and 99 percent being achievable. They have 
numerous applications. For example, transformers are used: 


e To step up or step down voltage and current, making them 
useful for power transmission and distribution. 


e To isolate one portion of a circuit from another (i.e., to transfer 
power without any electrical connection). 


e Asan impedance-matching device for maximum power transfer. 


e In frequency-selective circuits whose operation depends on the 
response of inductances. 


Because of these diverse uses, there are many special designs for 
transformers (only some of which are discussed in this chapter): voltage 
transformers, current transformers, power transformers, distribution trans- 
formers, impedance-matching transformers, audio transformers, single- 
phase transformers, three-phase transformers, rectifier transformers, 


For more information on the many kinds of trans- inverter transformers, and more. In this section, we consider three im- 
formers, a good text is W. M. Flanagan, Hand- portant applications: transformer as an isolation device, transformer as a 
book of Transformer Design and Applications, 2nd matching device, and power distribution system. 


ed. (New York: McGraw-Hill, 1993). 

13.9.1 Transformer as an Isolation Device 

Electrical isolation is said to exist between two devices when there is no 
physical connection between them. Ina transformer, energy is transferred 
by magnetic coupling, without electrical connection between the primary 
circuit and secondary circuit. We now consider three simple practical 
examples of how we take advantage of this property. 

First, consider the circuit in Fig. 13.59. A rectifier is an electronic 
circuit that converts an ac supply to a dc supply. A transformer is often 
used to couple the ac supply to the rectifier. The transformer serves two 
a Rectifier | purposes. First, it steps up or steps down the voltage. Second, it provides 
electrical isolation between the ac power supply and the rectifier, thereby 
reducing the risk of shock hazard in handling the electronic device. 
Tolan transtonner As a second example, a transformer is often used to couple two 

stages of an amplifier, to prevent any dc voltage in one stage from affecting 
Figure 13.59 A transformer used to isolate an the dc bias of the next stage. Biasing is the application of a dc voltage to 
ac supply from a rectifier. a transistor amplifier or any other electronic device in order to produce 
a desired mode of operation. Each amplifier stage is biased separately 
to operate in a particular mode; the desired mode of operation will be 
compromised without a transformer providing dc isolation. As shown in 
Fig. 13.60, only the ac signal is coupled through the transformer from one 
stage to the next. We recall that magnetic coupling does not exist with 
a dc voltage source. Transformers are used in radio and TV receivers to 
couple stages of high-frequency amplifiers. When the sole purpose of a 
transformer is to provide isolation, its turns ratio n is made unity. Thus, 
an isolation transformer has n = 1. 

As a third example, consider measuring the voltage across 13.2-kV 
lines. It is obviously not safe to connect a voltmeter directly to such 
high-voltage lines. A transformer can be used both to electrically isolate 
the line power from the voltmeter and to step down the voltage to a safe 
level, as shown in Fig. 13.61. Once the voltmeter is used to measure the 
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secondary voltage, the turns ratio is used to determine the line voltage on 
the primary side. 


+ 


13,200 V 
Amplifier Amplifier _ 


stage | stage 2 





Isolation transformer Voltmeter 





Figure 13.60 A transformer providing dc isolation between 
two amplifier stages. 


Figu re 13.61 A transformer providing isolation between 
the power lines and the voltmeter. 


13.15 


Determine the voltage across the load in Fig. 13.62. 
Solution: 


We can apply the superposition principle to find the load voltage. Let 
Ur = Uz; + Vz2, Where v,; iS due to the dc source and v,> 1s due to the 
ac source. We consider the dc and ac sources separately, as shown in 


Fig. 13.63. The load voltage due to the dc source is zero, because a time- 2-4 

varying voltage is necessary in the primary circuit to induce a voltage in 100 V 

the secondary circuit. Thus, vz; = 0. For the ac source, ac | 
V V 1 120 12V 
=== = - of Vo =—=40V de 
Vi 120 3 3 


Hence, Vz2 = 40 V ac or vz2 = 40 cos at; that is, only the ac voltage Figure 13.62 For Example 13.15. 
is passed to the load by the transformer. This example shows how the 
transformer provides dc isolation. 


6V 
de 





(a) (b) 


Figure 13.63 For Example 13.15: (a) de source, (b) ac source. 


PRACTICE PROBLE MM SRR 


Refer to Fig. 13.61. Calculate the turns ratio required to step down the 
13.2-kV line voltage to a safe level of 120 V. 


Answer: 1/110. 
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13.9.2 Transformer as a Matching Device 
We recall that for maximum power transfer, the load resistance Ry; must be 
matched with the source resistance R,. In most cases, the two resistances 
are not matched; both are fixed and cannot be altered. However, an iron- 
core transformer can be used to match the load resistance to the source 
resistance. This is called impedance matching. For example, to connect a 
loudspeaker to an audio power amplifier requires a transformer, because 
the speaker’s resistance is only a few ohms while the internal resistance 
of the amplifier is several thousand ohms. 

Consider the circuit shown in Fig. 13.64. We recall from Eq. (13.60) 
that the ideal transformer reflects its load back to the primary with a 
scaling factor of n?. To match this reflected load R; /n* with the source 
resistance R,, we set them equal, 





Source oo... ##esesee< Load R 
S 
n es 


Matching transformer (13.73) 


Figure 13.64 Transformer used as a matching Equation (13.73) can be satisfied by proper selection of the turns ratio 
device. n. From Eq. (13.73), we notice that a step-down transformer (n < 1) is 
needed as the matching device when R, > R,, and a step-up (n > 1) is 

required when R, < R_. 


The ideal transformer in Fig. 13.65 is used to match the amplifier circuit 
to the loudspeaker to achieve maximum power transfer. The Thevenin (or 
output) impedance of the amplifier is 192 (2, and the internal impedance 
of the speaker is 12 (2. Determine the required turns ratio. 


Amplifier 


circuit 





Speaker Solution: 


We replace the amplifier circuit with the Thevenin equivalent and reflect 
Figure 13.65 — Using an ideal transformer to the impedance Z, = 12 Q of the speaker to the primary side of the 


ate ne Speaker eae 0 ideal transformer. Figure 13.66 shows the result. For maximum power 
Example 13.16. t f 
ransfer, 


Zr , LL 12 1 
2a aa Or " Im 192 16 
Thus, the turns ratio isn = 1/4 = 0.25. 
Using P = I*R, we can show that indeed the power delivered to 
Vin — the speaker is much larger than without the ideal transformer. Without 
the ideal transformer, the amplifier is directly connected to the speaker. 
The power delivered to the speaker is 


Figure 13.66 Equivalent circuit 


2 
eee. V 
of the circuit in Fig. 13.65, for P, = Th 7, = 288 V2. uwW 
Example 13.16. . (5 + Zr - Th 


With the transformer in place, the primary and secondary currents are 


Vinh I, 


_——e I. = 
P Dan + Zz /n? yn 
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Hence, 


Vv 2 
ne ee LLL 
Zp, + Z,/n? 


(= a 7) L Th 


confirming what was said earlier. 


PRACTICE PROBLE ™ (RRR 





Calculate the turns ratio of an ideal transformer required to match a 100-Q 
load to a source with internal impedance of 2.5 kQ2. Find the load voltage 
when the source voltage is 30 V. 


Answer: (0.2, 3 V. 


13.9.3 Power Distribution 

A power system basically consists of three components: generation, trans- 

mission, and distribution. The local electric company operates a plant 

that generates several hundreds of megavolt-amperes (MVA), typically at 

about 18 kV. As Fig. 13.67 illustrates, three-phase step-up transformers 

are used to feed the generated power to the transmission line. Why do 

we need the transformer? Suppose we need to transmit 100,000 VA over 

a distance of 50 km. Since $ = VJ, using a line voltage of 1000 V 

implies that the transmission line must carry 100 A and this requires a 

transmission line of a large diameter. If, on the other hand, we use a 

line voltage of 10,000 V, the current is only 10 A. The smaller current 

reduces the required conductor size, producing considerable savings as 

well as minimizing transmission line J7R losses. To minimize losses 

requires a step-up transformer. Without the transformer, the majority of One may ask, How would increasing the voltage 
the power generated would be lost on the transmission line. The ability not increase the current, thereby increasing I-R 
losses? Keep in mind that | = V,/R, where V; 
is the potential difference between the sending 
and receiving ends of the line. The voltage that 
is stepped up is the sending end voltage V, not 
V;. If the receiving end is Vp, then Vp = V — 
Vp. Since V and Vp are close to each other, V; is 
345,000 V small even when V is stepped up. 





Neutral 


3 
345,000 V 









3 60 Hz ac 
18,000 V 
Generator 


Neutral 


3 60 Hz ac Step-down 
208 V transformer 


Figure 3.67 A typical power distribution system. 
(Source: A. Marcus and C. M. Thomson, Electricity for Technicians, 
2nd ed. [Englewood Cliffs, NJ: Prentice Hall, 1975], p. 337.) 
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of the transformer to step up or step down voltage and distribute power 
economically is one of the major reasons for generating ac rather than dc. 
Thus, for a given power, the larger the voltage, the better. Today, 1 MV 
is the largest voltage in use; the level may increase as a result of research 
and experiments. 

Beyond the generation plant, the power is transmitted for hundreds 
of miles through an electric network called the power grid. The three- 
phase power in the power grid is conveyed by transmission lines hung 
overhead from steel towers which come in a variety of sizes and shapes. 
The (aluminum-conductor, steel-reinforced) lines typically have overall 
diameters up to about 40 mm and can carry current of up to 1380 A. 

At the substations, distribution transformers are used to step down 
the voltage. The step-down process is usually carried out in stages. Power 
may be distributed throughout a locality by means of either overhead or 
underground cables. The substations distribute the power to residential, 
commercial, and industrial customers. At the receiving end, a residen- 
tial customer is eventually supplied with 120/240 V, while industrial or 
commercial customers are fed with higher voltages such as 460/208 V. 
Residential customers are usually supplied by distribution transformers 
often mounted on the poles of the electric utility company. When direct 
current is needed, the alternating current is converted to dc electronically. 





A distribution transformer is used to supply a household as in Fig. 13.68. 
The load consists of eight 100-W bulbs, a 350-W TV, anda 15-kW kitchen 
range. If the secondary side of the transformer has 72 turns, calculate: 
(a) the number of turns of the primary winding, and (b) the current /, in 
the primary winding. 


| | Kitchen 


range 





8 bulbs 


Figure 13.68 For Example 13.17. 


Solution: 
(a) The dot locations on the winding are not important, since we are only 
interested in the magnitudes of the variables involved. Since 


Np _ Vp 


Ns Vs 
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we get 


= 72—— = 720 turns 
V. 240 


(b) The total power absorbed by the load is 

S=8 x 100 + 350 + 15,000 = 16.15 kW 
But S = V,1, = Vs1;, so that 
S 16,150 


L=—= 
V, 2400 


V, 2400 
N, =N,— 


= 6.729 A 





PRACTICE PROBLE M Raa 


In Example 13.17, if the eight 100-W bulbs are replaced by twelve 60-W 
bulbs and the kitchen range is replaced by a 4.5-kW air-conditioner, find: 
(a) the total power supplied, (b) the current /, in the primary winding. 


Answer: (a) 5.57 kW, (b) 2.321 A. 


13.10 SUMMARY 


1. Two coils are said to be mutually coupled if the magnetic flux @ 
emanating from one passes through the other. The mutual induc- 
tance between the two coils is given by 


M=kV/L\L2 


where k is the coupling coefficient, 0 < k < 1. 


2. If vy and 7; are the voltage and current in coil 1, while v2 and 72 are 
the voltage and current in coil 2, then 
dij diz din dij 
= L;— +M— d = Ly, — + M— 
dt ' dt a = “dt : dt 
Thus, the voltage induced in a coupled coil consists of self-induced 
voltage and mutual voltage. 


3. The polarity of the mutually induced voltage is expressed in the 
schematic by the dot convention. 


4. The energy stored in two coupled coils is 

Ln la - 

5th + 5 b2h2 + Mii 

5. A transformer is a four-terminal device containing two or more 
magnetically coupled coils. It is used in changing the current, volt- 
age, or impedance level in a circuit. 


6. A linear (or loosely coupled) transformer has its coils wound on a 
magnetically linear material. It can be replaced by an equivalent T 
or IT network for the purposes of analysis. 

7. An ideal (or iron-core) transformer is a lossless (R,; = Ro = 0) 
transformer with unity coupling coefficient (k = 1) and infinite 
inductances (L,, Lo, M — ov). 
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8. For an ideal transformer, 


I, Zi 
Vo =nVi, h=-, Si = So, Lr=—> 

n n 
where n = N>/N 1s the turns ratio. N; is the number of turns of 
the primary winding and N>% is the number of turns of the secondary 
winding. The transformer steps up the primary voltage when 
n > 1, steps it down when n < lI, or serves as a matching device 
when n = 1. 


9. An autotransformer is a transformer with a single winding common 
to both the primary and the secondary circuits. 
10. PSpice is a useful tool for analyzing magnetically coupled circuits. 


11. Transformers are necessary in all stages of power distribution 
systems. Three-phase voltages may be stepped up or down by 
three-phase transformers. 


12. Important uses of transformers in electronics applications are as 
electrical isolation devices and impedance-matching devices. 


REVIEW QUESTIONS 


13.1 


13.2 


13.3 


13.4 


13.5 


Refer to the two magnetically coupled coils of Fig. L, icon L 
13.69(a). The polarity of the mutual voltage is: eS 
(a) Positive (b) Negative : 

M M 





e (a) (b) 


. : : Figure 13.70 — For Review Questions 13.5 and 13.6. 
(b) (a) 13.6 For the ideal transformer in Fig. 13.70(b), 
N2/N, = 10. The ratio I, /J; 1s: 
Figure 13.69 — For Review Questions 13.1 and 13.2. (a) 10 (b) 0.1 (c) —0.1 (d) —10 


13.7. _—_— A three-winding transformer is connected as 
portrayed in Fig. 13.71(a). The value of the output 

‘ voltage V, is: 

(a) Positive (b) Negative (a) 10 (b) 6 (c) —6 (d) —10 


For the two magnetically coupled coils of Fig. 
13.69(b), the polarity of the mutual voltage is: 


The coefficient of coupling for two coils having 
Ly —2H,L,=—8H, M =3 His: 





(a) 0.1875 (b) 0.75 ‘ 7 r ; : 
(c) 1.333 (d) 5.333 50 V : Y, 50 V : 
; ; . 8V 
A transformer is used in stepping down or stepping 
e 
up: 
(a) dc voltages (b) ac voltages (a) (b) 


(c) both de and ac voltages . 
Figure 13.71 For Review Questions 13.7 and 13.8. 


The ideal transformer in Fig. 13.70(a) has 13.8 — If the three-winding transformer is connected as in 
N2/N, = 10. The ratio V2/V, is: Fig. 13.71(b), the value of the output voltage V, is: 
(a) 10 (b) 0.1 (c) —0.1 (d) —10 (a) 10 (b) 6 (c) —6 (d) —10 
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